CHAPTER 12 MULTIPLE INTEGRALS

12.1 DOUBLE INTEGRALS
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61. To maximize the integral, we want the domain to include all points where the integrand is positive and to
exclude all pomts where the integrand is negative. These crltena are met by the points (x,y) such that
4—x2—~2y% > 0 or x% + 2y? < 4, which is the ellipse x? + 2y = 4 together with its interior.

62. To minimize the integral, we want the domain to include all points where the integrand is negative and to
exclude all points where the integrand is positive. These criteria are met by the points (x,y) such that
x*4+y?—9 <0 or x® +y? <9, which is the closed disk of radius 3 centered at the origin.

63. No, it is not all right. By Fubini’s theorem, the two orders of integration must give the same result.

64. One way would be to partition R into two triangles with the
line y = 1. The integral of f over R could then be written
as a sum of integrals that could be evaluated by integrating
first with respect to x and then with respect to y:
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Show({p1}, AxesLabel — {x,y}, Ticks — {Automatic, {0,3,6,9}},
DisplayFunction — $DisplayFunction];
Maple:
>fi=x->x"2;
>plot([f(x),9], x=0..3, color=[white, blue],
filled=true, labels=[x, y]);

The following graph was generated using Mathematica.
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Evaluate the integrals: 0.5 1 1.5 2 2.5 3
39 9\/; in (81

J‘ J X cos(yz) dydx = J I X coa(yz) dxdy = 514(—) ~ —0.157472

02 oo

X

73. Plot the region of integration with the following commands:

Mathematica:
<< Graphics ‘FilledPlot”
pl = FilledPlot[{x"2/32,x7(1/3)}, {x,0,8}, DisplayFunction — Identity];
Show[{p1}, AxesLabel — {x,y}, DisplayFunction — $DisplayFunction];

Maple:
>plot([x2/32,x7(1/3)], x=0..8,
color=[white, blue], filled=true, labels=[x,y]);

The following graph was generated using Mathematica.

b4
2

Evaluate the integrals:

2 4V2% s VX
j J (x%y —xy?) dxdy = J J (x?y —xy?) dydx = %95329 ~ 97.4315
1] y3 1] x2 32
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74. Plot the region of integration with the following commands:

Mathematica:
<< Graphics ‘FilledPlot}
pl = FilledPlot[{0, Sqrt[4-x]}, {x,0,4}, DisplayFunction — Identity];
Show[{p1}, AxesLabel — {x,y}, DisplayFunction — $DisplayFunction];

Maple:
>plot([sqrt(4-x)[, x=0..4,
color=[blue], filled=true, labels=[x,y]);
The following graph was generated using Mathematica.
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Evaluate the integrals:

4— 2 4 V4-x

e dxdy = I J €Y dy dx ~ 20.5648
0 0

<

(=]
Oty

75. Plot the region of integration with the following commands:

Mathematica:
<< Graphics FilledPlot}
pl = FilledPlot[{0,x2}, {x,1,2}, PlotRange — {{0,3}, {0,9}}, DisplayFunction — Identity];
p2 = Plot[x2, {x,0,3}, DisplayFunction — Identity];
Show[{p1,p2}, AxesLabel — {x,y}, Ticks — {Automatic, {1,2,3,4,5, 6,7,8,9}},
DisplayFunction — $DisplayFunction];
Maple:
>plots[display]([plot({x"2],x = 1..2, y
color=[blue}, filled=true, labels=[x,y]),
plot([x2], x=0..3)], view=[0..3,0..9]);

The following graph was generated using Mathematica.

H N W s OO DO
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Evaluate the integrals:

2 x2 12 4
1 _ 1

J Jx+ydydx‘JIx+dedY+J

10 01 1

2
1 _ 27
J oy dxdy = -1 +ln(T) ~ 0.909543

N

76. Plot the region of integration with the following commands:

Mathematica:
<< Graphics ‘FilledPlot";
p2 = Plot[{x"(1/3)}, {x,0,9}, PlotRange — {(0,9), (0,2.5)}, DisplayFunction — Identity];
p3 = FilledPlot[{1,x7(1/3)}, {x,1,8}, DisplayFunction — Identity};
Show[{p2,p3}, AxesLabel — {x,y}, DisplayFunction — $DisplayFunction];

Maple:
>plots[display]([plot([1,x°(1/3)], x=1..8,
color=[white, blue], filled=true, labels=[x,y]),
plot([x(1/3)], x=0..9)], view=[0..9,0..2.5));

The following graph was generated using Mathematica.
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0.5
i 2 3 4 5 6 7 8 o
Evaluate the integrals:
2 8 . 8 V% 1
J J;;Z(ﬁy dxdy = '1[ J T dy dx = 0.866649

y

12.2 AREAS, MOMENTS, AND CENTERS OF MASS
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V32 4t A ¥ -/3/2
1 2-—x 1 1
3.2 Z=x 2
33. M= (6x+ 3y +3) dydx = [6xy+§y +3y] dx= | (12-12x )dx=8;
x 0 x 0]
1 2—x 1 1 2-x
MY:J J x(6x + 3y + 3) dydx=J (12x—12x3)dx=3; Mx=j J. y(6x + 3y + 3) dydx
0 X o 0 X
1
=I (14-6x-6x?-2) dx = = x=Fandy=1T
0
1 2y-y? 1 1 2y-y? 1
um=[ [ oevae=|@-wu=him=| [ sornea=| @r-n)y=4;
o 2 [} o 2 0
1 2y-y? 1 1 2y-y?
My:J J x(y+1)dxdy=I (2y2—2y4)dy=T%—=>E=T85-and37=18—5;Ix=I J Y3y +1) dxdy
) 0 Y
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1
=2 I (P-y)dy=}
0

