CHAPTER 10 VECTORS AND MOTION IN SPACE

10.1 CARTESIAN (RECTANGULAR) COORDINATES AND VECTORS IN SPACE

. The line through the point (2,3,0) parallel to the z-axis
. The line through the point (—1,0,0) parallel to the y-axis
. The x-axis

1
2
3
4. The line through the point (1,0,0) parallel to the z-axis
5
7
9

. The circle x% + y2 = 4 in the plane z = —2 6. The circle x2 + 22 = 4 in the xz-plane
. The circle y2 +22 = 1 in the yz-plane 8. The circle x2 +2z% =9 in the plane y = —4
. The circle x2 + y2 = 16 in the xy-plane 10. The circle x2 + 22 = 3 in the xz-plane

11. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane

12. (a) The slab bounded by the planes x =0 and x =1
(b) The square column bounded by the planes x =0, x = 1,y=0,y=1
(c) The unit cube in the first octant having one vertex at the origin

13. (a) The ball of radius 1 centered at the origin
(b) All points at distance greater than 1 unit from the origin

14. (a) The circumference and interior of the circle %% +y? =1 in the xy-plane
(b) The circumference and interior of the circle x2+y? =1in the planez =3
(c) A solid cylindrical column of radius 1 whose axis is the z-axis

15. (a) The upper hemisphere of radius 1 centered at the origin

(b) The solid upper hemisphere of radius 1 centered at the origin
16. (a) The line y = x in the xy-plane

(b) The plane y = x consisting of all points of the form (x,x,2)

17. (a) x=3 (b)) y=-1 (c) z=-2

18. (a) x=3 (b) y=-1 (c) z=2

19. (a) z=1 (b) x=3 (c) y=-1

20. (a) X2 4+y>=4,2=0 (b) Y2 +22=4,x=0 (¢) X>+2*=4,y=0

21. () x®+(y-2)>%=4,2=0 ®b) -2 +22=4,x=0 (c) X*+22=4,y=2

22. (a) (x+3)2+(y-4)?=Lz=1 (b)) (y-49’+(-1)*=1,x=-3 () (x+3)2+(z-1)2=1y=4
23. (a) y=3,2=-1 b)x=1z=~-1 (c) x=1,y=3

24. \/x2+y2+z7=\/xz+(y-—2)z+z2 =>24+y242=x2+(y-22+2 2 yi=yl-dy+4=>y=1
2. x24+y2+22=25,2=3
2. 24y +(z-1)2=4and 2 +y2+(@+1)2 =42 +y?+ -1 = +y? + (2 +1)? 2 2 =0, L+yr=3

27.0<z<1 28.0<x<2,0<y<20<z<2
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29

31.

32.

33.

34,

35.

36.

37.

38.

39.

40.

41.

42.

43.

. 250 30. z=\/1--x2—y2
@ =1+ -1)2+(@-1)%<1 (b) x=12+(y-1)?*+(z-1)*>1

15x2+y2+z254

length=|2i+j——2k|=1/22+12+(—2)2=3,thedirectionis%i+%j—%k=>2i+j—2k=3(%i+%j~%k
length = |9i - 2j + 6k| = /81 +4+36 = 11, the direction is i~ 23+ Sk = 0i~ 25+ 6k
=11(9;_2;,6

‘11(11‘ 11J+11k)

length =|5k| = 1/25 = 5, the direction is k = 5k = 5(k)

3 /9 18 3:.4 3: .4y _ 4
length_l 1+5k’_ 25 25_1thed1rectlonls§1+ ]:=>51+5k 1(5 5k)

2
length =i~ L j_ L y|_ [3/ 1 = /L, the direction is Loi— Lj_ Lk
V6 VB VB V6 2 V3 V3B

2
1ength=’ﬁi+71-§j+ﬁk’= /3(#) =1, the direction isﬁi+#j+71§k
1 1. 1

¢%i+ﬁj+%k=l(—ﬁi+—f—sj+7§k)

(a) 2 (b) —v/3k (©) Fyi+2k (d) 6i—2j+3k
@ -7 () —35£i~ﬁk © Li-li-k @ Soi+ itk

5
Ivi= V1221 5% = /169 = 13; -% % =11—3( 1—5k)=>thedesuedvectorls13(121—51()

ST I V3 v _ 1. 1. 1 . - 1: 1. 1
Ivli= Z+3+Z__2"IVI_$1—%=J 75k=>t,hedeslredvectorls—-3(%1—%1—%]()
=-V3i+3j+ 3k
(a) the distance = the length = | PP, | =3i + 4 — 5k| = /A ¥ 16 ¥ 95 = 5/2

1

(b) 3i+4j~5k = 5\/‘(5\/_1+5\/_5—7. )=>thedu-ectlon 1553Wi+54wj——ﬁk

(c) the midpoint is ( .3, g)
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(a) the distance = the length =|P1P,| =|3i— 6+ 2k|= /A 436 +4 =7
(b) 3i—6j+2k = 7(71——]+7k)=>thed1rectlon1s 1—7_|+2k

(c) the midpoint is (5’ 1, 6)

45. (a) the distance = the length =|P,P,|=|-i—j—k|= 3
.. 1. 1. 1 toetion e L 31 s 1
b) —i—-j—k=+3[-——=i— - k )} = the direction is ——=i——=j— —=k
(b) j \/_( /3 75] 75) 7 WY
(c) the midpoint is (%, %,%)
46. (a) the distance = the length = I Pl_f’z l =|2i-2—2k|=v3.2%= 24/3
b) 2i—2j— 2k = 2¢/3(Lei— —Loj — L=k} = the direction is —=i— 1=j— L1k
(b) ) \/_(\/5 75] \/5 % \/5" 75'
(c) the midpoint is (1,—1,-1)
47. AB=(5-a)i+(1-b)j+(3-c)k=i+4j-2k=>565-a=1,1-b=4,and 3—c=-2=>a=4,b=-3,and
¢ =5 = A is the point (4,-3,5)
48. A_é=(a+2)i+(b+3)j+(c—6)k=—7i+3j+8k=>a+2=—7,b+3=3,andc—6=8=>a=—9,b=0,
and ¢ = 14 = B is the point (—9,0,14)
49, (x—1)2+(y-22+(z-3)%=14 50. x>+ (y+1)2+(z—5)2 =4
51. center (—2,0,2), radius 2\/5 52. center (—-21-,—%,—%), radius —'221
53. x2+y?+224+4x—-42=0 =>(x2+4x+4)+y2+(z2—-4z+4)=4+4=>(x-0-2)2+(y—0)2+(z—‘2)2=(\/§)2
= the center is at (—2,0,2) and the radius is 2\/5
54, x2+y2 452 — 6y +82 =0 = x> +(y? 6y +9) + (2> + 824+ 16) =9+ 16 = (x—0)2 + (v ~ 3)* + (z + 4)* = 5
= the center is at (0,3, —4) and the radius is §
55, 22 +2y2+ 22 +x+y+2=9 > X +ix+y?+iy+2 241 =3
2
2,1, 1 1Va(221,,1)_9.3 _T 1 1y 1’(5\/5)
> (@ +5x+5)+ (v +y+3g)+ (2 +3+45) =3+ =1 = (x+3) +(v+3) +(+3) 1
= the center is at (—41,—%,—1)and the radius is 544/-3—
\
56. 3x2+3y2+3z2+2y—22=9 =>x2+y2+%y+z2—%z=3 =>x2+(y2+%—y+%)+(z2—§—z+%)=3+%

2
2
= (x—0)? +(y +%)2 +(z -%) = (%—2_?-) => the center is at (0 _§7§) and the radius is \/32—9
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57.

58.

59.

60.

61.

62.

63.

(a) the distance between (x,y,z) and (x,0,0) is v/y2 + 22
(b) the distance between (x,y,z) and (0,y,0) is V/x2 + 22

(c) the distance between (x,y,z) and (0,0,z) is \/x2 +y2

(a) the distance between (x,y,z) and (x,y,0) is |z|
(b) the distance between (x,y,z) and (0,y,z) is |x|
(c) the distance between (x,y,z) and (x,0,2) is |y|

(a) the midpoint of AB is M(g,g, )and M =(g—- 1)i+(%— 1)j+(0—3)k=%i+%j-3k

(b) the desired vector is (3)CM =2(3i+3j-3k)=i+j-2x

(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate
at the center of mass = the terminal point of (i+j+ 3k) + (i+j — 2k) = 2i + 2j + k is the point
(2,2,1), which is the location of the center of mass

ThemldpoxntofABlsM(E, ,i)and( )CM 3[(§+1)1+(0 2)j + ( +1)k]=%(gi-2j+%k)

gl—%_]+;k Thetermmalpomtof( 1——%j+3k)+OC (51—--]+§ )+(—i+2j—k)
2.

4 2214 - . . . .
31+ 3 J + 3k is the point ( 5% 3) which is the location of the intersection of the medians.

Without loss of generality we identify the vertices of the quadrilateral such that A(0,0,0), B(x,0,0),

C(x4,¥,,0) and D(x4,y4,24) = the midpoint of AB is M,p (—2—,0 0) the midpoint of BC is

MBC(xb;— <€ ,);C ,0) the midpoint of CD is M¢p (x ;xd ycg_yd,z;) and the midpoint of AD is
Xp . X, +Xgq
MAD(%d-,);—d,%d) = the midpoint of M,gM¢p is 2—22——— Ye : yd, % which is the same as the midpoint
Xy, + X, e X X4
2 2 Yt Yd %4
of My\pMpe = —E5—= °4 1/
Let V4, V,, Vg, ..., V, be the vertices of a regular n-sided polygon and v; denote the vector from the center to
Vifori=1,2,3,...,n IfS= E v; and the polygon is rotated through an angle of ( ) where
i=1,2,3, ..., n, then S would remaln the same. Since S does not change with these rotations we conclude

that S = 0.
Without loss of generality we can coordinatize the vertices of the triangle such that A(0,0), B(b,0) and
b
C(xy,) = ais located at( ;x Yo ) b is at ( ,7) and c is at (g, ) Therefore, Aa= (%+%)i+();—°)j,

Bb=(3-b)i+(% )J,andcc—(r o)i+(~y)i= Aa+Bb+Ce=0.
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10.2 DOT AND CROSS PRODUCTS

NOQTE: In Exercises 1-6 below we calculate proj, u as the vector (mllcT‘T'a)v, so the scalar multiplier of v is

10.

