31.

32.

34.

35.

[
=3

41.

o) (_1
.xIn(1+2x)=x ),
n=1

: IR4(X)|<|COE—}v1 CX5I= :
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sin“x = St e ma A A

= (Lmgge 26 (1 (2x)2 (2x)4 <2x)6+_._)_(2x)2 @0t (20°

& ()™l

=5 T
2
_—-—-lfzx:xz( 12x)_x E @x)" = 2 P2 = x? 4 3 4 2% 4 2% 4,

)n—]—ll(Qx)n= io: (—l)n_;an'H'l

n=1

1 _ & n_ 2, .3 d _ 1 2 _ R a1
l_x_.n‘é:o x"=14+x+x“+x +...:dx(l_x)——(l_x)2—l+2x+3x +...—n§1 nx
o0
=¥ @+
n=0

By the Alternating Series Estimation Theorem, the error is less than |5—'|5 =xP < (5!)(5 x1074)

5
= 1xP < 600x10™% = |x1<V6x1072 ~ 0.56968

Ifcosx_l——a.ndlx|<05 then the|e1'ror|--|R3(x)|—|°°sc 4‘ 1(2) = 0.0026, where c is between

2
2
0 and x; since the next term in the series is positive, the approximation 1 —%— is too small, by the Alternating
Series Estimation Theorem
(10-3)°
. If sin x = x and 1x] < 1072, then the |ertor | = |Ry(x) | = |:%-x3| <gr-m 167X 10710, where ¢ is
3
between 0 and x. The Alternating Series Estimation Theorem says Ry(x) has the same sign as _ﬁ Moreover,
x<sinx=0<sinx—x=Ry(x) > x< 0= -10"3<x<0.
Vitx=1+% _’.(_2.+1£— By the Alternating Series Estimation Theorem the |error| < =x? < (0'01)2
-T2T8TIe 8 8
=125x107°
31 3(01)g 13
. (8) |Ry(x)| = ecx 3—3(,01)- < 1.87x 1074, where c is between 0 and x
<017 1) -4 :
(®) |Ry(x)|= —— = 1.67 x 1074, where c is between 0 and x

—c 5| 165+ 5 5
e ' —65 © 5) =3)L 5) ~ 0.000203653

9:|><

2
If we approximate e® with 1 +h and 0 < h £0.01, then |error| < ¢h

0.01 0.01
< Zh.hz(e (20.01))h
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= 0.005005h < 0.006h = (0.6%)h, where c is between 0 and h.

x2

_ 1
12, |R1|_lm2—!

<

X2
2

§||x|<.01|x|=(1%)|x|=>|§|<.01 = 0<IxI<.02

3 .5 7
43. tan_lxzx—%—+%—x7+...¢I:tan_ll = 1——;—+l~—1-+...;|error|<;<.01
=2n+1>100 = n > 49

3
44. (a) sinx:x—’é—!-f-x—

5
5!

series representing

(b) The graph of y =

graphof y =1 —

el

6

8

4

7
“Ite.=

sin x

6

sin X _
X =

5 7 2n+1

2 o4 .6 2
1—’;—!+%—%+...,sl =lands,= 1—-%; if L is the sum of the

X then by the Alternating Series Estimation Theorem, L —s; = Si?( X _1<0and

2 2 .
‘_x_) > 0. Therefore 1 — % <SLX

i'}l( X x # 0, is bounded below by the

derived in part (a).

and above by the graph of y =1 as

45. f(x) = In(cos x) = f/(x) = — tan x and f(x) = —sec?x; £(0) = 0, £'(0) = 0, £/(0) = —1

= L(x) =0 and Q(x) = —%

2
T

46. f(x) = e X = f/(x) = (cos x)e"™* and £(x) = (—sin x)e"™* + (cos x)2e"2%; f(0) = 1, £'(0) = 1,
£0) =12 L(x) = 1+x and Q(x) = 1 +x+5°

47, f(x) =(1 —x2)

: = f(x) =x(1 —)(2)—3/2 and f"(x) =(1-x2)

2 Lae(a ) £(0) = 1,

PO =0,(0) =1 Lx)=1ad Q) = 1=%

48. f(x) = cosh x = f'(x) = sinh x and f"/(x) = cosh x; f(0) = 1, f(0) =0, f/(0) =1 = L(x) = 1 and Q(x) = 1+x_2

2

49. A special case of Taylor’s Formula is f(x) = f(a) + f/(c)(x —a). Let x = b and this becomes
{(b) — f(a) = f'(c)(b —- a), the Mean Value Theorem

50. If f(x) is twice differentiable and at x = a there is a point of inflection, then f"/(a) = 0. Therefore,



51.

52.

53.

54.

55.

56.

Section 8.7 Taylor and Maclaurin Series 705

L(x) = Q(x) = f(a) + f'(a)(x — a).

fll
(a) £/ <0, f'(2) = 0 and x = a interior to the interval I = f(x) —f(a) = @(x —a)% < 0 throughout I

= f(x) < f(a) throughout I => f has a local maximum at x = a

.. s . '{e,) 2
(b) similar reasoning gives f(x) —f(a) = — (x—a)

> 0 throughout I = f(x) > f(a) throughout I = f has a

local minimum at x = a

@ () =1-0"=fE)=(1-x"2=(x) =201-97 = {(x) = 6(1-x)*
=> f(4)(x) = 24(1 — x)7%; therefore L mil4x+x24+x3

1-x
0. 1 _10 1 10\ x4 4(10Y
(b) 1x1<0.1 = T<1==x<3% = T <(?) =>‘(1_x)5 <X (?) = the error
max £*)(x) x* 410V _ [ 1
e3< l—r— <(0.1) (T) = 0.00016935 < 0.00017, since | —=| = '-(1_—)()5- .

Let P=x+m = |x|=|P—7|<.5x107™ since P approximates = accurate to n decimals. Then,
P +sin P = (7 +x) +sin(r+x) = (7 +x) —sin x = 7+ (x —sin x) = (P +sin P) — 7|
P 025, 1g-on

=|sin x—x|5|x—'

3 <.5%x1073" = P +sin P gives an approximation to 7 correct to 3n

decimals.

&R n &) R n—k £k)
Kf(x) = ) ax" then =)= 3 n(n—1)(n—2)-«(n—k+1)a,x"" and £(0) = k! a),
n=0 n=k

) (0) o . e
= a =4 for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the

corresponding coefficients in the Maclaurin series of f(x) and the statement follows.

Note: feven = f(—x) = f(x) = —F/(—x) = f(x) = f'(=x) = —'(x) = ' 0dd;

fodd = f(—x) = —f(x) = —f'(—x) = —f'(x) = '(—x) =f'(x) = ' even;

also, f odd = f(—0) = f(0) = 2f(0) =0 = f(0) =0

(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore,
a; = ag = ag = ... = 0; that is, the Maclaurin series for f contains only even powers.

(b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0. Therefore,

ag = a, = a4 =... = 0; that is, the Maclaurin series for f contains only odd powers.