1
35. M=J'
0

Oty O

1 16 :
x+y+1) dxdy:I (6y +24) dy =27; M, = I J y(x+y+1)dxdy = | y(6y+24)dy = 14;
0 00

|
1

1 6 1 .
My=I Jx(x+y+1)dxdy=J (18y +90) dy =99 = X = L and =%;IY—J x2(x +y +1) dxdy
0 0 0
i i
_ Y10\ gv—43%: R =1/ ¥ =
—216J(§+6)dy_432,1{y_\/;..4
0
11 1 1 1
_ “3)ax=32. M. = ax= | (3 _x_4 d
36. M = (y+1)dydx=— +x -5 "'1'5’Mx— y(y+1 dydx = 5 5 ) dx
-1 x2 -1 _1x -1

11
= J I x(y+1) dydx = x}(y +1) dydx
-1

| Le—=
N
w
wl*m
|
"
w
N—
(=9
]
]
=]
wi
I
<
n-
|
u;l‘o
|
.Lsﬁo-
e

~»

| S
—~
"
~N
SN—r

a.

]

i
&:IH
S
'<'e"5

]
<O

]
>

1

1«2 1
6 4
xg)dx=%;Mx=I J y(7y+1) dydx = J- (%5-+x7)d =—g
-1 0

1 x2
>t
37. M= (7y +1) dydx = S5t

S10 21 541

1 x2 1 1 x2

I Ix(7y+1)dydx—J (7—2— x3)dx=0=?i=0andy 31, '[ J. x*(Ty +1) dydx
10 21 2

1 6 1
1 4 =l . R =4/X =
- | ()=t = - VB

20 1 20 20 1 20 1
38. M=I J’ (1+2l‘6)dydx=I (2+li‘6)dx=eo;Mx=I J %) dvax = J [ 1+20 ] dx = 0;
-1 0 0 -1 0 -1
20 1 20 2 20 1
M,:J I x(1+5io)dydx=j (2x+%)dx=2—%(m=>i=%)-andy=0; J J dydx
0 -1 1] 0 -1
20 i
-2 X =920: — /X =./r
_§J' (1+20)dx—20,Rx_\/;_\/§
0
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1
39. M= J (y+1) dxdy =
3 .

O

i 3\/5 1y
=1 Re= V=11 ;1y=f Jx’(y+1)dxdy=§

1
40.M=J
’ [

5 0
a1, I J 10,000¢” \ dx = 10,000(1
25 ~2 1+T

=10,000(1 _e-2)[—2 ln(l -3

2y~y?

42.

[ ] N

1
100(y +1) dxdy = J
1]

(22 +2y)dy=3; M, =

X

1
x(y+1)dxdy=j 0dy=0=>%X=0andy
0

I_,m

lxl

2
(100(y + 1);«]3;‘y dy =

= 200[1;—!':]1 = (200)(%) =50

1 1
43.M=J J dydx=2dj
[}

(1-x?) dx = 2a[x-x—3]

T

[}

|

|

1
e

Yo+ dedy=2 | (P+y})dy=];

[ S

y 1
—% I J Y(y+1) dxdy=J‘ (2y* +2y%) dy
=y 0

3 — Yy .
J(?y 2y)dy‘lo =Ry =yM="10

4]

(

= 10,000 1-e—2)[

l
S i S
|
e

y(3x2+ 1) dxdy = (2y4 +2y?)dy = 16,

Ev

Ot

1
(o +1) axey = [ (v + 2%y =3

3.5 1 _ Iy_ .
5Y +3y)dy‘30=’Rv“/;“\/%’

l— o

N'l><

dx dx
1-x*t J 1+—"]
0 2

) : +10,000(1 —e"z)[2 ln(l +J§<)]:

=10,000(1 —e-z)[z 1n(1 +g)]+ 10,000(1 —e"z)[2 ln(l +%)] = 40,000(1 ~~2) ln(%) ~ 43,329

1
100(y + 1) (2y - 2y%) dy = 200 j (y-v°) dy
0
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49. (a) i:ﬁ'—:O:}My= ijﬁ(x,y) dydx =0
R

(®) I = U (x—h)26(x,y) dA = U x26(x,y) dA — U 2hx 6(x,y) dA’+ U h24(x,y) dA
=1,-0+h? J J 6(x,y) dA =1, +mh?

R
- _39 5\2 _ 23, _ 2

50. (@) Top, =Ty —mb? > 1,y =1, —mn? =30 14(3) = B, Lyeijig = - mb? = 12— 14(H) = 4

_ 2_23 oV _9.1 _ 2_47 17V _

(®) Ly =Ly jp+mb? =24 14(2) =51, =1, ), +mh =f+1a(f) =2
M, +M M, +M

= = T—_1 *2 . likewise. ¥ = Y1 Y2,

51. Mxp1Up2_ LJydA1+JJydA2_Mx1+Mx2$x_ T, ¥, ,hkewme,y_mm—z-,

1 2
1

thus ¢ = Xi+ 75 = gy (Mg M )i+ (My, + My, i) = s [(mefs + moR, )i+ (my, +my7,)i]

m,¢, +mye,

= W.%.—m;[nh (Rad + ¥ad) + my(%pi + 755)] = m, ¥m,

52. From Exercise 51 we have that Pappus’s formula is true for n = 2. Assume that Pappus’s formula is true for

k=1
2. TG
n=k-1,1ie, that c(k—1) = ’f—:—l—-——. The first moment about x of k nonoverlapping plates is
m;
i=1
M +M M +M
k=1 - Xe(k-1 ** . . = Ye(le—1 Yk
>-'-:1 I I ydA )+ J J y dhy = ch(k—1)+Mxk =>x= k—ci L ; similarly, y = k_ci ) i
AR Ry (21 mi)+mk (El ™ )+ e
1= 1=
ot Lo 1 . .
B = e M M
thus ofk) =i +7] i‘: m [(M"c(k-l) + "k)l+( Ye(k-1) + Mn()"]
i
i=1