11.

12.

13.

the number in column 5 divided by the number in column 2.

v-u Iv| ja| cos @ julcos 6 proj, u
—25 5 5 -1 -5 —2i +4j — /Bk
3 1 13 & 3 3(Bi+ix)
25 15 5 3 2 5101+ 115 - 2K)
13 15 3 1B B S (2 + 10§ — 11k)
2 2 1 (e
2 34 3 L (55~ 3k
V34 V3 WV 34 37 (53 — 3K)
V3-v2  VB-v2  VB-v2 ..
. V3-V2 ‘/2- 3 3\/'2' \/-2- 3 (-i+3J)

Cu= () + (- 33 v) =36+ +[Gi+ ) -36+0)|= (Bi+35)+ (i +3i+ 4k), where

v.u=3and v.v=2

u= (8 v)+(a-$v)=v+(a-§v)=16+D +[G+0 - Fa+d)] = (Ji+ i)+ (-Fi+di+x),

where v-u=1land v-v=2

25— k) +[ (8 + 4 — 12k — (Y + Bj - Yo )|

14
v =M+
=(13_4i+ﬁj_ﬁk)+(%gi —3@_)—-— ), where v-u=28 and v-v=26

n=(%:—3v)-+;(u—¥%v) l(V)+[(l+J+k) ()v]:(i)+(j+k),wherev-u=1andv-v:l;yes

823

e ) ot OO OO +OED N4\ ot
0 =cos”(rifrvr) = oo 1(\/27+1’+07 \/12+22+(—1)’)_ (757)" 1(733)%0'75 red

IUSETA T 2 Y (2)(8) +(=2)(0) + (1)(4) — conm 10 \_ .-1(2
6 = cos l(r“lln—:—l)_cos 1(\/224-(_2)2-’-12 T e )—cos 1( 5 25)—005 1(-3)%0.84 rad

o= cos (B o (V3)(v/3)+ (=T)(1) + (0)(=2) ms-l( 37 )
VAR +(12+ 02 (VB + (1) + (<2 V2 /B
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14.

15.

16.

17.

18.

19.

20.

6 =cos~! (lllll_lT%) = cos‘l(

=cos™1 (=Ll )~ 1.83 rad

;;15

—i-v _ _3v _ b —~ kv _ ¢
() co’“"_ITIT:F'V"wsﬂ"ljlm"ivl’ws" Mklivi— vi®®

cos® o + cos? B + cos? y =(i)2+(1)2+(i)2 =___a2+b2+c2 =Iv||‘vl= 1

WD +(v2) () +(-v2) (1) =m_1( =1 )
V2 + (V2 +(=v2) /12 + ()2 + (12 3

o

vl vl vl IvIIv] 1vilvi
(b) 1vi=1=> cos =‘—f‘,—|=a, cos ﬂ:l%l:ba.nd cos 7=ﬁ:c are the direction cosines of v

u = 10i + 2k is parallel to the pipe in the north direction and v = 10j + k is parallel to the pipe in the east

fafivi V104 /101

direction. The angle between the two pipes is § = cos"l( LA 4 ): cos_l( 2 )z 1.55 rad ~ 88.88".

i 7 ok
= —2 -1 {=3(2i+1;,2 = irection is 2i+1j + 2k
uxv=; 2 2 1 ..3(31+3_]+3k)=>length.‘Sandthedlrectlonls31+31+3k,
1 0 -1

vxu=—(uxv)= -—3(%i+%j +%k) => length = 3 and the direction is —%i—%j —%k

i j ok
uxv=| 2 3 0 |=05(k)=> length =5 and the direction is k
-1 1 0

vxu=—(uxv)=—5(k) = length = 5 and the direction is —k

i k
uxv=| 2 -2 4 |=0= length =0 and has no direction

-1 1 -2

vxu=—(uxv) =0 =>length = 0 and has no direction

i ] k
uxv=| 1 1 -1 |=0= length = 0 and has no direction
0o o0 0

vxu=—(uxv)=0= length = 0 and has ne direction



21.

22.

23.

24.

25.
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i j k
uxv=| 2 0 0 |=-6(k)= length =6 and the direction is —k
6 -3 0

vxu=—(uxv)=6(k) = length = 6 and the direction is k

i k
uxv=(ixj)x(ixk)=kxi=}| 0 0 1 |[=j = length =1 and the direction is j
1 0 0

vxu=—(uxb)=—j = length =1 and the direction is —j

i j k
uxv=| -8 —2 —4 |=6i—12k = length = 64/5 and the direction isvlgi— 251;
2 2 1
vxu=—(uxv)=—(6i—12k) = length = 6+/5 and the direction is Lt 2y
NGRS
i j k
3 _1 o co 1. 11
uxv=| 2 —5 1 |=-2i-2j+ 2k =>length =24/3 and the direction is ~—=i— +—==k
5 5 9] g V3 /3 751 75
1 1 2
vxu=—(uxv)=~—(—2i-—2j+ 2k) = length = 24/3 and the direction isLi+——l—'——-1—k
(uxv)=—( j + 2k) g AT
i j k i j k
uxv=| 1 0 -1 |=i+k 26. uxv=| 1 0 -1 |=i-j+k
0 1 0 0 1 1
z




826 Chapter 10 Vectors and Motion in Space

i i k i j k
27. uxv=| 1 1 0 [=-2k 28, uxv=| 0 1 2 [=2-k
1 -1 0 1 0 0
z 4

~2ky 1+l

i j k
— =

2. (2) PQxPR=| 1 1 -3 |=8i+4j+4k= Area=3|PQxPR|=1\/617 16716 =26

-1 3 -1
PQx PR
x 1 /00, -
(b) u= =+ =+—==(2i+j+k)
[PaxPR| V6
i i k
30. () PQxPR=| 1 0 2 |=4i+4-%= Area=}|PQxPR|=1y/EFT674=3
2 -2 0
PQxPR
() u= 22X PR 11051
|PG x PR
i j k
3. (a) PQxPR=| 1 1 1 =—i+j:>Area=%|P—<’QxP_'|=% 1+1=#
1 1 0
®)u=+PXXPR _ 4 L iip= 2Loj)
|PGx PR 2 V2
i j k
32. (a) PQxPR=| 2 -1 -1 =2i+3j+k=>Area=%|P_<§er’|=%,/4+9+1=———"214
1 0 -2
PO x PR
x 1 for . o
(b) u= =+ = +—=(21+3j+k)
|PQxPR| V14
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@ A &
33. If u = a;i +a,j +agk, v.=b;i+byj+bsk, and w=c;i+cyj +c3k, thenu-(vxw)=| b; b, by
c, ¢ ¢c
b; by by . ¢ ¢
ve(wxu)=| ¢, ¢, ¢ |andw-(uxv)=| a; a, a; |which all have the same value, since the
a; a, ag by b, by

interchanging of two pair of rows in a determinant does not change its value = the volume is

2 0 0
[(uxv)-w|=abs| 0 2 0 |=8
0 0 2
1 -1 1
34. |[(uxv)-w|=abs| 2 1 -2 [=4 (for details about verification, see Exercise 33)
-1 2 -1
2 1 0
35. [(uxv)-w|=abs| 2 -1 1 |=|-7]=7 (for details about verification, see Exercise 33)
1 0 2
1 1 =2
36. |(uxv) -w|= abs| —1 0 —1 [=8 (for details about verification, see Exercise 33)
2 4 =2

37. (a) u-v=-6, u-w=—81, v-w =18 = none

i § k i J ok i j k
(b) uxv= 5 -1 1 |#0uxw=| 5 -1 1 |=0vxw=| 0 1 -5 |#0
0 1 -5 -15 3§ -3 -15 3 -3

= u and w are parallel

38. (a) u-v=0,u-w=0,u-r=-3m,vow=0,vr=0,w-r=0=>ulviulwvlwvlr
andw lr

(b) uxv=| 1 2 -1 |#0,uxw=| 1 2 -1 |#0uxr=| 1 2 -1 =0

827
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i § 0k i j ok i j ok
vxw=l -1 1 1 [#0vxr=| -1 1 1 [#0wxr=| 1 0 1 |#0
T _ s - _ g
1 0 1 7 T 5 ) T 3
=> u and r are parallel
39.lp‘c’;xF|=|1?é||F|sin(6o°)=%-30-§ft-1h=10\/§ft-m

40. |PQ x F|=|PQ|IFlsin (135) =§-3o-§ft-1b= 104/2 £t -1b

41. (a) true, ju|= \/af+a§+a§= Ju-u

(b) not always true, u-u=|u/?

i §j ok
(c) true,ux0=| a, a, a; [=0i+0j+0k=0
0 0 0
i j k

(d) true, ux(~u)=| a, a, a3 |=(-ayay+ayag)i+ (—aj85 +2,83)j + (—a,25 +2,8.)k = 0
I e B
() not always true, ixj =k # —k = jx i for example
(f) true, distributive property of the cross product
(g) true, (uxv)-v=u-(vxv)=u-0=0
(h) true, the volume of a parallelepiped with u, v, and w along the three edges is (uxv)-w=(vxw)-u

u-(vxw), since the dot product is commutative.

42. (a) true, u-v = a;,b; +asb, + agbg = bya; +bya, + bzaz =v-u

i j k i j k
(b) true, uxv=| a; a, a3 [=—| b by, by |=—(vxu)
b, by by 0 8y a3
i 0§k i § ok
(c) true, (~u)xv=|—a; —a, —a3 [=—| a; a, a; |=—(uxv)
bl b2 b3 bl b2 b3
(d) true, (cu)-v = (ca;)b; + (cag)b, + (cag)bs = a,(cby) + ag(cby) +ag(chs) = u-(cv) = c(a;b; +agh, + aghs)
=c(u-v)
i i k i i k i j k
(¢) true,cluxv)=c| a; a, ag [=|ca ca, cag |=(cu)xv=| a a;, az |=ux(cv)

b, by by | | b b, by cb; cby cby



43.

44,

45.

46.

47.

48.

49.

50.

51.