(2) Suppose f(x) is a continuous periodic function with period p. Let x4 be an arbitrary real number. Then f
assumes a minimum m, and a maximum m, in the interval {x,, X, + p); i.e., m; <f(x) < m, for all x in
[xpsXo +p]- Since f is periodic it has exactly the same values on all other intervals [x, + p, %, + 2p],

[xg + 2pyxg + 3p), ..., and [xq —p,%g], [Xg — 2PyXg — D], ..., and so forth. That is, for all real numbers
~00 < X < 00 we have m; <f(x) <m,. Now choose M = max{| m, |, | m, |} Then

—M§—|m1|gm1§f(x)5m2§|m2|§M=>|f(x)|5Mforallx.
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(b) The dominate term in the nth order Taylor polynomial generated by cos x about x = a is ilin@(x —a)® or
cos (a)

n!
causing the graph of P (x) to move away from cos x.

(x—a)". In both cases, as |x|increases the absolute value of these dominate terms tends to oo,

3 5 -1
57. (a) y () tanlx=x-X 4 X o Xotapx
0.5.

2
= %'— x—g- +...; from the Alternating Series
0.4,
-1
Estimation Theorem, x=tan~ x_1 ¢
x3 3

-1 2 -1
= X—tan x__(l_x)>0=>l <X—tan" x
=3 U3~ F 3<TTg3

X
2 2 -1
\;";‘ -55- < %—’—g—; therefore, the ,l‘l_r’no g:__—_ta%u =31§
X
T T X
58. E(x) = f(x) — by — by(x —a) — by(x — a)2 —=bg(x —a)® —... b, (x — a)"

= 0 = E(a) = f(a) — by = by = f(a); from condition (b),
i 00 = f(a) — by (x 2) —by(x —a)? —by(x~8)*—... = by(x—2)" _ o

X—a (x - a)“

> lim f/(x) — by — 2by(x — a) — 3by(x —_31)2 —...—nb (x—a)*"?

x=a n(x —a)®

f(x) — 2by — 3!by(x —a) —...—n(n — )b (x —a)*~%
n(n — 1)(x — a)"~2 B

f'll(x) -3!bg—...—n(n— 1)(n— 2)bn(x _ a)n—s o

=0

= b, =f'(a) = Jim 0

_1len :
>by= 2f’ (@) = Jim n(n - 1)(n — 2)(x - a)*~3

8)(x) —
=by= %f’”(a) = lim % =0=>b,= %f{“)(a); therefore,
] n)
600 = 1) + P -2) + 2D ix a4+ D oy

59-64. Example CAS commands:

Maple:
fi= x-> (1+x)(3/2);
plot(f(x), x = —1..2);
mp:=proc(n):
convert(series(f(x),x=0,n),polynom) end:
pli= mp(2); p2:= mp(3); p3:=mp(4);
der:=proc(n):
simplify(subs(x=z,diff(f(x),x8(n+1)))) end:
der(2); der(3); der(4);
plot(der(3),2=0..2, title = ‘3rd Derivative');
Max:= 0.56: r:= (x,n) -> Max*x"(n+1)/(n+1)%
r(x,2);
plot(r(x,2),x=0..2, title = ‘Maximum Remainder Term Using P2);
plot({f(x),mp(3)}, x = —1..2, title = ‘Function and Taylor Polynomial P2);
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plot(f(x) — mp(3), x=~1..2, title = ‘Maximum Error Function *);
R:= (x,2,n) -> der(n)*x"(n+1)/(n+1)};
R(x,z,3);
with(plots):
plot3d(R(x,2,3), x=—1..2, 2=0..2);
Mathematica:
Clear[f,x,c]
] = (14%) " (3/2)

{a,b} = {-1/2,2};
Plot[ f[x], {x,a,b} ]

pl[x_] = Series[ f[x], {x,0,1} ] // Normal
p2[x_] = Series| f[x], {x,0,2} ] // Normal
p3[x_] = Series[ f[x], {x,0,3} ] // Normal
2o

Plot[ f"[c], {c,a,b} ]

ml = f[a]

e

Plot[ [c], {c,a,b} ]

m2 = —f"[a]

fllll c

Plot[ £7[c], {c,a,b} ]

m3 = {""'[a]

rl [x_] = ml x2/2!
Plot[ rifx], {x,a,b} ]
r2 [x_] = m2 x73/3!
Plot[ r2[x], {x,a,b} ]
rd [x.] = m3 x4/4!
Plot[ r3[x], {x,a,b} ]

Note: In estimating Rn from these graphs, consider only the portions where c
is between 0 and x. (Mathematica has no simple way to plot only that
portion.)

Plot3D[ f’[e] x2/2!, {x,a,b}, {c,a,b}, PlotRange-> All ]
Plot3D[ f"[c] x3/3!, {x,a,b}, {c,a,b}, PlotRange-> All ]
Plot3D[ '"'[c] x'4/4!, {x,a,b}, {c,a,b}, PlotRange-> All ]
Plot{ {f[x],p1[x],p2[x],p3[x]}, {x,a,b} ]

8.8 APPLICATIONS OF POWER SERIES

1Y(_1)e (1)(-1)(=2)x
1. (1+x)1/2=1+%x+(2)(2!2) * G 22!( 3¢

+ +oo=ldx-latp o
9 (1+x)1/3=1+%x+(%)(;!%)X2+(%)(_%3)!(—g)xs+ =1+%x—%x2+%x3—

_1Y_3)(_ _1Y_3Y(_5)_
N (1—x)“1/2=1—%(—x)+( 5)( 2!2)( ")2+( ) 2)3§ ) ")3+”_=1+%x+%x2+%xs+m
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DD 1)(~1)(=3)(-
4. (1_2x)1/2=1+'21'(“2x)+(2)( 22}( 2x)2+(2)( 2)(3! 3 2")3+

P INE O NI

e g I OO

7. (143 1 %xa+(‘%)(;%)("3)2+(‘%)('%2,(‘§)("3)3+ SPENCH SN
8 (14:2)7° 1_§x2+(”%)(;,4§)("2)2+(‘%)(‘§2,(‘%)("2)3+...=1_%x2+gx4_g_‘;xe+...
0. ( +%)1/2=1+%(%)+(%)(“j)(%)2+(%)(‘%)3('“%)(%)3+ S R

10. (1 —,2—()1/3 = 1+%(-%)+(%)(—%,)(_%)2+(%)(_%)(37g)(_’2_‘)3+ =1-2-4._40 _ |

X2 X3 X4
@O O A

1. 14x)*=144x+ =144x +6x% + 43 4+ x*

12. (142 =1+32+ (3)(23!("2)2 + (3)(2)(31!) et)’ =1+3x?+3x*+x°

13. (1-2%)° = 1 +3(~2x) + (3)(2)2(!' 2°, (3)(2)(3(_2")3 =1-6x+12x* - 8x3

X 2 X 3 _X 4
14. (1—’2—‘)4=1+4(—§)+(4)(3)2(! 2) +(4)(3)(2( 5) +(4)(3)(2)§)( 7) =1-2c48x -1 4 Lot