(8 e (5 o e

] _ (k)il mi)c(k"l) + mye,

i=1

[ k=1
=g (E mi)(fci+7cj)+mk(’_‘ki+yk5)
5™

g k
i=1 E m;
i=1
=14 :llmfc;:- ++ +mr}‘l;1‘:k_“_1n;;ml‘ok, and by mathematical induction the statement follows.
_8(i+3)+2(3i+3.55) _14j+31k _ _ 7 - _31
53. (a) c= ) =—9p > X=zady=7y5

®) c=8(l+3])—'1-46(5l+2'])=381I136'] :i:%gandyz
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_2(3i+3.55) +6(5i+2j) _36i+19) , _ _9 -_19
(c) c= 3 =— =>X=jandy=%

@ c=8(1+3])+2(31-|ig.53)+6(51+2_]) =441i%43] ox=ll

L - .
54 e 15(zl+ 7J)+ 48(121+3)  15(3i + 28j) + 48(48i +4§) _ 23491+ 612 _ 261i+ 68]
- = 15 +48 = 4-63 165 4.1

261

=>i=-2§andy=17—7

55. Place the midpoint of the triangle’s base at the origin and above the semicircle. Then the center of

mass of the triangle is (0,%), and the center of mass of the disk is ( ,——ﬂ) from Exercise 25. From

3
()« () g9)_(¥5%)

= , 8o the centroid is on the boundary
ah + ma? ah + !
2 2

ifah?-2a3=0=>h?=2al=>h= aﬁ . In order for the center of mass to be inside T we must have
ah?—2a®>0o0rh >a\/§.

Pappus’s formula, ¢ =

56. Place the midpoint of the triangle’s base at the origin and above the square. From Pappus’s formula,

sh)(hy) 4 g2( 8
c= @)—(E;2+52—§;J—), so the centroid is on the boundary if %—% =0=>h?-3=0 = h=s3.
+s

12.3 DOUBLE INTEGRALS IN POLAR FORM

1-x

1 T 1 L
1 I J dydx=I errdo=%Jde=g
Z1 0 o0 0
1 Vl—-x2 27 1 27
2 J J dydx:J Irdrdﬂ:in9=r
A _ 2 00 0
1 \/1_—;2 w2 1 /2
3. J j (x®+y?) dxdy = J '|.13d1'd0=l I d9=%
0 [\ 0 0 0
1 Vi-y 27 1 27
4. I J (x2+y2)dxdy=I J r3drd6=%J d6‘=%
00 0

1019
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a \/lz-"x2 2r a 221«'
5. J' dydx:J J rdrdo =2 J d0 = ma?
2 \/4—yi ®/2 2 /2
6. J J (®>+y?) dxdy = I I 2 drdd =4 J df =27
0o 0 00 0
[ /2 6 csc 6 /2 /2
T,
7. J- dexdy: 12 cos 6 drdf = 72 J cot0csc20d0=—36[cot20]ﬁ,/4=36
00 n/4 O x/4
2 x /4 2 sec 6 . /4
8. I I ydydx = J I rzsinﬂdrd9=g J. tan&sec20d€=%
) 0 0 0
0 o 3r/2 1 3r/2 1 3n/2
2 — 2r - .1 _ _
9. I f T drdx= j Jl+rdrd0_2 I J(1 rhg)drdo=2 J (1-1n2) dé
-1 _ 12 L) * 0 x
=(1-In2)r
1 0 3x/2 1 3rf2 1 3x/2
4vx“+y 4r? 1
10. J I dxdy = I I drdf =4 1- drdf =4 1-Z
14+x%2+y2 * 1+2 1+2)¢ ( 4)d9
-1 4D x/2 0 w2 0 x/2
=47l'—7l'2
In2 Vin2)Z—y? 7/2 In 2 /2
1. J' J VEH grdy = J J ref drdd = J @l2-1)d=22n2-1)
0 0 ) 0
1 1-x2 ( 2 2) /2 1 /2 ( )
~(x2+y _ - _ l l— __1re—1
12. J J e dydx = J J' re™" drdf = -} J ¢ 1)ao =T
o 0 0o 0 0
2 1—(x~1) /2 2 cos § 0 in 6 /2
13. I f S dydx = J J Neos 6450 9), grag= J (2 cos? + 2 sin 6 cos 8) df
0 0 Xty o 0 r 0
_[p,sin20 o2, _7+2_1x
_[0+——T—+sm 0]0 == —§+1
2 0 % 2siné T
”
14. J J xy? dxdy = J sin29cosﬂr4drd0=%2- J. sin79cos9d€=%[sin80]ﬂ_/2=—%
0

Y cyarmys w2 0 /2



16.

17.

18.

19.

20.

21,

22.

23.