52.
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2
(f) true, u-u=a§+a§+a§=(,/a§+a§+a§) =iu?

(g) true, (uxm)-u=0-u=0

(h) true, uxvluand uxvlv= (uxv)-u=v-(axv)=0
(a) proj, u=(3¥)v (b) % (uxv) (¢) £(axv)xw

(a) (uxv)x(uxw)

() (u+v)x(u—v)=(u+v)Xu— (U+V)XV=uxu+ vXu—uxv—vxv
=0+ vxu—uxv — 0=2(vxu), or simply uxv

(¢) |u|’—3—I (d) laxwi

(a) .yes, uxv and w are both vectors
(c) yes, u and ux w are both vectors

(d) |(uxv)-w|

(b) no, uis a vector but v-w is a scalar
(d) no, u is a vector but v-w is a scalar

(ux v) x w is perpendicular to ux v, and ux v is perpendicular to both u and v = (uxv) xw is

parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v.
The situation is degenerate if u and v are parallel so ux v =0 and the vectors do not determine a plane.
Similar reasoning shows that ux (v x w) lies in the plane of v and w provided v and w are nonparallel.

No, v need not equal w. For example, i+j# —i+j, butix(i+j) =ixi+ixj=0+k=kand

ix(-i+j)=-ixi+ixj=0+k=k

Yes. fuxv=uxwand u-v=u-w, then ux (v—w) =0 and u-(v—w) = 0. Suppose now that v # w.
Then ux (v—w) = 0 implies that v — w = ku for some real number k # 0. This in turn implies that
u-(v—w) =u-(ku) = k ju|? = 0, which implies that u = 0. Since u# 0, it cannot be true that v # w, so

v=w.
i ] k
— — — — — —
B=-i+jand AD=-i—j=> ABxAD=| -1 1 0 [=2k = area=|ABxAD|=2
-1 -1 0
i ]
— — — — — —
AB=T7i+3jand AD=2i+5j = ABxAD=| 7 3 0 |=29k => area=|ABxAD|=29
2 5
i k
—_ — - — — —
AB=3i-2jand AD=5i+j= ABxAD=| 3 -2 0 |=13k=>area=|ABxAD|=13
5 1 0
i k

=

— — — — —
AB=T7i—4jand AD=2i+5j=> ABxAD=| 7 -4 0 |=43k=>area=|ABxAD|=43

2 5 0

829
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i j k
— . . — .. — — 1| =, — 11
53. AB=-2i+3jand AC=3i+j=> ABxAC=| -2 3 0 =—11k:>a.rea=—2~ ABxAC =%
3 1 0
i j k
— . . — . . — — 1] = —
54. AB=4i+4jand AC=3i+2j=> ABxAC=| 4 4 0 =—4k=>a,rea=§ B x C|=2
3 2 0
i J k
—_ . . — . . — — 1| =, — 25
55. AB=6i—5j and AC=11i—-5j=> ABxAC=| 6 -5 0 =25k=>area=7 Bx CI:T
11 -5 0
i j k
— . . —_— . . — — 1} =, —
56. AB = 16i—5j and AC =4i+4j=> ABxAC=| 16 -5 0 =84k=>amea=§lABx Cl=42
4 4 0
i j k
. . . . 31 3 .
57. Hu=aji+a,jand v=">b,i+b,j, thenuxv= a; a, 0 (= b k and the triangle’s area is
b, b, 0 v
a, a
%luxv]: ;t% bl b2 . The applicable sign is (+) if the acute angle from u to v runs counterclockwise
1 2

in the xy-plane, and () if it runs clockwise, because the area must be a nonnegative number.

58. fu=ajitayj,v= b1i+b2j; and w = ¢;i+ c,j, then the area of the triangle is %—IA_])3 xA_é| Now,
i j k

— — bl*a‘l b2_a‘2 1| = —
ABxAC=|b,—a bj—a, 0 |= k= 1|ABxAC

€1 —3 €28y
cp—ay Cy—ay 0

= % [(by = a1)(c; —ap) = (c; — 2))(by —a,) | = % |2y (by = c5) + a(e; —by) + (bycy — ¢1by) |

a; a, 1
= :I:-%— b, b, 1 |. The applicable sign ensures the area formula gives a nonnegative number.
[ 1

10.3 LINES AND PLANES IN SPACE

1. Vector form: x(t) =ry+tv=(3i—4j—k) +t(i+j+k) = (3 +t)i+ (-4 +t)j+ (-1 +t)k
Parametric form: x =3+t, y=—-4+4t,z2=-1+t
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. Vector form: r(t) =rg+tv=(i+2j— k) +t(—2i—2j+2k) = (1 - 2t)i+ (2 - 2t)j + (-1 + 2t)k
Parametric form: x=1-2t,y=2-2t,z=-1+4+2¢

. Vector form: r(t) = ry+ tv = (—2i+ 0j + 3k) + t(5i + 5j — 5k) = (—2 + 5t)i + (5t)j + (3 — 5t)k
Parametric form: x=-2+45t,y=5t,z=3-5t

. Vector form: r(t) =1y + tv = (0i+ 0j + 0k) + t(2j +k) = 0i + (2t)j + (t)k
Parametric form: x=0,y=2t,z=t

. Vector form: r(t) =ry+tv=(3i—2j+k) +t(2i—j+3k) = (3+2t)i+ (-2 ~-t)j+ (1 +3t)k
Parametric form: x =3 +2t),y=-2-t,z2=1+3t

. Vector form: r(t) =rg+tv=_(i+j+k) +t(0i+0j+k)=i+j+(1+t)k
Parametric form: x=1,y=1,z=1+t

. Vector form: x(t) = ry+ tv = (2i+ 4j + 5k) + t(3i+ 7j — 5k) = (2 + 3t)i+ (4 + 7t)j + (5 — 5t)k
Parametric form: x=2+3t,y =4+ 7t,z2=5-5t

. Vector form: r(t) = ry+tv = (0i—7j+ 0k) + t(i + 2j + 2k) = (t)i+ (=7 + 2t)j + (2t)k
Parametric form: x=t,y = -7+ 2t,z =2t

i j k
. The vector ux v is perpendicular touand v: uxv=| 1 2 3 |=-2i+4j-2
3 4 5

Vector form: r(t) = rg+ t(ux v) = (2i+ 3j + 0k) + t(—2i + 4j — 2k) = (2 - 2t)i+ (3 + 4t)j + (~2t)k
Parametric form: x =2—2t, y =3 +4t,z = -2t

. Vector form: r(t) = rg+ tv = (0i+ 0j + 0k) + t(i+ 0j + 0k) = ti+ 0j + Ok = ti
Parametric form: x=t,y=0,z2=0

. The direction l;é = i+j+%k and P(0,0,0) => x=t, y=t,z =%t,
where 0 <t <1

. The direction PQ =j and P(1,1,0) 3 x =1,y =1+t,z=0,
where -1 <t <0
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13.

14.

15.

16.

17.

18.

19.

20.

21.

The direction I;-Q =-~2jand P(0,1,1) 2> x=0,y=1-2t,2=1,
where 0 <t <1

The direction PQ = —i+ 3j+k and P(1,0,~1) = x = 1 —t,
y=3t,z=~1+4+t, where0<t<1

3x—0)+(-2)(y—2)+(-1)(z+1)=0=>3x—2y—-z=-3
3x—D+((y+1)+(1)(z-3)=0=>3x+y+z=5
i § ok
— s — e d
PQ=i-j+3kPS=-i-3j+2k=PQxPS=| 1 -1 3 |=7i-5j—4kis normal to the plane
-1 -3 2

=>T7(x—2)+(-5)(y-0)+ (—4)(z—2)=0=>Tx—5y—4z =6

i §j ok

— — —

PQ=-i+j+2k PS=-3i+2j+3k=>PQxPS=| -1 1 2 |=—i-3j+kisnormal to the plane
-3 2 3

= (-1)(x~-1)+(=3)(y-5)+(N)E-7)=0=>x+3y—z=9
n=i+3j+4k P(2,4,5) = ()(x-2) + BNy —4) +(4)(z—5) = 0 => x + 3y + 42 = 34

n=i-2+k P(1,-2,1) = ()(x- 1)+ (-2)(y +2) +(1)(z—1) =0 > x -2y +z=6

x=2t+1= s+2 2t— s=1 4t 25 =2
= = = t=0ands=-1;thenz=4t+3=—4s—1
y=3#+2=2+4 Ht—2=2 t—-2s=2

= 4(0) + 3 = (—4)(—1) — 1 is satisfied = the lines do intersect when t = 0 and s = —1 => the point of
intersection is x =1, y = 2, and z = 3 or P(1,2,3). A vector normal to the plane determined by these lines is

i j k
nyXnp=| 2 3 4 |=-20i+12j+k, where n, and n, are directions of the lines = the plane
1 2 -4



22.

23.

24,

25.

26.
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containing the lines is represented by(—20)(x — 1) + (12)(y —2) + (1)(z—3) =0 => —20x+ 12y +2="T.

x= t =25+2 t—2s=2 )
= = s=-landt=0;thenz=t+1=55+6=>0+1=5(-1)+6
y=—t+2= s+3 —t— s=1

is satisfied => the lines do intersect when s = —1 and t = 0 = the point of intersection is x =0,y =2 and z =1

i j k
or P(0,2,1). A vector normal to the plane determined by these linesismy xn, =| 1 -1 1
2 1 5

= —6i — 3j + 3k, where n, and n, are directions of the lines => the plane containing the lines is represented by
(~6)(x—0)+ (-3)(y —2) +(8)(z—1) = 0 = 6x + 3y — 3z = 3.

The cross product of i+ j—k and —4i + 2j — 2k has the same direction as the normal to the plane

i j k
=>n=| 1 1 =1 |=6j+6k. Select a point on either line, such as P(—1,2,1). Since the lines are given
-4 2 =2

to intersect, the desired plane is 0(x +1) +6(y —2) +6(z—1) =0 = 6y +6z2 =18 => y +z = 3.