15. Assume the solution has the form y = ag+a;x + a.‘,x2 + .+ a.n_lx"_l +ax"+...

d -
:%=a1+2a2x+...+nanx“ Ly

=>g——i+y=(a1+ao)+(2a2+a1)x+(3a3+a2)x2+...+(nah+an_,1)x"_1+...=0
= a, +ay5 =0, 2a,+a, =0, Jay+a, =0 and in general na, +a,_, =0. Since y =1 when x = 0 we have

S G O
o=

ag = 1. Therefore a; = —1, azz%zé, aaz_Taz=—3+2, vy 8 =

1 wala2 1.3 =" - G ) e S
Fy=l-xt+gx—gx 4 Fgx +..._nz=:0 ST =¢
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16. Assume the solution has the form y = ag+a;x + agx® +... +a,_;x*"1 4 a x"+...
= %:al +2a,% +... +nax 1+,

=>%-‘-Zy=(al-250)+(282—2a1)x+(3a3-—2a2)x2+...+(nan—2an_1)xn‘1+...=0
= a; —2ay =0, 2a, — 2a; = 0, 3a; — 2a, = 0 and in general m»).n—2a|.n 1 =0. Since y =1 when x = 0 we have

2 3
ag = 1. Therefore a; = 2a;, =2(1) =2, a2=%31 2(2) 2 , a3_%az_%(-2§-)=32_—2, .

an=(%)an_1=(%)(2n—l)an_2—i, =>y-1+2x+%-x +%Tx +.. +2 X+

(2x) (Zx)3 o+ (2x)n (2x)“

=14 (20) + g+ g b bt

=5

n=0

17. Assume the solution has the formy=ao+a.1x+a2x2+...+a.n_1x“'1+anx“+...
dy -
=>E=a1+2a2x+...+nanx“ 14
d i -
:a—){-—y=(al—a.o)+(252—al)x+(3a3-a2)x2+.‘.+(nan—-ah_1)x ly=1
=a, —ay=1, 2a, —a,; =0, 3a3—a, = 0 and in general na, —a__, = 0. Since y = 0 when x = 0 we have

8,
ag=0. Thereforea1=1,a.z=%=%,aa_ 2 = 3—5,54_-—3- m, Ay = a" n_lf

1

=>y=0+1x+ x? +3—§x +——-1Zx +.. + xn+...

o0
=(14 1+ {4 gl 4 +...+Hx“+...)—l= > E-l=e-1

n=0
18. Assume the solution has the form y = ag + a;x +a,x2 +...+a,_;x* 1 +ax™ +...
= g—y=a.1 + 285X +...+nax® 1+

> Wby = (o +20) + 2y 2%+ Bag + 2 +... + (nay + 2, ) 4.
= a; +ay=1, 2a,+a; =0, Jag +a, = 0 and in general na, +a, ; = 0. Since y =2 when x =0 we have

—a. —a — _ _ln

ag=2. Thereforea,l=1—ao=—1,az=2_—1 =%,a3=T2=— %2, ...,ah=;.§—l=(—5!2—
_ 1.2 1 (1) _ 1 .3 (=y®

=>y_2—x+2x —3—2x +oue .=14(1- x+§x —3gX +"'+Txn+"‘

=1+ 8 —,—( DX 4o

n=0

19. Assume the solution has the form y = ag +a,;x +a,x2 +... +a,_ ;X" 1 +a x" +...
:j—i:al+2azx+...+nanxn"l+
d -
:EY—y=(al—ao)+(2az—a1)x+(3a3—a2)x2+...+(nah—an_1)x“ Tp=x
= a, —ay =0, 2a, —a, = 1, 3a3 —a, = 0 and in general na,, —a,_, = 0. Since y = 0 when x = 0 we have

1+8, a3 _ 1 _ 33 1 3,1
P I e B bRt S o o NIl

ag = 0. Therefore a; =0, a, =
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20.

21.

22.

23.

24,

>y =040+ 3ol loxt e 4 D
x
=(1+1x+1x2+—3—1—-x +1 %_zx +...+1,x“+ ) l-x=) ’;—?—1—x=e"—x—l

n=0
Assume the solution has the form y = ag+a;x +a,x% +...+a,_;x* 1 +ax" +...
= g—){-:al+2&1.2)(+...+n'a.nx“_1 +

$%}y-('*'y=(51+&o)+(2az+&1)X+(333+a2)x2+---+(“ah"'an—l)xn_l+---=2X
= a; +ag =0, 2a;, +ay =2, 3ag+a, =0 and in general na, +a,_; =0. Since y = —1 when x = 0 we have

2~ - — n
ag=—1. Therefore a;, =1, a, = 2a1=%’a3=_?=_3+’ vy 8y = —pol (__1‘)_.
= 121 (G20 1)n
=>y——1+1x+§x -3.3 2x+ B s . S P
00 (_1)\0yR
=(1—1x+1x2—3—1§x +.. +( 1) X +.. ) 2+2x= Y ( tl),x —2+2x=e ¥4 2x-2
n=0 .

y' —xy =a;+(2a;—ag)x + (3ag—a,)x+...+(nay —a,_,)x* 1 4...=0=>a, =0, 2a,—ay =0, 3a,~a, =0,
1 ) 3 Ay 1 2~ 8 3~ 8

4ay —a,; =0 and in general na, —a, _, =0. Since y =1 when x =0, we have ag = 1. Therefore a, = % = %,

ot R —8_ 1 —3%_
a3=?—0,a4_z_-2—_—4,a5_?__0, .y By = Q—anda.zn_n_O

.5}
=>y=l+%x2+ﬁx4+mx6+...+ mxml‘}'...: 2 Eﬂ—'=

y'—xzy=al+2a2x+(3a3—a0)x2+(4a,4—al)x3+...+(na,n—a.n_3)xn_1+...=0 =a;=0,a,=0,

3ag—ag =0, 4a,—a; =0 and in general na, —a,_5 =0. Since y =1 when x = 6, we have ay = 1. Therefore

1 & — 1
a3=?=§,a4-_~¢1=0, as_—._O ag = ﬂ" 1 830 = 3703 dan+1 =0 and ag, o =0
n
(%)
1213, 1 6 1.9 1 3n R & — /3
=143+ 55X +3pgX +o g ag X +...—nz=:° 3“n!—nz=:0 =€

(1-x)y' —y = (a) — ag) + (225 — &) — a))x + (383 — 28, — ay)x? + (42, — 325 — a)x> +...

+(na, — (n-1a, ) —a,_ X" 1+...=0=a,—2,=0, 2a,—2a; =0, 3a;— 38, = 0 and in

general (na, —na,_;) =0. Since y =2 when x =0, we have ap = 2 Therefore
a=22,=2,...,3,=2=2y=2+2x+2x%+... nzo 2x"

(1+x2)y +2xy = a; + (225 + 2a)x + (a3 + 2a, +a,)x% + (da, + 22, + 2a,)x° +... + (na, +na,_,)x*14...
=0=a; =0, 2a;,+2a5 =0, 3a3 + 3a; = 0, 4a, + 4a, = 0 and in general na, +na,_, =0. Since y = 3 when
x =0, we have ag = 3. Therefore ay = —3,a3=0,2,=3, ..., 85,7 =0, a5, = (-1)"3

>y=3-3x2+3%k'—...= f 3(-1)"x* = § 3(—x2)n=-1—3—-—2—
n=0 0



25.