24,

Section 12.3 Double Integrals in Polar Form
1 \/l—y2 w/2 1 w/2
I J In(x?+y2+1)dxdy =4 J Jln(r2+1)rdrd0=2j (n4-1)dé=n(n4-1)
-1 /—zl_y o0 0
1 \/1—)(2 /2 1 ©/2 1 /2
2 2r 1
j J — 2 _dydx=4 J J drd0=4I [————] do=2 J do=r
2 2 2
-1 /12 (1+x2+y2) o0 (1+r2) 0 l+r 0 0
x/2 24/2 —sin 26 x/2
I J rdrdd =2 J. (2 —sin 26) d6 = 2(r —1)
[} 0 0
7/2 1+cos § /2
A=2 J. J rdrdf = I (2cos9+coszﬂ)dﬂ=8—'4tI
0 1 0
%/6 12 cos 36 /6
A=2 J J rdrdf = 144 J cos® 36 df = 12r
4] 1] 0
2 46/3 27T
A=I I rdrdo—gJe =—§—
V] 0 [\
%/2 1+sin 6 /2
— -1 3 :p_ cos 20 _ 3
A_J I rdrdf =1 J (3+2sin0-co820)ap =371
4] (1] 0
/2 1—cos 6 /2
A=4 J I rdrdf =2 J. (%—2coso+9‘lsi—22)d0=-32—”—4
4] 0 V]
7 1-cos 8 T
szj . 3r? sin 0 drdf =2 J (1—cos 8)° sin 6 df = 4
0 1) o
Va2 2 2
Ix= I vk (x? +y?)]dydx =k J J r smzﬂdrd9=l-%—J. 1—cos 20 g9 — ka'x
\/:2— 0 0
Va 2_ 2r a 2r 6
1°= J (2 +y?) dydx—kj J Pdrdg=ka- | qp=lkem
0 0 [1]

1021
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

7/2 6 sin 9 /2
M=2 J drdf =2 I (6 sin 6 —3) df = 61—2 cos 6 — 6152 = 6,/3 — 2
n/6 3 w/6
37/2 1-cos 6 3r/2 3n/2
I,= rdrdd =% J (cos?0—2 cos 8) do = %[51"426 %—2 sin 9] o2
w2 1 /2
7w l4cos @ Fs 27 1l4cos @
M=2J rdrd0=J (1+cos 6)?do =3L; M 2J 12 cos 6 drdf
0o 0 0 o 0
2r
= J. (-4°§—sa+%—i-+cos 26 —sin’ 6 cos 0+-C°§T40) de =%Z’-=> i:%and y =0, by symmetry
0
27 14cos @ 2n
1°=j J r3drd0_%J (1 +cos 0)4 do = 331
0 0 0
w2 4 w/2
4 2_ 2 __4 3 49 = 22
average ] J J rva®—r*drdf -y J a® df 3
0 0 0
/2 /2
4 2 4 3 2a
—== drdf = df =
averag ra? .[ J e 3ra’ J B 3
o 0 0
a VEZ—XZ 27 a 27
1 1 2 a 2a
= vV Try? dydx =L drdd = df =
average ;—QJ' J x“+y“ dydx waZJ.Jr T WJ 3
—a _m 0 0 0

1
I [(1 —r cos 6)2 412 sin®6] r drdd
0

average =71,.— J J [(1-x)? +y?]dydx :%:

o——%

~
[

T 1 T
2
=%J J(r"-zrzcosoﬂ)drdo:%J (3-25g28)a0=1[30- 2ep) =3
0 0 0

27 \/; 2 2r \/; 27 2 27

I J () ¢ arap = I .[ 2lnrdrd0=2J. (elnr—rg? do =2 f [ve(3-
0 1 0o 1 0 0

27 e 2 27 e 2r 27

j J (lnx )drd&:J (2lnr)drag = J [0n 5] a0 = | dp=2n

01 0o 1 0 0

1)+1]d6 =27 (2 )
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w/2 14cos 6 /2
35. V=2 J J r’cosodrda=§ J (3 cos?6 +3 cos® +cost) do
1] 1 0

_2[150 , . s 3., sind8]™? _4 5x
_g[—g—+5m20+3sm9 sin® g + 32 ]0 _3+_8_

x/4 /2 cos 26 w/4
36. V=4 J W2 drdo = -4 J [(2 -2 cos 26)°/2 - 2/2] a
0 0 0
A ory/2 3 " 6ry/2+40y/2— 64
S22 [ (coto)sin 0 a0 =22 leoll oy g] L ITVITUVE0E
3 3 303 . 9
oo oo /2 oo /2 b
2 —-(x2+yz) - : 2
37. (a) I =J J. e dxdy = rdrd0= I bhm re”™ dr|dé
0 0 0o o0 it 1]
/2 /2
= ™
=-1 J lim (e*-1)ar=1 J do=g=>1=4
o 0
2 o
267 g 2 [ g (2 (ﬁ)
(b) Jim l-v;ydt_.ﬁl e dt_(ﬁ) 5 ) = 1, from part (a)

P, o0 b b
38. I J —1  _dxdy= I J I drdd=7 lim J I __dr=7 lim [-—1—5]
3 (+x24y? 3 4 (1+12) Zooe ) (1402) Abmoo | 141

2T \/5/2 27
39. Over the disk x? +y <3. JJ —51 dA = J I _drdf = J [_1 ln(l—rz)]ﬁ/z &
' 4 1~x2—y 1-12 2 °
R o 0 0
27 27
I dG_(ln2)Jd9=1rln4
0 0

2r 1 27 a
Over the disk x2 +y2 < 1: II T—T{é—:}ﬁdA: J J 1_%rdrd9= J [lir{;_ J l—irz drjldﬂ
R 0 0 L] )

2r
J llm [—— n(1 —az)] df =27 - lun [—— In(1- ] 2w - 00, 80 the integral does not exist over
0
+