The cross product of i — 3j —k and i+ j+ k has the same direction as the normal to the plane

i j k
n=| 1 =3 =1 |=-2i—2j+4k. Select a point on either line, such as P(0,3,—2). Since the lines are
1 1 1

given to intersect, the desired plane is (—2)(x —0) + (-2)(y —3) + (4)(z +2) =0 = —2x — 2y + 4z = —14
>x+y—-2z2=1T.

i ] k
nyxmy=|( 2 1 -1 |=3i-3j+3kis a vector in the direction of the line of intersection of the planes
1 2 1

=2 3(x—-2)+(-3)(y—-1)+3(z+1)=0=3x—3y+32=0 = x—y+2 =0 is the desired plane containing
P0(2117—1)

i j k
A vector normal to the desired plane is Pl_l')z xn=| 2 0 -2 |=-2i-12j—2k; choosing P,(1,2,3) as a
4 -1 2

point on the plane = (—2)(x — 1) +(-12)(y —=2) +(-2)(z=3) =0 = —2x - 12y 22 = -32 => x + 6y +2 =16
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is the desired plane
27. (a) If 6 =0 or § =, then S is on the line through P in the direction of v. In these cases, the distance from the
-
point S to the line is 0 and |PS I sinf=0. If0<d< g, then by the trigonometry of a right triangle, the
— —
distance from the point S to the line is IPS | sinf. If = 12[ then IPS I sin @ =ll?S I, which is the distance

from S to the line. If % < @ < 7 then the distance from S to the line is |I7S I sin (7 — 6) =II-"§| sin 6.
Therefore, for all 0 <8 < , the distance from the point S to the line through P and in the direction of v is
given by !FS' sin 6.

-
(b)|§§xvl=|§§|lvlsin9=>|Plsv>iv1=ll;’5|sin0=d
i j k
28. S(0,0,0),P(5,5,—3)a,ndv=3i+4j—-5k=>IT§xv= -5 -5 3 [=13i+16j—-5k
3 4 -5

|PSxv| /1697256525 /450

=>d= ~NT = WCES TS -.-75T=\/§=3isthedistancefromStotheline

-
29. 5(2,1,3), P(2,1,3) and v =2i+6j => P_éxv =0=>d= |P'va|vl= 7043= 0 is the distance from S to the line

(i.e., the point S lies on the line)

i j
30. 5(3,-1,4), P(4,3,-5) and v=—i+2j+ 3k = PSxv=| -1 —4 9 |=-30i-6j-—6k
-1 2 3
—
\/ \/ \/ v . . . .
=>d=IPsxv|= 900+36+36= 972: 486: 81 6=9 42 is the distance from S to the line
Vi V1+4+9 Va1 VT 7

31. (a) P is any point with coordinates (xg,yq,2) that satisfies the equation Axy + Byg + Czy = D.
(b) If S has coordinates (x,y,z), then PS = (x~x0)i+ (y —yo)i+ (z—zg)k
(c) If the angle between I?S and the normal to the plane is 6, then d = |l;§‘,| |cos 8l We know, however, that
FS A= |I;§ lI’EI cos 6, where fi = Ai + Bj + Ck is normal to the plane. This implies that

|1?S|cos9=I;"S.ﬁ'lﬁ=l;‘s-%and“1?5|cos 0[=[l;.S|lcos 9|=|I;§'%

-
, and that d=‘PS-%|.
|a

32. 5(2,-3,4), x +2y + 2z = 13 and P(13,0,0) is on the plane => PS= ~1li—-3j+4kand n=1i+2j+2k
—11-6+8

=>d—|1?é--“—|= “11-6+8|_|=9|_3
=P ml= | AT~ VA



33.

34.

35.

36.

37.

38.

39.

40.

41.

42.
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$(0,1,1), 4y +3z = —12 and P(0,~3,0) is on the plane = P§ = 4j+ k and n = 4j + 3k

- =|det3 ) 1 |
=>d—|PS Inll ’_16+ |
S(0,-1,0), 2x +y+ 2z =4 and P(2,0,0) is on the plane = PS = —2i—jand n=2i+j+2k

—4-140

:d:‘PS ‘—-
gl ool

The point P(1,0,0) is on the first plane and S(10,0,0) is a point on the second plane = PS = 9i, and

n =i+ 2j + 6k is normal to the first plane = the distance from S to the first plane is d = 'PS

= 9
—‘;71+4+36

The line is parallel to the plane since v-n = (1 +3j —— ) (i+2j+6k)=1+2-3=0. Also the point
$(1,0,0) when t = —1 lies on the line, and the point P(I0,0,0) lies on the plane = PS= —9i. The distance

—9 9 - . .
— = ——, which Iso the dist f) the line to th
Inl ‘ 1+4+36| \/4—1,W 1ch 1s also € distance irom € [Ine to €

imi

= %, which is also the distance between the planes.

from S to the plane isd = | PS-

plane.

(a) If two planes intersect, then the angle between the normal vectors n, and n, is equal to the angle between

the planes. We know, however, that n; -n, =|n, || ;| cos 6, where 8 is the angle between the normal

vectors and between the planes. Therefore, § = cos I(H%) with 0 <6 <.

=937 — 61— —_— 04— _ -1 6—-6-14 _ -1(4
(b) b =3i—6j—2k and ny; = 2i+j—2k = 6 =cos (\/32+62+22\/22+12+22)_cos (21)

=5 1.38 radians.

n1:i+j+kandn2=k=>0=cos_l(|n 112)_cos'l( 1 )z0.96rad

1y [[B, V31

=242k =49 8 = cos—1 Moy N\ eos—lf2 141 — cos=1[_5 0.82 rad
n; = 2i+2j andmy =i+2j+k = cos (|—n1“n2| cos —\/5\/6 cos _3\/6 ] I

n, = 4j + 3k and n, = 3i +2j + 6k = 6 = cos™ 1( ):cos_l(%)zo.ﬂi rad

)_Cos-l _8+18
EEA V25 /49
2x-y+3=6=21-t)-(3)+3(1+t)=6=> 2% +5=6=>t=-Smx=3 y=-Sands=1
= (%,—%,%) is the point

bx+3y —dz=—12= 6(2) +3(3+2) ~4(-2-2) =-12> 14t +29=-12 > t=-H 5 x =9,y =3-4,

and z = -2 +‘%7—1 = (2 —27—0 —7) is the point
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43.

44,

45.

46.

47,

48.

49.

x+y+2=2=>(1+2t)+(1+5t)+Bt)=2=>10t+2=2=>t=0=>x=1,y=1landz=0
= (1,1,0) is the point

2x—32=7T=2(-14+3t)-3(5t) =T=> -9t ~-2=T=t=-1=>x=-1-3,y=—2andz=~5
= (—4,—2, —5) is the point

i i k
o, =i+j+kandn,=i+j=>mnyxny={ 1 1 1 |=—i+], the direction of the desired line; (1,1,—1)
1 1 0

is on both planes => the desired lineisx=1—-t,y=1+t,z=-1

i j k
n; =3i-6j—2kand ny =2i+j—2k =>nyxmy=|{ 3 6 2 [=14i+ 2j+ 15k, the direction of the
2 1 -2
desired line; (1,0,0) is on both planes => the des] rec& linejis x il 14t, y = 2t, 2 = 15¢
nl=i-—2j+4kandn2=i4-j—2k=>n1xn2= 1 -2 4 |=6j+ 3k, the direction of the
1 1 -2

desired line; (4,3,1) is on both planes => the desired lineis x =4,y =3+6t,z=1+3t

i j k
n =5i—2jand ny =4j -6k = ny xmy=| 5 -2 0 [=10i+ 25j+ 20k, the direction of the
6 4 -5

desired line; (1,—3,1) is on both planes => the desired line is x = 1 + 10t, y = —3 + 25t, z = 1 + 20t

2t -4 = -2 2t —4s = -2
L1&L2: x=3+2t=1+4sandy=-1+4t=1+2s=> =
4t—-2s= 2 2t— s= 1

= -38=-3=>s=landt=1=>onLl,z=1andon L2, z=1 = L1 and L2 intersect at (5,3,1).
L2 & L3: The direction of L2 is § (4i+ 2j + 4k) = § (2i +j + 2K) which is the same as the direction
%(2i+j + 2k) of L3; hence L2 and L3 are parallel.
2t—2r=0 t=r=0
L1&L3: x=3+2t=3+2randy=-1+4t=2+r= =4 >3t =3
4t~ r=3 4t— r=3
=>t=1andr=1= on Ll, z=2 while on L3, z=0 = L1 and L2 do not intersect. The direction of L1
is ﬁ(ﬁ +4j — k) while the direction of L3 is §(2i +j + 2k) and neither is a multiple of the other; hence

L1 and L3 are skew.



50.

51.

52.

53.

54.

55.

56.

57.

58.

59.
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26+ s=1

=>—5s=3=>s=—§andt=é=>onL1,
—t—3s=1 5

Ll&L2:x=1+2t=2—sandy=—1—~t=35=>{ 5

2 =12 while on L2, 2 = 1 -3 =2 = L1 and L2 do not intersect. The direction of L1 is 711-4-(2i— j+3Kk)
while the direction of L2 is ﬁ(—i +3j + k) and neither is a multiple of the other; hence, L1 and L2 are

skew.

~s~2r=3
L2&L3: x=2-s5s=5+2randy=3=1-r=> =>bs=b=>s=1landr=-2=>0n L2,
s+ r=1
z =2 and on L3, z =2 = L2 and L3 intersect at (1,3,2).

L1 & L3: L1 and L3 have the same direction ;71-1-4.(2i—j + 3k); hence L1 and L3 are parallel.

x=2+2t,y=-4—t,z=7+3t;x=—2—t,y=—2+%t,z=1——%t

1(x-4)-2(y-1)+1(z—5)=0=>x-4-2y+24+z2-5=0=>x—-2y+z=T;

“V2(x=-8)+2V2(y+2) - V2(z-0) = 0= —\/2x +2\/2y - V2 = -7V/2

x=0:t:—%,y:—%,z=—%=>(0,—%,—%);y=0=>t=—l,x=—1,z=—3=>(—1,0,—3);z=0
=2>t=0,x=1y=~1=(1,-1,0)

The line contains (0,0,3) and (\/.';, 1,3) because the projection of the line onto the xy-plane contains the origin
and intersects the positive x-axis at a 30° angle. The direction of the line is \/gi +j+ 0k = the line in question
isx:ﬁt,y:t,z:&

With substitution of the line into the plane we have 2(1 —2t) + (2 +5t) — (~3t) =8 => 2 -4t +2+5t+ 3t =8
= 4t+4 =8 = t =1 = the point (—1,7,-3) is contained in both the line and plane, so they are not parallel.
The planes are parallel when either vector A,i+ B,j+ C,k or A,i+ B,j + C,k is a multiple of the other or
when | (A4i+ Byj + C;k) X (Agi+ By) + Cok|= 0. The planes are perpendicular when their normals are
perpendicular, or(A;i+ B,j 4+ C;k) - (A,i+ B,j + C,yk) = 0.