26.

27.

28.

29.

Section 8.8 Applications of Power Series 711

y=agt+ax+agxi+. . +ax +... 2y’ =2, +3-2a5x+...+n(n—1a x" 4. >y’ ~y

= (2a, —ag) + (3-2a3 —a))x + (4 -3a,—a,)x? +... + (n(n — L)ay, —a,_)x* 2 +...=0 = 2a,— 3, =0,
3-2a;—a, =0, 4-3a,—a, =0 and in general n(n —1)a, —a,_, =0. Sincey’ =1 and y =0 when x =0,
we have ay = 0 and a, = 1. Therefore a, =0, a3=§-%—§,a4=0, 5‘5=§'.4%ﬁ'“"32n+1=(2n—:_1)ja“d
1.5 x 2n+1

a2n=0=>y—x+§x +gxX .= Y o

Py m =sinh x

y=ag+ax+axi+...+ax+... =y =2,+3-2ax+...+n(n—Dax* 2 +... >y +y
= (2a,+ag) +(3-2a5 +a))x + (4-3a, +a)x® + ...+ (n(n — Day +a,_)x" 2 +...=0=> 2a,+2,=0,
3-2a3+a; =0, 4-3a,+a, =0 and in general n(n —1)a, +a, 5, =0. Sincey' =0 and y =1 when x =0,

n
we have ag = 1 and a, = 0. Thereforeag_—l,a3=0,a4=ﬁ—§,a5=0 3 8gn41 =0 and a,, = ( D]

(@)l
)n 2n

—1-_1l,2, 1.4 (
> y=1-3x"+5x NEDM = oo x
y=ap+ax+ap’+.. . +ax+... =y =2,+3 205 +...+n(n-Da ™ 2 +... >y’ +y
= (22, +8g) + (3-2a5+ 8, )x + (4-3a, +a)x2 +...+ (n(n — 1)a, +a,_)x* 2 +...=x => 20,4+ 85 =0,
3-2a;+a, =1,4-3a,+a, =0 and in general n(n—1)a, +a, ,=0. Sincey’ =1and y =2 when x =0,

1 (=1t
we have ag =2 and a; = 1. Therefore a, = -1, a3 =0, a4=m,a5=0,...,52n=-—2-—Wand
(- 1)n+1x2n
A1 =0=>y=2+x— x*4+2. 4,+ =24x— 2n§:‘1w

y=agtax+ax2+.. . +ax+... 2>y’ =2, +3-2ax+...4+n(n—1a ™24, >y’ -y
=(2&2—30)+(3-2a3—al)x+(4~3a4—a2)x2+...+(n(n—l)ah~a.n_2)xn’2+...=x=> 2ay —ag =0,
3-2a;—a; =1, 4-3a,—a, =0 and in general n(n - 1)a, —a,_, =0. Since y' =2 and y = —1 when x =0,

we have ag = —1 and a, = 2. Therefore a, = 21 a3—%,a4—2 314»8'5-5 i_2=%,---,&zn=(§$—!
_ 3 1 3 _ _ _ *x x2n 2n+1
and gy = iy = ¥ =124~ =l 8 e 8 ey

y=ag+a(x—2) +ay(x—2)2+...+a (x—2)"+

=y =2, +3-235(x—2) +...+n(n - Da (x—2* 2 +... > y"'—y

= (23, — 89) + (3-285 — 8))(x = 2) + (4-38, — 8)(x = 2)? + .. + (n(n — Dy — a_p)(x =22 ...
=-2—(x-2)=>2a,—ag=-2,3-2a3—a; = -1, 4'-334—212 and in general n(n —1)a, ~a,;_, =0.
Since y’ = —2 and y = 0 when x = 2, we have ap =0 and a; = —2. Therefore a, = _T2= -1,

_=2-1_

3 ___2 — 3 —__2 _ 3
BEFg TP MT L3 BT TE .32 T Ty Yt T T )

>y=-2x-2)-Z(x-22-Fx-2°-Z(x-2)* - F(x-2°-
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00 2()( _ 2)2n 3(x _ 2)2n+1
= —2(x - 2) - ngl (2n‘)! (Zn + 1)!

30. y" —x%y = 2a, + 6agx + (4-3a, —ag)x’ +...+ (n(n — )a, —a,_Jx""24... =0 = 2a, =0, 6a3 =0,
4-3a,—ag=10,5-4a5—a, =0, and in general n(n —1)a, —a,_4 =0. Since y’ =b and y = a when x =0,
we have a; =a, a; =b, a, =0, a3 =0, a4=3;’_‘4,a5=4—l_)-5,a8=0, a, =0, aszﬂ%7'-—§'a9=ml?8_-9

_ a 4, b 5 a 8 b - .9
=y-a+bx+3.4x +mx t31.78% +4_5_8_9x +...

31 y" +xPy = 2a, + 6agx + (4-3a, + ag)x’ +...+ (n(n — L)a, +a,_)x" 2 +...=x=>2,=0, 6a;=1,
4-3a,+ay,=0,5-4a5+a; =0, and in general n(n—1)a, +a,_,=0. Since yy =b and y = a when x =0,
we have ag = a and a; =b. Thereforea2=0,a3=ﬁ,a.4=-—3—‘_’z,a5=-&,a6=0,a7=7_—3%1—.7

— 1 . 3__a 4_b 5 1 7 ax® bx®
By=atbxtgax —gyx - X g emx t et gy
32y~ 2y +y = (28, 2a; +ag) + (2385 — 48, +ay)x + (348, — 2+ 3ag + ag)x’ +...

+((n-1na, —2(n—1)a,_; +a,_)x" "2 +...=0=> 2a,~2a, +a5=0, 2-3a; —4a, +a, =0,
3-4a4—2-3a3+a, =0 and in general (n —1)na, —2(n—1)a,_; +a, 5 =0. Since y' =1 and y = 0 when

when x = 0, we have a; = 0 and a; = 1. Therefore a; =1, a3=%,a4=%,aa=ﬁanda.n=(—ni—l),
- 2,13,1 4,15 SR R &g
S>y=x+Xx +§x +6-x +-2-4-x +...—nz=:1 m_n§0 = —xngo A= xe
T 6 .10 .14 3 .7 1 15 R S
_ 28 t10 ¢ [t 1l ¢ B x
3. F(")“I(t it 7!+'")‘"'[3 73 IH '1‘—5-7'!*""]O o %
°
1
= |error | < 5~ 0.0008
¥ 6 8 ,10 12 3 5 .7 9 1 13 x
= 2_ga bttt =t _ t  t t
34 F(")—J(t Vet €F+"')dt [3' straTsa g 13-5!"’"']0
)
3 .5 7 9 11
x°_x x _x X 1
z?—T+7-—2! 9. !+11_4!=|errorx<mz0.00064