2 2

X y
B £(6) £(6) 8 8
40. The area in polar coordinates is given by A = J J rdrdf = '[ [-5] do=1 J £2(9) d6 = I 312 a9,
a 0 a 0 a a

where r = f(6)
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27 a 2r a
41. average = —1—5 J J [(r cos 6 —h)? + 1% sin? 8] r drdf = —15 I I (r® - 2r%h cos 6 +rh?) drdf
Ta o b Ta )
27 27 2r
1 _aj_2a3hcoso Zh2 _1 _3 2ahcoso +h2)gp = 1|2’ _2ahsing  h%
Tt Z -7 5 4 I I B o
0 0
=1 2
= 2(& h )
37/4 25in @ 3 /4
42 A= rdrdf = J (4 6in20 — cac?0) g - { w
w/4 csc@ 7r/4 ) ”r-ZtIno
/Ilél 11147
3 /4 Gy recsco
:%[20—sm 26 + cot 0] %
=1 T x

43-46. Example CAS commands:

Maple:
with(plots): y:="y’; x:='x';
bdyl:=y = 0; bdy2:= y = 2 —x; bdy3:=y = x;
implicitplot({bdy1, bdy2, bdy3}, x=0..2,y=0..1, scaling=CONSTRAINED, title="ORIGINAL PLOT");
X:= r«cos(theta): Y:= rxsin(theta):
rl:= solve(Y=0,r); thetal:= evalf(solve(Y=0,theta));
r2:=solve(Y=2-X,r);theta2:=solve(Y=2—X,theta);
r3:=solve(Y=X,r); thetad:=solve(Y=X,theta);
trbdyl:= theta=thetal; trbyd2:= r = r2; trbdy3:= theta=theta3;
implicitplot({trbdy1,trbdy2,trbdy3}, theta=0..1, r=0..2, title="TRANSFORMED PLOT");
fi= (x,y) -> sart(x-+y);
subs(x=X, y=Y, f(x,y));
g:= unapply(%,(r,theta));
int(int(g(r,theta), r=0..r2),theta=0..theta3);
evalf(%);

Mathematica:
Clear[x,y,r,t]
topolar = {x -> r Coslt], y -> r Sin[t]}
<< GraphicsTmplicitPlot®
f = Sqrt{x+y]
bdyl = x ==y
bdy2 = x == 2-y
ImplicitPlot[{bdy1,bdy2},{x,0,2},{y,0,1}]
bdyd =y == 0
bdyl /. topolar

Note: Mathematica cannot solve this directly, so we need to help by dividing
the equation by the right-hand side:

B[[]}/%([[2]] ==
Solve[ %, t ]
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tl = t /. First{%]
bdy2 /. topolar
Solve[ %, r ]

12 = r /. First{%]
bdy3 /. topolar

Solve[ %, t ]

t2 = t /. First[%)

r1 =0
ImplicitPlot[{r==rlr==r2,t==t1,t==t2},{t,0,1},{r,0,2}]
f /. topolar

f = Simplify[%)]
Integrate{ fr, {t,t2,t1}, {r,r1,r2} ]
N[%]

12.4 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES

1]}(
0

) T [(1—x)—x(1;x)—(1"‘)2] e ] a —2x)2 dx=[_(1 —Gx)S]l 4
) 0

1-x 1 1-=x

(1 —x+2) dzdx

o
Ot

1 1
I F(x,y,z)dydzdx = I
+ 0

1
dydzdx = J
0

Ot——|

x 0 x+2

0

1 2 1 2 1 3 3 2 1 2 3 1
dzdyd.x:J. J 3dydx=J 6 dx =6, .[ I J dz dxdy, I I J dx dy dz, J J’ J dxdzdy,
00 0 0 0 0 0 0 0 0 0 0

Oty Oyt
Oty Oy
Oty ) O Sy G0

13 2
dy dx dz, J J J dydzdx
o0 o0

2-2x 3—3x-3y/2 1 2-2x
dzdydx:J [ (3—3x—gy)dydx
1] 0

@
Ot——

0 0
1

I [3(1—x)-2(1-—x)—%-4(l-x)2]dx

o

1
=3 I (l—x)zdx=[—(1-x)3];= 1,
0

2 1-y/2 3-3x-3y/2 1 3-3x 2-2x-22/3
dz dx dy, J J J dy dz dx,
0 0 0
3 1-z/3 2-2x-22/3 2 3-3y/2 1-y/2-2/3 3 2-2z/3 1-y/2-z/3

dy dx dz, I J I dxdzdy, J J I dxdydz
o 0 0 0
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2
2 3 2
dzdydx:f J V4 -—x2 dydx:J 3V4 - %[xv4 x%+4sin™! x] =6 sin™ 11-311',
0 ©

o]

4-x

Oty

3 2 4-x? 2 Vax? 3 2 V22 3 2 3 V4ad?
J J. .[ dz dx dy, J J j dy dz dx, J I J dy dx dz, I J J dx dy dz,
00 0 0 0 0 0 0 0 00 0
3 2 Va-z?
J J J dxdzdy
o0 0
4—x2 S—xz—y2 2 \/4—-x2 8—x2—y2

dzdydx =4 I J J dzdydx
2

o
|
AR L)
——s

~
(=)
o

x2+)’

2 Va2
=4I J [8 —2(x% +y?)] dy dx
Va2

2 2

2 /.
=8 J J (4-x*-y?*)dydx=8 J J’ (4—r%)r drds
o 0 00

dxdzdy,

[=9)
N
2o
<
[= %
=
|
—
[=9
»
[=¥
N
j=9
<
+
—
—
—

i VT oV Voo
J J I dy dxdz +I J J' dydxdz



10.

11.

12.

13.