There are many possible answers. One is found as follows: eliminate ttogett=x—-1=2~-y = 1—12'-3

2x—-1=2-y and2—y=z—-§-§=>x+y=3amd2y+z=7a.retwosuchplanes.

Since the plane passes through the origin, its general equation is of the form Ax 4 By 4+ Cz = 0. Since it meets
the plane M at a right angle, their normal vectors are perpendicular => 2A + 3B + C = 0. One choice satisfying
this equationis A=1,B=-1and C=1=x~y+z=0. Any plane Ax+ By + Cz = 0 with 2A+3B+C =0
will pass through the origin and be perpendicular to M.

The points (a,0,0), (0,b,0) and (0,0,c) are the x, y, and z intercepts of the plane. Since a, b, and ¢ are all
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus,

§+%+% = 1 describes all planes except those through the origin or parallel to a coordinate axis.
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60. Yes. If v, and v, are nonzero vectors parallel to the lines, then v, x v, # 0 is perpendicular to the lines.

61. (a) EP = cE-f;1 = —Xol + i + 2k = c[(x; = Xg)i +y1i + 2,k] = —xg = c(x; —xg), y = ¢y, and 2 = czy,
where c is a positive real number

(b) Atx1=0=>c=1=>y=y1andz:zl;atx1=x0=>xo=0,y=0,z=0;x(l)ig1°°c= lim XT_—:%%

Xo—lOO

=%i_rp°° :—i=1=>c—>lsothaty—>y1andz—>z1

62. The plane which contains the triangular plane is x +y +z = 2. The line containing the endpoints of the line

segment is x = 1 —t, y = 2t, z = 2t. The plane and the line intersect at (%,%,2). The visible section of the line

2 ) 2
segment is (%) +(§) +(%) =1 unit in length. The length of the line segment is v/ 224+ 2%=3= % of

the line segment is hidden from view.

10.4 CYLINDERS AND QUADRIC SURFACES

1. d, ellipsoid 2. i, hyperboloid 3. a, cylinder

4. g, cone 5. 1, hyperbolic paraboloid 6. e, paraboloid

7. b, cylinder 8. j, hyperboloid 9. k, hyperbolic paraboloid
10. f, paraboloid 11. h, cone 12. ¢, ellipsoid

2,2 2 2 2
13. (a) Ifx2+%-+59—=landz=c, thenx2+yT=9§c =X

)[M

]=1=>A=ab1r

(B of2)- 2ty

=
3
2
(b) From part (a), each slice has the area ng—z—), where -3 <z<3. ThusV=2 J- %1(9 - zz) dz

3 3 3 °

=4 J (9-122) dz 2%”[91—%] =4 (27-9)=8r
0o
0

|N

(¥

2. ¥ 2_ x? ¥ _ _ (a\/cz—zz)(b' cz—zz)
© et ‘1“[9(3_22)] * [bz(cz-zz)]“‘”‘ - g

[ [
3
=>V=2 J. @(9—?)&:@[32—%] =M(_2_c3)=;4_1r§_bc. Note that if r=a=b =c,
c c 0

0
3
then V = 4"Tr, which is the volume of a sphere.
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14. The ellipsoid has the form £ I +-l)—;3+z—2 = 1. To determine c?> we note that the point (0,r,h) lies on the surface
hR?

2 2
of the barrel. Thus, #+ %2- =1=c2= R We calculate the volume by the disk method:

V=r

I
fe—or

2 9 2 2(R2 -2 2_ .2
y? dz. Now, 1); +z—2= 1 $y2=R2(1—-%§)=R2[1—Z———(h2R2r )]z Rz__(____har )z2

b h
_ 2 (R2-12\ 2], _ 2, _1{R*—1r2\ 3| _ 2 _1(p2_2)n]_o-{ 2R%h , r?h
=>V=nx f [R —(-—hr—)z ]dz-—w[Rz 3( ™ b2 11—27r[Rh 3(R r )h]_21r —3———+—3
~h =

= %szh +%1rrzh, the volume of the barrel. If r = R, then V = 2aR?h which is the volume of a cylinder of

radius R and height 2h. Ifr=0and h=R, then V= %sz which is the volume of a sphere.

15. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, 2 + bz
2 2

gives the ellipse (—x—z-j+( y 2) = 1. The area of this ellipse is r(a\/%)(b\/%) = ”—8“:}"5 (see Exercise 13a). Hence

o

Z

°|

na

b h
2
the volume is given by V = J [‘n‘aébz ] = 1’%. Now the area of the elliptic base when z =h is
0
0

A= —-"%bh, as determined previously. Thus, V = ﬁzﬂl— (wabh) h= %(base)(altitude), as claimed.

2 y2 2
16. (a) For each fixed value of 3, the hyperboloid x—2+i—2— Z. =1 results in a cross-sectional ellipse
a c

2 2

X y . . . .
+ = 1. The area of the cross-sectional ellipse (see Exercise 13a) is

[az(cuz )] [bz(cuzz) ] poe ( )

(:2
A(z) = w(% V E+1 )(% Vet + z2) = 7';:;'2]:’@:2 +zz). The volume of the solid by the method of slices is
h

h
=J A(2) dz:J 7mb(c +zz)dz—@[c 7+ 5 z] __1rab( 2h+:13h3) %ll(&z+h2)
0 0

(b) Ag=A(0) = mab and Ay = A(h) = wab( 2 + h?), from part (a) = V = 1‘;—‘%(33 +h?)
h2
= —r“bh(z +1 +%) = T"abh(z k4. 5 ) = %[21rab +I52(e2 +h2)] =B(280+4y)
© An=a(h)= “"(c +B ) 220(4c +17) = B(Ag+ 445 +Ay)
= %[wab + ﬂ"fb.(‘k:2 + hz) + @(c2 + hz)] = —”g'cl;h(c2 +4c? +h? 4%+ h2) = —”&gh(ﬁcz + 2h2)
c c

= %bzh-(:icz +h?) =V from part (a)
c
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17. z =y? 18. z=1-y?

19. z =x%+y?

(2) (b)

7,
0.' 2954457; ’;":’
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21-26. Example CAS commands:
Maple:

with(plots):
eqli= x2/9 — y2/16 -z2/2 = 1;
implicitplot3d(eql, x = —15..15, y = —9..9, z = —7..7, title = "Hyperboloid of Two Sheets’);

Mathematica:
ContourPlot3D[ x2/9 — y2/16 — z72/2 - 1,

{X, ‘91 9}» {Y! -12, 12}1 {Z, -5v5}v
PlotLabel -> ”Elliptic Hyperboloid of Two Sheets” ]

10.5 VECTOR-VALUED FUNCTIONS AND SPACE CURVES
2
r=(+Di+(E- i+ 2tk v=F=it2nj+ k= a=%=2j; Speed: |v(1)]= /12 +(2(1))2 + 2% = 3;

1.
g W) i+2(1)j+2k 1. 2. 2 _afl; 2:.2
Direction: ‘v(l)l——-—T——_gl+§J+§k=>v(1)—-3(§1+§J +§k)
2 3 . i 2 .
2. r=(1+t)i+%j+%k:v:%:x+%]+tzk=>a=$=%;+2tk;Speed: |v(1)l
L, 2(1). ) g
F) i+—==j+(1%k
2, [20) 22 o V(1) V2 1. 1.1
= — 1 =2 : = — == k
1+(\/§ + (1)* = 2; Direction: |v(l)| ) 21+75.l+§ = v(1)
—ofl: 1 .1
_2(2l+75]+2k)

2
3. r=(2 cos t)i+ (3 sin t)j+4tk=>v=g—§=(—2 sin t)i+ (3 cos t)j+4k=>a=$=(—2 cos t)i— (3 sin t)j;

v(8)

Speed: ‘v(%)l = \/(--2 sin %)2 +(3 cos %)2 +4%= 2\/5; Direction: ’——("'_>l
Y\2




842 Chapter 10 Vectors and Motion in Space

= 3 _cosT)j+-4k=--Lit+ 2 T\ = 142
_( 2\/_sm )1 +(2\/gcos 2)J+mk \/51+\/gk=>v(2) 2\/5( \/51+\/5k)
4. r=(sec t)i+ (tan t)j+%tk:v_— (sec t tan t)1+(sec t)j+ g- =g—i§

= (sec t tan?t +sec3t)i+(2 sec?t tan t)j; Speed: lv(%)| = \/(sec g ten 6)2 +(gec21)2 +(%)2 =2

1‘,%_:6’;; z(sec%tan %)i—;—(secz%)j+4§k=%i+%j+%k:> v(%): 2(%i+2j+§k)
v 6 l

2
5.r=(Qh(+1))i+ti+5kov=di= (il)i+2cj+tk=>a-gt—; [—(t;QI)Z

y (t2y)i+2mi+ K

v(l)
V)] V6

Direction:

]i+2j+k;

Speed: |v¥(1)|= (1+1) +(2(1))% 412 = 1/6; Direction:

2

:715i+% 7k=>v(1)_ ( 1+7=J+ 6k)

6. r=(e")i+(2 cos 3t)j + (2 sin 3t)k = v—-g—r (—e ")i—(ﬁ sin 3t)j + (6 cos 3t)k = a:%

=(e7*)i— (18 cos 3t)j — (18 sin 3t)k; Speed: |v(0)|= \/(—e0)2+ [~6 sin 3(0)]% + [6 cos 3(0))? = v/3T;

irection: (0 _(=€?)i-6sin 3(0)i+6cos 3Ok _ 1 .. 6 o0 _ 1.6
Direction: |v(0)|— /3 = ﬁl+ﬁk=> (0)_\/{ﬁ( Wl+ﬁk)

1. v_3i+\/—j+2tkanda=2k=>v(0)=3i+\/_ja,nda.(0)=2k=>|v(0)]=\/32+(\/§)2+02=ﬁEand

[a(0)|= V2% = 2; v(0) - a0)=0=>cos §=0=0=7

8 v= ﬁn(_@_ 32t)j and a=-32j = v(0) = 4i+4i and a(0) = —32j = |v(0)|= (@)2 _..(ﬁ)z

2 2

=1 and |a(0)|=4/( —32)2—-32 v(0)-a(0) = (4) —32)_—16f:cosa_M— ﬂ:o:%ﬂ

2% \ 1 \. 2, \1/2 —2t2 42|, 2% 1 1 5
9. v= 1+< )J +(t?+1) “kanda= l-[ ]J+ k= v(0) =j and
(t2+1) t2+1 (@+1] e+’ (2 +1)?

a(0) = 2i+k = |v(0)| =1 and |a(0) |= V27 +1% = /5; v(0)-a(0) =0 = cos § =0 = 6 =

rol

1

(=]

. v—2(1+t)1/21——(1 )1/2j +-:1),—kanda=%( +t)_l/21+ z(1-t)" l/2_]=>v(0) l—-§J+§kand

a(0) =3i+1j=|v(0)|= (%)2+(~%)2+(31,;)=1and|a(0)|= (%) +(%)2=4;v(0).a(0)=%_%



11.