Y o3 5 .7 2 4 8 1° 2 4 (0.5)8
35. (a) F(x) = (t—-t +L -t +...)dt=[t T -] ~X X = error| < .00052
(2) Fx) l THE-T Tt ] MY I lemeri< gy R

2 4 6 8 32
(b) |emr|<§3l_3zz.00039 o F(x) m¥ - Xt 4 (-1)0 X

X X
2 3 2 3 4 5
3. () PO = | (1—g+%-%+...)dt=[t_m+m_m+5__.3_...] N
1]
0
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6
(©:5)" 00043
6
31 X
(b) terror| < 3; ~.00097 so F(x) ~ x — 22 +32 42 + L+ (-1) 312

e —(1+x)

1 -1 2.5 1
37. ?(e"—(l+x))‘_-—7((1+x+—2-+§+..) 1- x) s+t + :I% "

=1
= Jimy (2+3v+4v+ )'2

2
1—cost—
2 2 12 ¢4 6 1,82 ¢4 . (7)
38. t;‘.(l_cost_iz_):.t%[l_%_o_.f.;. bt )= Rt iy ———1

= tim (L4884 )=-
t—o \ 476 8T 24

—1/x?) _ 2 1.1 1 - 1 _1 2( —1/x%
39. xz(—-l +e /x )_x —-l+1—?+§l—a§+... ——1+2 —E;(—‘+ =>th X (e 1)
= 1 1 _ 1 =—
= Jim (—l+§;1; = +...)— 1
3 5 3 5 3 5
A Y 2y ) (__ 23y° )
£0 tan’ly—smy (y—T+—g ) (y e )__z( 6 ! _\ 6 &
) ¥ cos y yo cos y y® cos y cos Yy
W (_1+23y2_ )
. tan~ly—siny . 67 5 ) _ 1
= lim = lim —my =%
y—0 y® cos y y=0
4 6 2 4 2 4
2_x* . x _xfoxt _xixt
ln(1+x2) ( _7+T_“') (1 T+T ...) ln(l+x ) ) (1 5 + g )_
41. = = lim = lm% =
T—cosx 2 xt 1 x2 x—=0 l—cosx = x-— 1 x2
- 1——|-+Z!-—u ?_ZT+"' 9~ Zr+

=2

. 1 1 = 1 1____
2 (x+1)sin(5y)= ("“)('ﬁ 3!(x+1)5+5!(x+1)3"")"1'3!(x+1)’+5!(x+1)4

= Jim, ( 3'(“_1)2 5_'(;%11_)‘ ...>=1

2 3 4 3 .5
43. ln(itx) In(l4x)-In(1-x)= ( x ’-5— %— )-—(— —%——%—%—...):2(x+%+%+..

when x=0.1;

3 4 (-1)"Ix®
L M

2 ln—lxn
M m(l4x)=x-S4E X4 4 (=1) |

+...=>|errorl—| 0“

713
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45.

46.

47.

48.

49,

-n—ildﬁ<1l08-=>n10">108 when n > 8 = 7 terms

1 3 7 9 (_l)n—lxzn—l

B 8 X x (=1)nixPn-1
tan XIX—?+-§—T+?—...+TI—+...ﬁlel‘roﬂ:

2n—1

when x = 1;

2n—1

ﬁl_—l < 03 =>n> % 500.5 = the first term not used is the 501%* = we must use 500 terms

3 5 7 .9 (—1)»1x2n-1 . 4l g _
Ty ox XXX X Tl g2 o |20—1)_
tan™ ' x =x st Tty et —+- -and lim pIE =x nllpgo |2n+1,_x
(- 1)“ A .
= tan"!x converges for |x| < 1; when x = —1 we have E T which is a convergent series; when x = 1
n=1

@ (=1ptt . . 1. 3
we have ) =T which is a convergent series = the series representing tan™! x diverges for |x|> 1

n=1

—1/2

2 x? 3x? 35 bx”

(a)(l-—x) z1+2+ 3 +16=>sm x%x+?+ +112,

(2n +1)(2n +1)
Gnt2)@n+3)|<

lim | L35 (2n—1)(2n+ 1)x2+3 9.4.6...(20)(2n +1)

. 2
w% | 7746 -(20)2n+ D(@n +3) 1-3-5-(2n_ datl| <1 7 X Jim

n-—»oo

= |x|< 1 = the radius of convergence is 1

—1/2 3 o5 £ 7 3 o5 .7
(b) (;i—x(cos_lx)=~(1—-x2) / =>cos'lx=E—-sin“lxzl-—(x+x—6-+3i+5i)z-’fr—x—x——%’-‘o——§x—

) ) 0 t1l § 112
1V _3) 1\ -5/2(_ 2}
_ - ~3)(-2)@)=5/2(—x*)
(1-x2)" = (14(=x2)) "’=(1)“”+(-%)<1)‘3“(—x2)+( 1) 2)2!
1\ _3Y(_5)1\-7/2(_.2Y
“D(=-3)(-8) ) (=) 2 1.3t 1.3.545 & 1-3-5-:(2n— 1)x?
AUCEPOTET, cngusget, g s

X X
I -1/2 & 1-3-5-+(2n—1)x & 1:3-5.-«(2n —1)x?nt!
1, 2 — =
= sin x,_l (l—t) dt—J; (1+n§=1 — t:h;_x+n§1 24 (Pn)Zn+1)

where |x| <1

[tan=1t]5 =% —tan" x—J 1i‘t2=J . dt=J 3—2(1—'1'2' t%-t—16-+ )dt
1+(5 X
X X t2
T 1 1,1 1,1 1 1.1 1
(L1114 Yarmgm [“14 1,1 o1 1.1 1
l (t2 drsTE T ) e AT A A T R v e e
X
-1, _ 1 1 1 -1 _ -1 dt
= tan x-%—g+§—§+ ,x>1[tan t]_oo tan"1x + I T
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X
= lim [—l+-1—————+——...] =-1+ L1y
b

b-r=00

%
wl
o
»
-~
™
4

x< =1

tan(tan~!(n+1))—tan(tan™'(n—-1)) (@+1)—(n—-1) 9
1+tan(tan~ (n+ 1)) tan(tan"T(n—1)) I+ (@+1)(n-1) " n?