Section 12.4 Triple Integrals in Rectangular Coordinates
z
. The projection of D onto the xy-plane has the boundary

x2+y? =2y = x® + (y - 1)? = 1, which is a circle.
Therefore the two integrals are:

2 2y-y 2y 1+v1 —x2 2y

J -[ dzdxdy and I J J dzdydx

0 _1/2y_y7 x2+y2 1-vV1-x2 x +Y

111 101 1

I J. I (x2+y2+z2) dzdydx = J J (x +y +3) dydx = J (x2+§)dx =1

000 o0 0

V2 3y 8-x2—y? V2 3y ve 3

¥y
J J J dzdxdy = .[ I (8—2x2—4y2)dxdy= J. [8x—%x3—4xy2] dy
0 0 2,502 [ 0 0
v
2
= I (24y —18y3 —12y3) dy = [12y2 —12§y4]‘/- =24—30 = —6
3 0

e - e e € e e e l e e

I J J g dxdyds = J f [lnX] dydz = j j o dydz = J (Y] an= j lag=1
111 11 11 1 1

1 3-3x 3-3x-y 1 3-3x 1 1

dzdydx = I J (3-3x—y) dydx = J [(8-30? - 33~ 30?] dx =} J (1-x)? dx
0 0 o 0 0 0

-3la-x%,=3

—

O3

™ 1 = 3 1 s
.[ ysinzdxdydz:[ J rysinzdydz:%[ sinzdz:%(l—cos 1)
0 ) 00 0

1

J

1 11 11

1
J (x+y+z)dydxdz=J J [xy+%y2+zy] dxdz:J J (2x + 2z) dxdz =
-1
-1

— L
L%H

-1 -1 -1 -1 <1 -1
= | 42dz=0
-1
Vo- x VAT x 3 })-‘x2 3 3

I J I dzdydx = J J \/Qdydx= J (9—x2) dx=[9x—x;] =18

0 0 0

1027

[x2 + 2zx]1_1 d:
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2 \/m 2x+y 2 \/4—:? 2 4-y 2

14. I J J dzdxdy = Jr J (2x+y) dxdy=J [x? + xy] dy=J (4-y2)""(2y) dy
=[_%(4_yz)3/2]:=§(4)3/2=_13§
1 2-x 2-x-y 1 2—x 1 . 1

15 dzdydx = (2-x-y)dydx= | [2-x?-1@2-x)?|dx=1 -x)2d
(J;O i yxll x—y) dydx J;[ x)'~3 x]x7£(2x)x
=[—-6(2—X)3] =—%+%=%

1 1-x% 4-x2-y

16. J l J; xdzdydx:l J; x(l—x2_y)dydx=:[ X[(l—x’)z-—l(]_xz)]dx=j; %x(]_xz)zdx

=[—ﬁ(1—x2)3] =Tlf

0

17.

Oy}
OF— O+—3

ke T T
J cos(u+v+w) dudvdw:J I [sin (W + v + 7) — sin (w + v)] dvdw
0 (]

[(—cos (w + 27) + cos (W + 7)) + (cos (W + 7) — cos w)]} dw

=[—sin (w + 27) + sin (w 4 ) —sin w+sin(w+1r)];=0

e
18. f
1

S

e e e e
J lnrlnslntdtdrds:[ J (Inrlns)tnt—tl] drds=I (ns)rlnr-rlds=[slns—sl;=1
1 11 1

/4 Insecv 2t 7/4 Insec v 7/4 In sec v /4
19. [ J J e dxdtdv = J J lim (2 —eb) dtdv = I I et dtdv = I [%e2 In sec "—%] dv
b——00
0 0 -0 0 0 0 0 0
w/4

7
20. J
0



21. (

22.

23.

24,

25.

26.

217.

28.

Section 12.4 Triple Integrals in Rectangular Coordinates

1 1-x2 12 1 Viee
J l ,Jz dy dzdx (b) i _\/Ir_; XL dydxdz
1-y \/; 1 \/’_' 1-y
(d) J; (J; ;[/;dxdzdy (e) J; _;[/; J; dz dxdy
11 Ve 11 "V
(a) J J. dydzdx (b) I I J dydxdz
00 -1 o0 A
AR 0 1 ¥
(d) _-[1 b[ J; dxdzdy (e) Jl l i dzdxdy
11 ¥ 11 \ R ,
= = dydx =% dx =%
\' l _-[ -‘[ dzdydx = I J y dx 3I 5

-1

()

()

[= L

o

1029

l-z-\/)7

j I dxdydz
0

vy

dxdydz

L—<,

O

1 1-x 2-2z 1 1—x 1 - 1 o
V= dydzdx:l J. (2-22) dzdx:I [2z—z] xdx:I (l—x2)dx=[x—x3-] =%
o 0o o 00 0 0 0
4 V4% 2-y PRRVL S 4
v:I J' I dzdydx:J [ 2-y) dydx:I [2,/4—x-(4—§—x)]dx
o o o 0 0
4
=[_§(4_x)3/2+4l(4-x)2]0=§(4)3/2-%(1s)=§§2_4=%
1 o -y 1 0 1
V=2J J J dzdydx=—2j I ydydx:I(l—xz)dxz%
Y i o i b
1 2-2x 3-3x-3y/2 1 2-2x
V= dzdydx-Jl I (3-3x-3y)dyax = “6(1-;:)2-2--4(1_,:)2].1:(
o 0 [} )
1
=I 3(1-x? dx=[-(1-xP]b=1
0
1 1-x cos(mx/2) 1 1 1
V= dzdydx = I I cos(”z—x) dydx = I (cos —)(1 —x) dx
0 0 ) 0
1 1 ' /2 p
. . 2
=J cos(l‘%‘-)dx-—J. xcos(?)dx:[%snn%’!]o—% (J; ucosudu:%—fi{cos u+u sin u]:
[} 0
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_2_4(m_{\_4
=r-a(5-1)=3
1-x2 1-x? 1 l—x2 1
29.V=8J I J dzdydx=sf I \/l—xzdydx=8J’(l—x2)dx=1§§
0 0 ) V] 0 o
4-x2 4-x>—y 2 4-x?