12.

13.

14.

15.

16.

17.

18.

19. r

20.
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=0$cos@=0=>0=%

v = (1 —cos t)i+ (sin t)j and a = (sin t)i+ (cos t)j = v-a = (sin t)(1 — cos t) + (sin t)(cos t) = sin t. Thus,
via=0=>sint=0=>t=0, 7, or 27

v = (cos t)i+j— (sin t)k and a = (—sin t)i—(cos t)k => v-a=—sint cos t+sin t cos t =0 for all t > 0

1 1

4
I [t3i+7j+(t+1)k]dt=[%] l+[7t]oj+[2+t] k=1i+7j+3k
0

J [(6 —6t)i+ 385+ (%) ]dt=[6t-3t2]fi+[2t3/2]ij+[—4r1]:k=—3i+(4ﬁ—2)j+2k
1
x/4

[(sin t)i+ (1 +cos t)j+(sec2t)k] dt =[—-cos t] 4/41+[t + sin t]ifﬂj +[tan t]’_rff/,‘k
—-r/4

=(.._” +22‘/§)j +2k
/3 /3
J. [(sec t tan )i+ (tan t)j + (2 sin t cos t)k]dt = J [(sec t tan t)i+ (tan t)j + (sin 2t)k] dt
0 0
/3
= lsec 115725 +[~In (cos £)]7/% +[~§ cos 2t]0 k=i+(n2j+3k

I

. . . 4. 4 . .
(%1+5—1_—tj+21—tk) dt= =[In t1;1+[_1n(5-t)]11+[% In t]1k= (in 4)i+ (In 4)j+ (In 2)k

1
I 2 j+ﬁ2k dt =[2 sin~ 1t] l+[\/_tan"1t] k=rit = ‘/_
s Vit 1+t

2
J( ti—tj —tk) dt = ——2-1—5_]—-—k+C r(0)=0i—0j—-0k+C=i+2j+3k=>C=i+2j+3k
Sr= -ﬁ+1 i+ +2 + +3 k
TE\TE —+2)i+(-%

r= I [180vi + (180t - 1612)j] dt = 90t% + (90t - 18+%)j + C; x(0) = 90(0)% +[90(0)2 ~ 2 0)]s + €

=100j = C=100j =>r= 90t2i+(90t2 = 100)5
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21.

2. r

23.

24,

25.

26.

27.

28.

29.

r= ”( (t+1)1/2)1+e“1+(t+1) ]dt=(t+1)3/2i—e_"+ln(t+1)k+c

K0)=(0+1)*?i-e 5+ (0+1)k+C=k= C=—i+j+k

=> ::[(t+ 1%/2 - 1}i+(1 —e )j+[1+1In(t+ 1)k

J[(t3+4t)1+t1+2t2k]dt ( +2t2)+23+—3—-k+C x(0) = [—+2(0)2] J+2(0) k+C

4 2 3
=i+j=>C=i+j = r=(%+2t2+1)i+(‘7+1)j+%k

dr_ I (=32K) dt = ~32tk + Cy; 8X(0) = 8i + 8 = —32(0)k+ C, = 8i+8j = C, = 8i + 8

= 4= 8i+8j— 32tk; r = I (81 + 8j — 32tk) dt = 8ti + 8tj — 16t%k + C,; r(0) = 100k

= 8(0)i + 8(0)j — 16(0)%k + C, = 100k = C, = 100k => r = 8ti + 8tj + (100 — 16t2)k

g I—(i+j+k) dt = —(ti+ti+tk) + Cy; E(0) =05 ~(0i + 05+ 00 + C; =0 = C, =0
=

2 2 2
g_€= —(ti+tj+tk);r= J —(ti+tj + tk) dt = —(%i+§2-j+§f k)+Cz; r(0) = 10i + 10j + 10k

= - (0—1+2J+° k)+c2 10i + 10§ + 10k = C, = 10i + 10 + 10k

_ t2 . t2 . tZ
= r—(—-2—+ 10)l+(-7+10)]+(—§‘+ 10)](
£(t) = (sin t)i +(t% — cos t)j + e’k = v(t) = (cos t)i+ (2t +sin t)j + e*k; tg=0=v(0) =i+k and

r0) =Py =(0,-1,1) = x =0+t =t, y =—1, and z = 1 +t are parametric equations of the tangent line

x(t) = (2 sin t)i+(2 cos t)j + 5tk = v(t) = (2 cos t)i— (2 sin t)j + 5k; ty = 47 = v(0) = 2i + 5k'and
r(0) =Py =(0,2,207) = x=0+2t = Zt,' ¥y =2, and z = 207 + 5t are parametric equations of the tangent line

x(t) = (a sin t)i+(a cos t)j + btk = v(t) = (a cos t)i— (a sin t)j + bk; t = 27 = v(0) = ai -+ bk and

1(0) =Py = (0,a,2b7) = x = 0 + at = at, y = a, and z = 2xb + bt are parametric equations of the tangent line
x(t) = (cos t)i+(sin £)j + (sin 2t)k = v(t) = (—sin t)i+ (cos t)j + (2 cos 2t)k; ty = 7% = v(0) = —i—2k and
1(0) =Py =(0,1,0) > x=0—t = —t, y =1, and z = 0 — 2t = —24 are parametric equations of the tangent line

%% =a=3i—j+k = v(t) = 3ti — tj + tk + C,; the particle travels in the direction of the vector

(4-1)i+(1-2)j+(4—3)k = 3i—j +k (since it travels in a straight line), and at time t = 0 it has speed
2 sk dr 6_\; 2 _\; 2
2= v(0) = 3i—j+k)=C,=>T=v(t)=(3t+ —(t+—= t+ =)k
YO =y Cimi 0 = 0= = v = (s g )i (v g )i+ (4 )
= r(t) = ( tu% )i—(%tz+%t)j+(%t2'+ﬁt)k+c2; r(0) =i+2j+3k=C,



30. 5+

31.

32.

33.

34.

35.
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t) = 2t2 6 t4+13)i— ltz 2 t—21)j lt2 -2 t+3 )k
= r(t) = ( +\/1—1 + )l (2 +7iT I+ 5 +\/ﬁ +
_(1,2 2 o s o2

_(ft +-7=ﬁ=t)(31 J+k)+(i+2j+3k)

dt =a=2i+j+k = v(t) = 2ti + tj + tk + C;; the particle travels in the direction of the vector

(3=1)i+ (0 —(=1))j + (3 —2)k = 2i +j + k (since it travels in a straight line), and at time t = 0 it has speed 2
= v(0) =ﬁ(2i+j+k) =C, = %:v(t) =(2t+%)i+(t+%)j+(t+%)k

= x(t) =<t2 +ﬁ )i+(%t2+%t)j +(%t2 +72(=it)k+cz; r0)=i-j+2k=C,

= (t) =(tz+%t+1)i+(%t2+%t—1)j+(%t2+%t+2)k=(%—t2+%t)(2i+j+k)+(i—j+2k)

v = (1 —cos t)i+ (sin t)j and a = (sin t)i+ (cos £)j; 1vE = (1 —cos t)2 +sin®t =2—2 cos t = | v is at a max
when cos t = —1 = t = =, 3, 57, etc., and at these values of t, IVE =4 = max |v|= \/11:2; |vi2 is at a min
when cos t =1 = t = 0, 27, 4, etc., and at these values of t, {vP =0 = min|v|=0;|af =sin®t +cos’t =1

for every t = max |al=min |a|= ﬁ:l

Let p = 2i + 2j + k denote the position vector of the point, u = 1——] and v=-l.i+ Lj + Lk
VA A A

Then r(t) = p + (cos t)u+ (sin t)v. Note that (2,2,1) is a point on the plane and n = i+ j — 2k is normal to
the plane. Moreover, u and v are orthogonal unit vectors with w-n = v-n =0 = u and v are parallel to the
plane. Therefore, r(t) identifies a point that lies in the plane for each t. Also, for each t, (cos t)u+ (sin t)v
is a unit vector. Starting at the point (2,2,1) the vector (cos t)u+ (sin t)v traces out a circle of radius 1 and
center (2,2,1) in the plane x +y — 2z = 2.