50. (2) tan(tan™!(n+ 1) —tan!(n—1)) =
& -1{ 2 N -1 -1 -1 -1 -1 -1
(b) ) tan (——2-) =Y [ten'(n+1)—tan"l(n-1)]= (tan-2—tan10)+(tan"13 —tan™'1)
n=1 n n=1
+(tan14—tan™12)+...+(tan ! (N + 1) —tan~ (N — 1)) = tan"} (N + 1) + tan™ I N —ir-

o0
- . - - 3
(c) nz=:1 tan 1(%):[\1113;0 [tan L(N+1)+tan 1N—%1=%+%_%=Tﬂ'

8.9 FOURIER SERIES
L
ldx= (%)x =2

kL

=

&
I

Al

1

cos nx dx = zsinnx| =0

|7l'

-

It
=
| | i
Jma j——a

bn=7lr sinnxdx:—hl—,r cos nxr_r =n—1x[cos(—n1r)-cos(mr)] =0
w
Therefore,
f(x) = % =1

2. ag=1 T —dx+i I dx=(-,lr)(—x)[’r+(%)x[:=0
0

-

L
ah:%. —Cos nx dx+% cos nx dx:(—ﬁlf) sin nxr +(517) sin nxL =0
T

o l—o

bn=% —sin nx dx+% sin nxdx:(n—l,f) cos nx[i”+(—%) cos nx[)r

Ot Oty

= %[cos 0 —cos (—n)] +(.— %)(cos nw - cos 0)
= {1 - (—1)7] - e ()" - 1] = de[1 - (-1)"]
Therefore,

f(x) = io: nl,r[l - (~1)"] sin nx.

n=1
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m
3. a, =,1r J xdx=Lx? =o0. (Note: x is an odd function)

xcosnx dx =0. (because x cos nx is an odd function)

n
x sin nx dx =72,.- j xsin nxdx  (because x sin nx is even)
0

"
= %(-—% cos nx+;1-55in nxL): —2 cos nx = Z(~1)n+1
Therefore,

00 1)+l
f(x) = Z &h)——- sin nx.
n=1

n
4. 31):%_[‘- (1-x) dx=%(x—§x2)_”=2
T us
%:%I (1--x)cosnxdx:,lr['lf(l—-x)sinnx—;llicosnx] =0
-% -1
T L
nz?lf I (1-x) sin nx dX=—%[%-(1—x) cos nx+#in nx] =22 cos n1r=,2;(—1)“‘
Therefo;:, o
f(x)=%+n§1 b, sinnx=1+n§j1 K—nl):sin nx=1—§:— ﬁ‘_});f_lsin nx.

(Compare this result with the Fourier series found in problems 1 and 3.)

Ly L4
a, = % J x? cos nx dx = Eli" J x?cosnxdx  (even function)
0

2 ™ —1)n
=21;[’1‘r sin nx+-l21%-cos nx—;lgg sin nxL =;15cos n1r=(—;15)—

%
!
:1#—'

®
J x?sinnxdx=0 (odd function)

m
Therefore,
—~1)®

f(x)=%;+§ ( 2) o8 nX.

n=1 n
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2
xzdx=%

(=]
&

[
S

T
2 1x2 . 2x 2 . 2 2(=1)"
dx = - —_— -
x“ cos nx x_T[-n-smnx+—5n cos nx 3 smnx| =3 cosmr_—1——n

1l
S
Oty Ot——y O——3

2 ul
b,=1 [ ®sinnxdx= ,'lr[_x_h_ cos nx+y2—sin nx+23- cos x]o = ——2-3[(—1)“— 1]+ F(-1)»¥?
n n n
Therefore,
2 -1)" x
=5+ § K e § (i
m
7. ag =% .[ e* dx =-,1r(e"—e"")=%sinh T
-
a, =% T €* cos nx dx = %[_Tnzex (rli sin nx + L cos nx)]f = %. 2 cos n”(e’r = e—”) = 2(-1)° sinh 7
I 1+n n? |« i1+n2) 2 1r(n2+1)
L3 v n+1
._IJ' x _1 n‘e"( 1 1. )] _1l2ncosnm(e~™—e")_ 2n(-1) .
b, =% €” sin nx dx = | =——5( - cos nx + -5 sin nx = = sinh 7
n ”_" 7[1+n B n? . Til+n’)( 2 ) w(n2+1)
Therefore,
f(x) =L sinh = + f A1) sinh 7 cos nx + § ?—'l(—_—l)ni sinh 7 sin nx
o n=1l 7 n2+15 n=1 1r(n2+1)
—sighxf, io: 2(-1° cos nx + f ___2n(_1)n+1 sin nx
- a1 n?+1 =1 n+

. —1\n
= m[%+n§1 ﬁ%(cos nx —n sin nx)].

T

8. ao=‘1lf J e"dx:%e"
0
L3

2 ud
a, = '11F J e* cos nx dx = 31?['1%(?15 sin nx+;ll§ cos nx)L
n
0

__1_ l'l2 e’ __1 =_1_ (=1 —1
—r(l+n2)(;§°““" ;17) ﬂ,(nz_‘,_l)["( ) ]

o
=)
]
A
Oy

v
. 1[ n%e* 1 1 .
o x dx = | =——5| —f cos nx + -5 sin nx
e smn T[1+n( n n )L
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=1 n? _e” 1)___ n_ [.r_qyn+l
‘”(1+n2)( -ﬁ-cosn7r+ﬁ) ”(n2+1)[e( 1»+t 4+ 1]
Therefore,

f(x) = 52”— i:: e —————[e™(=1)" — 1] cos nx + Z A)[e"'(—l)“"'1 +1] sin nx.

+1) n=1 7(n2+1
= us

9. aoz% J cosxdx:%sme
0

0, n;él
1L no
2

o
it
sl

{ —Lsinsz—O n=1
2T - e

k4
J cos x cos nx dx =
0

L3
bn=%Jcosxslnmdx_ - = n n 0 n=

2 cos(n—l)x _cos(n+41)x 1 (1+(-1) )—(2‘), n#l

2r(n—-1)  2nx(n+1) |’ n# min-1
Therefore,
n
f(x) = —cos X+ § &-;—(L)—)sm nx.
=) n“—1

2
10.a.0=% —xdx+%J.2dx=3
0

;ﬂ
o

Le—o lL——o

2
_ m nmx 4.1/ _2x . nmx__4 2
X cos dx +1 J?cos 2 dx_2[ i sin 27X cos%]oz-i-[ﬁsm%g
) _

—25[(-1)=1]+0

nomw

0 2
2
bn=% J xsmmdx+ J 2sinnzﬂdxzé[%%cozsm—-n.‘,‘l?sinm"x]0 —[lcos n"x]o
-2 0 -2

= (1" = (D" 1] =

Therefore,
2[(-1)~1
f(x)=%+§ (= 2)2 ] n7rx+2_fsmn;x
n=1
w/2

1L. %:%I dx=1
—-m/2



12.

13.
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/2

1 1 . ™ /2
a, =3 J cosnxdx:mr-smnx_

- /2

w2
b =% J sin nx dx =0

—-n/2
Therefore,

2 .
=—7Fn—27r—

o0
f(x) =% > nl‘lr sin 9275 oS nx.
n=

0, n=2k (even)
Note: sin BT =
2 { (-1)%, n=2k+1 (odd)

-

Thus we can write f(x) in the form:

)k
cos (2k + 1)x.