30. V=T J. J dzdydx:j J (4—x2—y)dydx=T [(4—x2)2—%(4—x2)2 dx
|

=3 (4‘x2)2dX=J (8—4x2+"74)dx=1_12_§
0
s (Vier )z sy s (Vies)pa )
31. V= J j dxdzdy = J I (4-y)dzdy = J _.._..."162_3'(4_},) dy
0 ° ) 3 3 |

4

4 4
4
= I 2V/16—y7 dy -} J yVI6=y? dy =[yVI6 -y +16 sin7 ]+ [%(16-y2)3/2]
o 1]
0 (1)

— 1163/2 = 32
_16(g)—3(16)/ =8r-32

2 Va—x? 34 2 Vi-x? 2
32. V= J J dzdydx = I J (3-x)dydx =2 J (3-x)v4—x?dx
T _feoE ? o2 -2

2 2 2
=3 J 2vV4—x2 dx —2 J Wi-x2 dx=3[x\/4—x2+4sin_l §]2 +[§(4—x2)3/2]
-2
2

-2

2

=12sin™'1-126in"1(-1) = 12(%)— 12(-%): 127

2 2-x 4-2x-2y 2 2—x
33. J dzdydx:J J ( _%—%)dydx
0 0 (2-x—y)2 o o

[3(1 -§)@-x) —%(2—:()2] dx

Ot ) Oy 0

2
[6—6x+3—§3—£2—}i]dx

2
3 —x)3 3
:[6x—3x2+x—+(2 ")] =(12-12+4+0)-2-=2
2 T |, 1




37.

38.

39.

40.

41.

Section 12.4 Triple Integrals in Rectangular Coordinates

8 8~z 4 8 4 4
dxdydz:J. J (8—2) dydz:J (8 22)(8 — 2) dz=.[ (64— 242 + 222) da
zZ z 0 2z 0 0
Mot _ 19924 2,3]% . 320
_[64z 122+ ]0_ 2
2 Va-x2/2 x+2 2 Va—x?r2 2
V=2 J J J dzdydx =2 J I (x+2)dydx = I (x+2)V4—x?dx
-2 1] 0 -2 [} -2
2 2 2 1 3/21?
=I 2 4—x2dx+I Wi-x2d =[x\/4—x2+4sin-“2—‘] +[—§(4~x2) ]
-2 22 -2 —2
—_ n —
_4(7)-4(—7)_%
2 .2,.2 2

1
calvd
—
-«
|
=<
—
5] =
]
—~
[
~—’
N
)
~—
]
s

2 2 2
I J (x2+9)dzdydx=%J‘
00 0

2
average = é— J
[)]

1
average =-12- I }
o0

111
average = J J I
000

Ot

(x? +y? +2%) dzdydx =

2 2 2 2 2 2
average:%‘[ J J xyzdzdydx:i—J. I xydydx:%l xdx=1
000 o0 0
4 1 2 4 2 x/2 4 2 4
4 cos(x?) J J J 4 cos(x?) J’ J x cos(x?) sin 4, -1/2
J J. J dedydz: ——=<dydxdz = -7—dxdz= ( )z dz
0 0 3y 2vs 00 0 2\/5 00 vz 0

= [(sin 4)z1/2]: =2sin 4

1 1y
3
(x*+y?) dxdy =2 J‘ [x—g+xy2] dy
0

(x+y-12) dzdydx:%

2
[}

1-)(+ir+hyay =% | (1-y®)ay

[ S

2
(2x? +18) dydx =% I (4x%+36) dx = %1.
0

]

11 1
J J (2x+2y-2) dydx:%J (2x-1)dx =0
0 0 0

] .1[ (x2+y2+%)dydx=-1[ (x2+%)dx=1
00 0

1031
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N

11 1 ) 11 \ 1 2 . )
42. _[ J .[ 12xz ™ dydxdz:j I J 12xz €% dxdydz:I -[ 6yz e dydz:I [3e"y2]o dz
0 0,2 o0 O 00 o
I 1
=3J (e'—l)dz=3[e=_1]0=3e_6
0
[ 1n3n,xsin(1ry2) Tt 47 sin(7y?) A 47 sin(my?)
43.[ J J dedydz:l J -__y’_—dydnj,[ (15%) 4,4y
035 0 03, ° 0 y

4y sin(wy?) dy =[~2 cos(wyz)]‘l) =-2(-1)+2(1) =14

o

2 4 \/‘: 4
X802 gy e = J' I (42.22)x axas = I (8n2)1(4-0) s
0 0 V]

2 4—x?

L 2 4-
44, J. j. J %%—dydzdx:]
0o 0 0

»®

Ot—,

“[-fom] =[] -

2 2

1 4-a—x? 4-x°-y 1 4-a—x
45. J dzdydx=-14—5=>J‘ J (4—x2—y—a)dydx=%
o 0 a o 0
1 2 ) 1 2 1
= I [(4—&—):2) —%(4—a—x2) ]dx:%ﬂ%[ (4-a-x?) dx=-1‘—15=> I [(4~a)2—2x2(4—a)+x4]dx
[} [}

1
=18—5=>[(4—a)zx—%x3(4—a)+x-5-5]o=%=> (4-a)?-2(-a)+i=F% = 154-2)? - 104-a) -5 =0

=>3(4—&)2—2(4—5)-1=0=[3(4—&)+1][(4—a)—1]=0:4—5:—%0r4—a=1=>a=-13§013=3

2 2
46 2 lisﬁbgﬂmthatﬂgm=81r=>c=3.