— (—3sin t)i —(— s_ + CiviE = 9 sin? 2 d
v = (—3sin t)j + (2 cos t)k and a = (—3 cos t)j — (2 sin t)k; |vI° =9 sin“t + 4 cos®t = a{(lﬂz)
=18 sin t cos t —8 cos t sin t = 10 sin t cos t; ad?(lv|2)=0 = 10sintcost=0=sint=0o0rcost=0
=>t=0, 7rort=12r-, 37" When t =0, m, VP =4 = |v|= /4 = 2; whent:%,%,lwz\/_:&

Therefore max | v|is 3 when t =%, 377'-, and min |v|= 2 when t =0, 7. Next, |a’® =9 cos®t+4 sin%t

éit(lal)=—18costsint+85intcost-—lOsmtcost, <;i—';(lnlz):O:—10:~1intcost=0:>sin1:=001'
cost=0=>t=0,7rort=%,3—7r. Whent=0,1r,|a|2=9=>|a|=‘3;whent=% %E,la.l =4 =>|a|=2.
Therefore, max |a]= 3 when t =0, m, and m1n|a|—2whent=% 3_1r
dt(v v)y=v- dt -d— v=2v- T_Z -0 =10 => v-vis a constant = |v|= /v -V is constant

u = C = ai+ bj + ck with a, b, c real constant;s=>d‘l @1+§d—%'+dck—01+oj+0k=0
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3. (2) u-f(t)x+g(t)1+h(t)k=>cu—cf(t>n+cg(t>1+ch(n)k: Lo =cive Fjrcdha
df; 98 dh
‘C(E”’ +tat k) &

(b) fu=Fi(t)i+ Fo(V)i + F(O)k = & (fu) = [ ) + fdt]l +[dtg(t) e J+[dth(t)+f ]
[f(t)1+g(t).l+h(t)k]+ f[ ‘+EJ +dt“] dfll n f

37. Let u=f;(t)i+ f(t)j +f3(t)k and v = g; (t)i + g,(t)j + g5(t)k. Then
u+v = [f;(t) + g, (8)]i + [£5(t) + go(t)]3 + [f3(t) + g3(t)]k
(‘ft (u+v) = [£3(t) + g1 (t)]i + [F(t) + g5(t)]i + [f3(t) + g&(t)]k
= [fy(0)i + £3(t)3 + £3()k] + [ ()i + g3(t)i + g3(t)k] = g,; 1y dy FIE
u—v = [fy(t) — gy (t)]i + [£5(t) — go(t)li + [f3(t) — g5(t)]k
= ;%(u —v) = [fy(t) — g ()i + [f5(t) — ga(t)]i + [F5(t) — g3(t))k

= [F ()i + £5(0)5 + T5(V)k] — [g1(1)i + gh(t)i + gh(t)k] = J2 -4

38. Suppose r is continuous at t = ty. Then lim r(t) = r(ty) & Iim [f(t)i + g(t)j + h(t)k]

= f(to)i+ g(tp)i + h(tp)k & llm f(t) = f(to), hm g(t) = g(ty), and hm h(t) =h(ty) < f, g, and h are

continuous at t = t.

i 0§k i j k
39. tli'r?o [k, (8) xy(t)] = tlln% fi(t) f(t) f3(t) = tli‘r?o f,(t) tl_i_)r?c. f,(t) tli»To fa(t)
g(t) (1) g(t) dim g (t) Jim gy(t) Jlim gs(t)

0 0 0

= Jim (O Jim 50 =uxv
40. r'(tg) exists = f(to)i+ g'(t)j + h'(to)k exists = f/(ty), g/(to), h/(ty) all exist = f, g, and h are continuous at
t =ty => r(t) is continuous at t = t;
v dw
41. (a) 3-(“ VX W)= %5 (vxw)+u- a—(vxw) (vxw)+u (a?xw+vxa-t-
=ar(vxw) +u-ﬂ%xw+u-vx%t-

(b) Each of the determinants is equivalent to each expression in Eq. (7) in part (a) because of the determinant
formula for the Triple Scalar Product in Section 10.2.

42. %[r(ﬂ%x%)]:ﬂf(ﬂ%x%) (Ef 35)'“ (a;xg;é)—r (%{xg—:i'),aince u-(uxv) =

and u-(vxv) =0 for any vectors u and v
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b b b b b
8. (a) [ e(t) dt:J [kf()i + kg(t)j + kh(t)k] dt=J’ [kE(t)] dti +J [ke(t)] dtj +J [kh(t)] dtk

a

ey O

b b b
=k(j ft) dti + | g) dtj +J' h(t) d’ck):k J x(t) dt

a

b

(®)

—

b
[ry(t) £ x5(t)] dt = j ([£1(6)i + 81 (4)3 + by (t)k] £ [£5(6)i + 82(8)3 + ha(t)K]) dt

P T T

([ () £ () ]i + [81(t) £ 8(t)]3 + [hy (t) £ hy(t)] k) dt

b b
[£,(t) £ £y(8)] di + J [£(t) £ gp(0)] dt + j [hy(6) £ hy(t)] dek

—
@ T

b b b b b
£,(0) dti + J £,() dti:|+[I g,(t) dtjij g(t) dtj ]+[I hy(t) dtkiJ hy(t) dtk]

a a a

b
n(t) di I 1,(t) dt

It
B—r

b
C-r(t) dt = I [€4£(t) + cqg(t) + czh(t)] dt

(c) Let C=c,i+cyj+cgk. Then

[PL—— ]

=Cl

e T

b
f(t) dt +c, J g(t) dt +c3
a

p—0

b
h(t) dt = C- I x(t) dt;

b
Cxx(t) dt = I [e2h(8) — s@(8)Ji +{est) — c;h(®) i +[e:8(8) — 58O ]k dt

@S T

b b b b b b
=[c2 J h(t) dt —c, j &(t) dt]i+[c3 I £(t) dt—c, 1 h(t) dt]j+[c1 J g(t) dt—c, I (t) dt]k

b
=Cx I x(t) dt
44. (a) Let u and r be continuous on [a,b]. Then "liglo u(t)r(t) = ¢lin“:, [u(t)E(t)i + u(t)g(t)j + u(t)h(t)k]
= u(tg)f(to)i + ute)g(to)i + u(to)h(te)k = u(to)r(to) = ur is continuous for every tg in [a, b].

(b) Let u and r be differentiable. Then $ (ur) = £ [u(®)f(V)i + u(t)8(t)j +u(ObVK]

=($rv +u® g%)i+(da‘t-’g(t) +u(t) “a%)i +($ne) +u)P)x
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= [f(t)i + g(t)j + h(t)k] 92 b +u(t)( i+ dt_) +a— ) rdu T udt
45. (a) If Ry(t) and Ry(t) have identical derivatives on i, then LU ‘_i_& i+ dgl dhl k= dy;

dt — dt dtd at
d df, df, dg, dg, dh, dh
== 28 Mt ) =60+ 80 = ga(0) + 0 by(t) =

dg2 Elﬁk
Tt
hy(t) + ¢35

= £1(6)i+ g4 (t) + by (t)k = [£,(t) + ¢, Ji+ [g(t) + cgli + [hy(t) + c5lk = R, (t) = Ry(t) + C, where

C =cji+cyj+czk

(b) Let R(t) be an antiderivative of r(t) on i. Then R/(t) =r(t). If U(t) is an antiderivative of r(t) on i, then

U'(t) = x(t). Thus U'(t) = R(t) on i = U(t) = R(t) + C.

t

t t t t
.. 4 J' r(r)dr=4 I [f(r)i+g(r)i+h(r)k] dr = & f f(r) dri+$ J g(r) dri+§ J h(r) drk

a

dt

t t
= f(t)i + g(t)j + h(t)k = x(t). Since 4 J r(7) dr = r(t), we have that J r(7) dr is an antiderivative of
a a

t
r. If R is any antiderivative of r, then R(t) = J r(7) dr + C by Exercise 45(b). Then R(a) =
a

t b
=0+C= C=R(a) > J 1(r) dr = R(t) - C = R(t) — R(a) = I 1(r) dr = R(b) — R(a).

47-50. Example CAS commands:

Maple:
with(plots):
x:= t -> sin(t) — tkcos(t);
yi= t -> cos(t) + t*sin(t);
z=t->t2;
sl:= spacecurve([x(t),y(t),2(t)], t=0..6+Pi, numpoints = 120, axes=NORMAL):
dx:= t -> D(x)(t);
dy:= t -> D(y)(t);
dz:= t -> D(z)(t);
t0:= 3*Pi/2:
s2:=spacecurve([x(t0)+t*dx(t0),y(t0)+t+dy(t0),z(t0) +t+dz(t0),t=—2..2]):
display({s1,s2}title = ‘Space Curve and Tangent Line at t0=3 Pi/2);

Mathematica:
Clear[x,y,z t]
rfe-] = {x[t]y[t].2[t]}

x[t_] = Sin[t] -t Cos[t]

ylt_] = Cos[t] +t Sin]t)

zt_] = t72

{a,p} = {0, 6 Pi}

0 = 3/2 Pi;

pl = ParametricPlot3D[ {x[t],y[t],z[t]}, {t,a,b} ]
vit_] = '[t]

v0 = v[t0]

rr)dr+C

B ——
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line[t] = =[t0] + t v0
ParametricPlot3D[ Evaluate[ line[t] ], {t,~2,2} ]
Show[ pl, p2 ]

p2 =

51-52. Example CAS commands:

Maple:

with(plots):

x:= t -> cos(axt):

y:=t -> sin(a*t):

2=t -> bat: ai=2: bi=1:

sl:=spacecurve([x(t),y(t),z(t)], t=0..4xPi, numpoints = 400, axes=NORMAL):
dxi= t -> D(x)(t);

dy:= t -> D(y)(t);

dz:=t -> D(z)(t);

t0:= 3%Pi/2:

s2:=spacecurve([x(t0)+t+dx(t0),y (t0)+t*dy(t0),2(t0)+t+dz(t0),t=—2..2]):
display({s1,52},title = * Helix With a = 2 and b = 1');

Mathematica:

Clear[a,b]

x[t-]
yit-] Sinfa t]
bt
0 = 3/2 P
vit_] = r'[t]
v0 = v[t0]
line[t.] = r[t0] + t v0

Cosla t]

= ParametricPlot3D[ {x[t],y[t],z[t]}, {t,0,4Pi} ]
= ParametricPlot3D[ Evaluate| lineft] ], {t,—2,2} ]
Show[ pl, p2 ]