1
Ix]dx =2 J xdx=1
0

1
=]
-1
1
a = J. x| cos (nwx) dx = 2 J x cos (nmx) dx = 2| Z% sin n1l'x+L cos nrxL
-1 0
1
b, = J |x|sin(n7x) dx =0  (because |x|sin n7x is odd)
-1
Therefore,
f(x):%-}- § [( 1)" — 1] cos (n7x).
1/2 )
1/2 1
ag = J —-(2x—-1) dx + J (2x-1) dx=(x—x2]_1 +(x2—x]1/2 =-g—
-1 172
1/2 1
a, = J —(2x —1) cos(nmx) dx + J (2x—1) cos(n7x) dx
| 172
1/2
= [(1 ;1-7r2 %) & sin (nmx) — = cos (nﬂx)] +[(2);— D) sin (n7x) + 2 5 CO8 (nrx)]

1 /2
[( nH" - cos—]+———[( 1)"—cos—] [( 1)“—cos—

1/2 1
b, = J —(2x —1) sin (n7x) dx + I (2x—1) sin(n7x) dx
/

-1 1/2

Sl -1]
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1
[ a- n7r cos (n7x) — —— sin (nwx)] [(2x cos (n7x) + —22—7 sin (mrx)]
n°w 1/2
3 cosmr———sm— cosn'zr—Lsm—
hivg ) nix? 2

= e (-1~ sin B = 2 (-1)" - sin I
Therefore,
f(x) =5,4 f: 1 (- l)n—cos cos(n7rx)+ E 1[( 1)“——sm S | sin (n7x).
47725 n? n w2
14. f(x) = x|x|is an odd function.

xixtdx=0

c?
e

X|x|cos nx dx =0

- "
X|x]|sin nx dx = %Jx sin nx dx = %[ xTcos nx+2’-‘-sm nx+lcos nxL
1]

o
Hieo

|
S
oyl f—n

2
=%[—"’T cos n1r+2—’rsm n1r+—2-cos mr——%]: [T( ety %(-1)“—%]
n n n

=12_r[(2—1r (1) 2]

Therefore,
—2n2Y( 1\
=2 $ Eomm)CY -2
n=1 n

15. From exercise #5,

or



16.

17.

18.

19.

20.
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. 2 2(—-1) 2[(-1)* -1
From Exercise #86, f(x) = -’!6— f:l (nz) cos nx + 21 {_[(_‘”313__1 EG- 1)“‘”} sin nx. Setting x =0 and
n= n=

n_ AR o111
multiplying both sides by 5 glves — = —-5 E =2 nz-:l " 1 -itg- 1t Note: The

Fourier series will converge to 0 at x = 0 because the discontinuity in f at x = 0 is removable.

L
IL cos mﬂrx dx = —HII’—W sin m%’-‘ll:L = HI{T[sin mn —sin (—m7)] = fh'Lﬁ'(o -0)=0.

L
I sin X dx = — g cos mf’—‘ = — g [cos m7 — cos (~m7)] = — pkr (cos m —cos m) = 0.
L

cos A cos B =%[cos(A+B)+cos(A—B)]

L =% T [cos (m +Ln)1rx +cos (n _Il,n)”] dx
J cos % cos mTrx dx L
-L =0, if m # n, by exercise 17
Ifm=n,
L L L L
I cosﬂFwsmL"—xdx=% I (cos 2“111“‘+1)dx=% J coszm%dx+% I dx
-L -L -L -L
=0+L, by exercise 17
=L.
sin A sin B=5 [cos (A —B)—cos(A +B)]
L
L =% J [cos (o —f\)wx —cos ( +£n)1rx] dx
J sin yfﬁ sin mfl dx L
2L =0, if m # n, by exercise 17
Kfm=n,
L L L
I smﬂfism—miﬂdx—i I ( —cosZLnLﬂ)dx=% J dx—% I cos2—mtlﬂdx
~L -L -L -L

=L-0, by exercise 17
=1L.
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21.

22.

23.

24,

sin A cos B = %[sin (A + B) +sin(A - B)]

Ifm#n,
L L
I sin % cos % dx =% J [sin (o +£n)rx +sin (@ —in)wx] dx =0, by exercise 18
-L -L

Ifm=n,

L L

J sin -‘li—x cos miﬁ dx =% J' (sin 2m_L7r)5+0) dx =0, by exercise 18
-L -L

If two functions, f and g, are piecewise continuous on an interval f, then so is f + g. This is true because of the

properties of limits: lim [f(x) +g(x)] = lim_ f(x)+ lim g(x) =f(c*)+g(ct) and lim_[f(x) + g(x)]
x-—oc+ x—»c+ x—-u:+ X=C

= lim_f(x) + lim_g(x) =f(c™) +g(c™). Therefore, if f and g are piecewise continuous on I, then so is f+ g
X=C X—C

This result also applies to the functions f' and g’, that is, if f and g' are piecewise continuous on I, then so is
f'+¢' = (f+g)’. Consequently, Theorem 18 applies to f+ g, and f + g is equal to its Fourier series at all points

of continuity, and at jump discontinuities in f + g, the Fourier series converges to the average
E+8)cN) +E+g)(c) _ feH) +1(c7)  gle¥) +a(c)
2 - 2 2

where f(c ™), f(c), g(c™), and g(c™) denote the right
and left limits of f and g at c.

(a) Since the function f(x) = x and its derivative f'(x) = 1 are continuous on —7 < x < =, the function f satisfies
*x
conditions of Theorem 18, and f(x) =x = }_ (-1)*+! %sin (nx).
n=1
fe.%)
® L R (1) Zsin(ax) = X (<121 2 L (sin(nw)) = § (<1 2 cos (nx)
dx n=1 n n=1 dx n=1
This series diverges by the n*! term test because Jim ((-1)+! 2¢os (nx)) #0.
(c) We cannot be assured that term-by-term differentiation of the Fourier series of a piecewise continuous

function gives a Fourier series that converges on the derivative of the function and, in fact, the series might
not converge at all.

f(x) = %4-;—0:1 [a, cos (nx) + b, sin (nx)] since f is piecewise continuoqs on —m < x < m. Therefore,

us -

-]; f(s) ds =j [% +n§ [ay cos(ns) + by, sin (ns)]] ds= Ir % ds +n21 l:a‘n I cos (ns)ds + b, :[r sin (ns) dsJ

= % (x+m) +n§1 [% (sin (nx) —sin(—nw)) — % (cos (nx) — cos (~n7r)]

=2(x+7) +n§=°;1 L (a,, sin (nx) — by(cos (nx) — cos (n7)))
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ul
x cos nx dx = %[% sin nx+—1—2 cos nx]U
n

~2|1 1]__2
= 7[—,:, cos o ——2] = m[(—l)n— 1]

Therefore,

f(x) = %+'12F il ———[(_ll):;_ 4 COS nX.

w n
2. ao=% J. sinxdx:%[—cosx]:’r:%; alz% J sin x cos x dx = 0;
0 0

T

Forn= _2,%=%jsinxcmnxdx
2 ° P
2(_n 1. : 1
= sin x sin nx + -5 cos x cos
T(nz—l [ﬁ M X Sin X -+ 773 <o HXL
=?2r‘( o’ )Lcoswcosnw—+l -2
n?-1/\n? n? 1r(n2 1
b, =
Therefore
& [(=D"+1
f(x)=%+%n§ —-——2—[(11 ]cos nx.
1
3. %=2Ie*dx=2ex%=2(e_1)
0
1
a~n=2J'excosn1rxdx
0

=2 n’r? e[ o sin nwx + 1 cos nmx '
1+ nin? nr )

2 2[e(-1)" - 1]
=m(e cos nmw—1) =—m—-
b, =0
Therefore

f(x)=(e—1)+2 rz:l [e(l—__:)—n!;;—zll €08 N7X.