. The volume of the ellipsoid :7 + %§+ 35 =
47. To minimize the integral, we want the domain to include all points where the integrand is negative and to

exclude all points where it is positive. These criteria are met by the points (x,y,z) such that
4x% 4+ 4y% + 2% — 4 < 0 or 4x% + 4y® + 22 < 4, which is a solid ellipsoid centered at the origin.

48. To maximize the integral, we want the domain to include all points where the integrand is positive and to
exclude all points where it is negative. These criteria are met by the points (x,y,z) such that

1-x2—y?—22>0or x4+ y? +22 < 1, which is a solid sphere of radius 1 centered at the origin.
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49-52. Example CAS commands:

int(int(int(z/ (x"2+y"2+2°2)(3/2), z=sqrt(x"2+y2)..1), y=-sqrt(1—x2)..sqrt(1-x2)), x =—1..1);
evalf(%);
Mathematica:
Integrate[ z/(x2+y2+272)7(3/2),
{x,~1,1}, {y,—Sart{1-x2], Sqrt[1-x2]},
{z,Sart [x2+y2],1} ]
N[%]

12.5 MASSES AND MOMENTS IN THREE DIMENSIONS

c/2 bj/2 af2 c/2 b/2 c/2 s b/2
[ ] dz

L Ix= (y2+12)dxdydz=a. J I (y2+z2)dydz=a J. yT+y22
—c/2 -b/2 —a/2 —c/2 -b/2 —&/2 -b/2

c/2

— (b3 b: 2 dz = ab bz 23 </ b(bzc 03 BbC(bZ 2) M(bl )
=a 1—§+ 2 z=a '1'22""3' /2—5 T2—+-ﬂ- +c +c

-c/f2

2, 2
R, = ﬂ—-i—%c— likewise R, = E—i'-;i and R, = by symmetry

3 4 (4-2y)/3

2. The plane z = i:a—z-}: is the top of the wedge = I, = (y? +2%) dzdy dx

3 4 82 8(2 ? 3 3 4 (4-2y)/3
= J I [—%’-— = _S'I—y— 64]dydx— J' l%‘Adx=208; Iy= J’ J I (x2+z2)dzdydx
i3 22 -3 -2 -4/3

=T ] [Q_gzi)a- EQLY) 4’ +-gé]dydx—:j[ (12x + )dx-—280
-2 -3

(x? +2) dx = 360

I
m;ﬂw

3 4
(x2+yz)dzdydx= I J (x? +y2)( )dydx_l
=3 -2 -4/3 -3 =2

c a b

a
3 3 .3 2, .2
[ emaan=] | orsg)amece | (4115p) o222
o o0 0
=M(b2 +¢?) where M = abe; I, = (a? + c?) and 1, = l\gd_(az +b2), by symmetry

1 1-x 1-x-y 1
4 (a) M=J J J dzdydx:I J (1—x—y) dydx =
[V 1] 0 o

2
(F-x+4)ox=b

[= L o——
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1 1-x 1-x-y 1 1=x 1
Myz=J J J xdzdydx:[ J x(l—-x—y)dydx:%J. ()(3—2x2+x)dx=21—4
[ 0 0o 0 0
1 1e—x 1-x-y
=X =y=2=1%, by symmetry; I —.[ J J (y? +22) dzdy dx
A R r iz = y Yy
0o 0 0
1 1-x 1
l—x—y3
=I [yz_xyz_y3+( )]dydx %J- (l—x) dx = 3—=>I =1 _T,bysymmetry
o 0 0

1
(b) R, = \/;"[ = \/T = \/T.:’; 2 0.4472; the distance from the centroid to the x-axis is 1/02 +1—61 +1_16 = \/%‘ = #

~ 0.3536
1 1 4 1 1 1 11 4

5 M=4I I I dzdydx=4J J(4—4y2)dydx=1ﬁj'§dx=§32;m =4I J J 2 dzdydx
00 4y2 0o o0 0 00 4y2

1 1
=2 J J (16—16y4)dydx=%J' ﬂ:%#i:%, and X =¥ = 0, by symmetry;
0 [

'S

1 1 1

4
J J (y2+zz)dzdydx=4 J [(4y2+§3‘1) (4y +6 Y )] dydx =4 J _w5_1976 dx=—0—-719054;
0 [} 0

2

[= L ——

4y

1 4 1 1 1
I I (x2+zz)dzdydx=4j J [(4x’+%—4)—(4xy +84 )]dydx=4j (§x +128) ax
0 00 0

4y
11 4 11
=&§2;Iz=4f J J (x +y2)dzdydx—16J I (xz—x2y2+y2-y4)dydx
00 42 00
1
=16 J (2x2+%)dx=¥
0
2 ( 4—x2)/2 2-x 2 (V4-x2)/2 2
6. (a) M=J dzdydx:I J (2-x) dydx = J- 2- x) Va—x3)dx= 4m;
2 (_Vaxd)z ° 2 (vaxd)2 -2

M,, = T J J x dzdydx = T I x(2 —x) dydx = T x(2-x)(Va=332) dx = —2m;

2 (Vat)z ° 2 (Va2 -2
s (Va2 2-x 2 (V4—x2)/2

M,, = J J' y dzdydx = .[ I y(2—x) dydx
2 (Va2 ° (Va2