10.6 ARC LENGTH AND THE UNIT TANGENT VECTOR T

. r=(2 cos t)i+ (2 sin t)j+ 5tk = v = (-2 sin t)i+ (2 cos t)j+ V5k

= 1vi= /(=2 sin t)? + (2 cos )2 +(v/B) = VA sinTt +4 cos?t +5 =3 T =¥

© n

=(-2sint)i+(Zcost j+-\L5kand Length = | Ividt= | 3dt=[3t1] =3r

3 3 3 0
0 0

. r= (6 sin 2t)i+ (6 cos 2t)j + 5tk = v = (12 cos 2t)i+ (—12 sin 2t)j + 5k

= 1vi= /(12 cos 20+ (~12 sin 2t)? + 5% = V144 cos” 2t + 144 sin” 20+ 26 = 13; T=;
k.4

ks
(% cos 2t)i—(% sin Zt)j + 35k and Length = J jvidt = I 13 dt = [13t]7 = 187
0 0

849
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2
3. r=ti+%t3/2k=>v=i+t1/2k = vi=V124(:1/2) = T+4 T==—Li+ Vi k

v 1+t 1+t
¢ 8
and Length = J V1+tdt =[%(1+t)3/2] =%_2
0
0
4 r=Q2+t)i~(+Di+tk=>v=i-j+k = 1vi= /12 4+ (-1)2+12=/3; T= X =L ;__1 oLk
v~ /3 3" V3
3
and Length = J \/5 dt = [\/gt]g = 3\/?;
0

5. 1'=(cosat)j +(sin3t)k = v=(—3 cos?t sin t)j+(3 sin?t cos t)k =>|v|

= \/(—3 cos?t sin t)2 +(3 sin%t cos t)z = \/(9 cos?t sin?t)(cos?t +sin?t) = 3 |cos t sin tl;

__l_—3cos2tsint- 35in2tcostk_ _ . . 0 < T
T = %1 3 Tcos tsin €19 * 3Tcos t sin 4] = (08 Vi +(sin t)k, if 0 <t <, and
n/2 w/2 /2
. . 3 . 3 /2 3
Length = 3|cos t sin t|dt = 3costsintdt= 5 sin 2t dt=[—zcos Zt] =5
0
0 0 0

2 2 2
6. r=06t%—2t% - 3t%k = v = 18t% — 6t — 90t%k = |v|= \/(18t2) +(=662)" +(~9t2)" = va41¢% = 2142,
2 2 2 2 2
v _182. 6t2. 92, 6. 2. 3 _ 2 g¢ —[312
T._'vl-.ml —-2“2] —21t2k—~7l 2] 7kandLength-—Jth dt—[7t ]1_49
1

7. r=(t cos t)i+ (t sin t)j +2—\—3/_2t3/2k = v = (cos t —1t sin t)i+ (sin t +t cos t)j +(\/2_t1/2)k

=>|v:=\/(cost—t sin t)2 + (sin t + t cos t)2+(\/§t)2=\/1+t2+2t=\/(t+1)2=|t+1]=t+1, ift>0;

. . 1/2 T 2 T,
T=ph=(2et=tnt t)i+(s"‘ Lo t)j+(‘{§_:1 )k and Length = .[ (t+1) dt:[%q—t] =Tt
0
0

8. r=(tsint+cos t)i+(tcost—sin t)j = v=(sin t +t cos t —sin t)i+ (cos t —t sin t — cos t)j

=(tcos t)i—(t sin t)j = |vi=/(t cos t)2 +(—t sin t)2 = Vi2 =t|=tif /2<t <% T=i%i
2 2
. 2
=(t—9-§ﬂ)i—(3%t)j = (cos t)i— (sin t)j and Length = J t dt =[t—] =1
2

N;

t,
0

9. Let P(ty) denote the point. Then v = (5 cos t)i— (5 sin t)j + 12k and 26x = I V/25 cos?t + 25 sint + 144 dt
[

t
0

= J 13 dt =13ty = t; = 2, and the point is P(27) = (5 sin 27,5 cos 2,247) = (5,0,24x)
0



10.

11.

12.

13.

14.

15.

Section 10.6 Arc Length and the Unit Tangent Vector T 851

Let P(t,) denote the point. Then v = (12 cos t)i- (12 sin t)j + 5k and

to tg
—~137 = I V144 cos®t + 144 sin®t +25 dt = J' 13 dt = 13ty => ty = —, and the point is
0 0

P(—7) = (12 sin (—),—12 cos (—=),—57) = (0,12,—57)

r = (4 cos t)i+ (4 sin t)j + 3tk = v = (—4 sin t)i+ (4 cos t)j + 3k = |v|= \/(—4 sin t)2 + (4 cos t)% + 32

t
=25=5=s(t) = J 5df=5t=>Length=s(-7fr)=5T’r
0

r = (cos t +t sin t)i+ (sin t —t cos t)j = v = (—sin t +sin t +t cos t)i-+ (cos t —cos t +t sin t)j
t

= (t cos t)i+ (t sin t)j 2> IvI= 1/ (t cos t)% + (t cos t)% = Ve =t, smce% 1r=>s(t)_J r=g

o (3 e °
= Length = s(r) -—-s(%) = 12——2T = -3-2"‘—

x:(et cos £)i+ (et sin t)j + etk = v = (e cos t —e* sin t)i+(e! sin t + et cos t)j +e'k

t
=>|v|i= \/(e cos t —e® sin t) +(e sin t + b cos t) ( ) \/3e_ ﬂe‘:s(t): I \/Ee" dr

0

3¢t — /3 = Length = s(0) —s(—In 4)=0—(\/:5'3‘1"‘*—\/:?)zg'-z‘/—""T

t
r=(142t)i+(1+3t)j £ (6—6t)k = v=2i+3—6k = |vi= /22 + 32+ (—6)% =T = s(t) = I Tdr=Tt
0
= Length =s(0) —s(-1) =0—-(-7) =7

r=ti+ln(cost)j:>v=i+(cglsntt)_]_l—(tant)_]zﬂﬂ /1% + (—tan t)% = V/sec? t =|sec t|=sec t, since

—%<t<%=>T=I—:,'—I=(se£ t)i (ﬁgﬁ)]—(cos t)i — (sin t'.)], = (—sin t)i— (cos t)j
I — (&)
= Id-d%‘ =/(—sin t)? 4+ (—cos t)2=1= N =~l%_—%|= (—sin t)i— (cos t)j;
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16.r=1n(sect)i+tj=>v—(secsgct%nt)l+1-.(tant)1+3::lvl y/(tan )% +1% = Vsec?t =|sec t| = sec t,

since —-2- <t<ZT 7= T:i%I _(t::gtt)l_(se}: t)J = (sin t)i+ (cos t)], = (cos t)i— (sin t)j
(%)
al%%l:,/(cost)2+(—sint)2=1=>N=IdTl (cos t)i—(sin t)j;
dt’
1 |dT|_(_1 —
an—vl|d—l._( Sect )-l_cost

7 r=2+3)i+(5-t?)j = v=2i-2j = 1vi= /24 (-2) =2/ 1P > T= L =2
VI =T Wi v
=T e R = e i = 4= )
Vied VI e (e (( m)) ( 1+t )
dT
= 1 = 1 =>N='(_t)= =t - L 1
(+2) 1+ l%l Vie? i)

18. r=(cos t +t sin t)i+ (sin t —t cos t)j = v = (t cos )i+ (tsin t)j = |vi=1/(t cos t)% +(t sin )2 = Vi =1t

. t t)i+ (t sin t
=t, smcet>0$T=|—:,'|=(&-)w (cos t)i+ (sin t)], = (—sin t)i+ (cos t)j

=>I?i—’{ =/(—sin )2+ (cos t)? =1 = N_ I = (—sin t)i+ (cos t)j;

—1[dT|_(1 1
= n=r|$H=(D)1=1
= [(t cos t)(sin t -+t cos t) (t sin t)(cos t — ¢t sin t)]k = t’k = |vx a| \/( )—t2=>x_||xr:|=:%=%
v

19. r=(v2)i+(v2t)j +(1 -tk = v = /2 + /2 — 2tk = |v| = \/(f) +(V2Y +(~2t)? = VAT a2

1
1
=2v/1+t% = Length = f 2\/1+t§dt=[2(% T+t +%ln(t+\/1+ti))] =v2+In(1+/2)
0
(1]
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20. Let the helix make one complete turn from t =0 to t = 2.
Note that the radius of the cylinder is 1 = the circumference
of the base is 2r. When t = 2, the point P is (cos 27,sin 27,27)
= (1,0,27) = the cylinder is 2 units high. Cut the cylinder
along PQ and flatten. The resulting rectangle has a width equal
to the circumference of the cylinder = 27 and a height equal to
2, the height of the cylinder. Therefore, the rectangle is a
square and the portion of the helix from t =0 to t = 2~ is its

diagonal.

21. (a) r=(cos t)i+(sin t)j+ (1 —cos t)k, 0 <t <27 = x=cost, y =sint,z=1-cost =>x?+y?
=cos?t +sin?t = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore
P(cos t,sin t,1 — cos t) lies on the cylinder x24+y2=1;t=0= P(1,0,0) is on the curve; t =% = Q(0,1,1)
is on the curve; t = 7 = R(—1,0,2) is on the curve. Then 1;22 =—i+j+kand P—l)%, = -2i+2k

i k
= PQxPR=| -1 1 1 |=2i+ 2k is a vector normal to the plane of P, Q, and R. Then the
-2 0 2

plane containing P, Q, and R has an equation 2x + 2z = 2(1) +2(0) or x+z = 1. Any point on the curve
will satisfy this equation since x +z = cos t + (1 —cos t) = 1. Therefore, any point on the curve lies on the
intersection of the cylinder x* + y2 =1 and the plane x +z = 1 = the curve is an ellipse.

(b) v = (—sin t)i+ (cos t)j + (sin t)k = |v|= Vein?t +cos? t +sin? t = /1 +sin’t = ’]f'=|"7I

- (zein Uit (cos Ui (en B _, y(g) =5, 2(F) = =k, wen) = 5, 1) = 1k

v1i+ sin®t 2

(¢) a=(—cos t)i—(sin t)j+ (cos t)k;n=i+kis

normal to the planex+z=1=>n-a=—cost+cost Ot h -1.0.2)

=0 => a is orthogonal to n = a is parallel to the
. . 3 .
plane; a(0) = —i+k, a(%) = -, a(%) =j

(d) 1vi= \/1+sin!t(Seepart (b)=L= V1 +sinlt dt

o—Y

(e) L =~ 7.64 (by Mathematica)