Section 8.10 Fourier Cosine and Sine Series 723

3 2 41 1x2 3

Even extension of f(x)

)[(—1)““—1] 3
- Even extension of f(x)
3
25
2
5-
05
08-0.4Y 0.'1 08
Even extension of f(x)



724 Chapter 8 Infinite Series

cos X cos nx dx

2 T
= %( o 1)[%— cos X sin nx —% sin x cos nxL
n® - n

=0, ifn#l

Forn=1:

Therefore,

f(x) = a; cos ZX = cos x.

=1—]2775in-2—" if—smn')r——ifcosnw+n2,rsm—2- +c —2—7"
=%sm % +cos n27r]
Therefore,
o0
f(x) = 4l+ g [ sin —-+-1—2((—1)n+1 + cos 9})] cos %.
1/2 1
_2| _ 2 -
6'30—1'[ dx+1J‘dx_0
[ 1/2
1/2 1
a, =2 J —cos nTx dx+2 | cos nmwx dx
) 172

2 . /2 2 . 1
=—n—7rsmn7rxL +mrsmn1rxL/2

= %(—sin %+sin nm —sin "2—”)

—f(-1)% if n=2%k+1 (odd)

nmw

= —% sin 5 = .
0, if n=2k (even)

Even extens. ion of f(x)
.5 X
2 A 05 1.2
0.5
-y
/ 153 \
24
Even extension of f(x)
—_— 1 3 —_—
¥0.5
08 04 04 08
05 ¥
—
Even extension of f(x)
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Thus,

f(x) = oo ?r%ﬁ cos (2k + 1)7x.

1

~

1
T.a9=2 [ —(2x—-1)dx+2 I (@x—1)dx=1
/

1/2
1

N

a, =2 | —(2x~1)cosnmxdx+2 | (2x—1) cos n7x dx

Oy Oy~

—

1/2

1/2
= 2[%;252 sin n7x — 22 5 CO8 mrxL
nér

X
(@x—1 1 Even extension of f(x)
2 —xn,r—l sin n7rx +TZ§ cos n1rx]1

non /2

_2[0 -—22—5(:05 —2-—0+ﬂ]
+2[0+—§2— cos nw — 0——cos T]

"'3_[1"2 cos § +( 1)“]

Therefore,

f(x) = §+ § T’I[1+( 1)* ~2 cos ]cos nTx.
w/2 x

8-%=%I —(2x— w)dx+TI 2x-mdx=7
0 x/2

x/2 T

%=%J —(2x—m) COSﬂXdX+% (2x — 7) cos nx dx
o

n/2

[(r - 2x) L’/z
= &|——= sin nx——;cos nx

[(2x )

us
sin nx +— cos nx]

/2

32 A% 1x2 3

Even extension of f(x)
2

2 2 nw 2 2 2 nr

= - -0 0 -0-

T[O ;-icos 5 +?]+7[ +;1-7 cos nw ;}- cos 5~
[_7[1 +(~1 bl __ cos EQ"_"]

Therefore,

0
f(x)=g+,§ 5 ;15[( 1)®+1-2cos BT

COS nx.
n=1
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X 1

9. b, =2 I —x sin nmx dx = 2[% cos nx 0.5
0 2(-1)"
- n217r2 sin mrx]'lJ = 52,,7 €os nT = (—;,7—)—

Therefore,

SE i
f(x) =2 ). -~y sin nwx.
n=1

n o
2
10. b, =2 I x? sin nx dx = %[_x_‘r cos nx+2—’; sin nx + % cos nxL 10
n n
0
=2[ 7 g nn sl _2]_2[ -1 n(l_ﬁ)_z] ys
,,.[ ncosn-rr+n3cosmr 3 £1(-1) BT .
Therefore, 1x2 3
® 2 .
f(x) = % nz=:1 [(—1)"(%—1’“—)—“2—3] sin nx.
-10
4 Even extension of f(x)
11. b, =% J cos x sin nx dx
0
2 Ll
= %[ nzn— 1(—% €os X cos nx-—;l; sin x sin nx)L 1
= 2[—5—-—11 (—cos 7 cos nr + 1)] =—20 (1)) y05
Tln%-1 m(n2-1) T Py
Therefore, 3 2\ 1 x 3
.5
& n[(-1)"+1] | & -
f(x) = .72? El [_nTT] sin nx = % kzz:l 4k2k—- 7 8o 2kx. \
Even extension of f(x)
1
12. b, =2 J e* sin nwx dx
0
=2 TT—n2”2 - — gk cos n7rx+7—2-1 sin n7x |
nre 41 nr nr
— _2n%4? [ 1Y_ _2nm +1 Y
=ty connm by = e 1] o4 08
Therefore,
© [e(~1)"*' 4 1]n
f(x) = 2= E__:l 1+ oZr sin nwx. Even extension of f(x)
x 1
_2 (. .
13. b, =% J sin x sin nx dx Y05
0
=0,ifn#1 1x2 3

Even extension of f(x)
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ks
U
b, =2 J sin’x dx = %[%—%sin ZxL =%(%) =1
0
Therefore, f(x) = b, sin x =sin x.

nrTx

x sin 22X dx + BTX dx

14. b, = sin =" 1

[=LE—
S e —

2x nrx nTx ! 2 nrx
=[——cos 5=+ —ogsin -2—L—[ﬁ cos—i—1

nr Zr .
2 nr 4 nm _ 2 2 2
= — 7w co8 T+W 8In =5~ — i €08 nm + g7 cos -2—-
—2 n+1 4 onm
=2 (-1 '
n1r( ) + 222 sin =5~
00 -1 n+1 . .
Therefore, f(x) = 2 ng (_—I)l_ +n§—1r sin %] sin 27X
1
15. bn=J(1—x)sin£72rldx 1
° y0.5
1
2(1-x) 4 -4 2 )
=[—Tcos%’5—-n7”7sm“2ﬂ =n—2;§sm9%+m. — —
Therefore, 5 X
o}
f 1_2 L7 | gip DX 4
() = Z=: [n aly g ]sm 2 Even exteusion of /(x)
=/2 E3
16. b, =% J —(2x — ) sin nx dx + % J (2x — ) sin nx dx
1] w/2
/2 T
= %[(Zx; ) cos nx—l2 sin nxL +%[(1r_n2x_2 cos nx+% sin nxL
n n /2 3
=,?—r[—%sin%+%—§cosmr—%sin%'f- yf
[ [(~ 1)n+1+1]——smT] ?' 1x2 3
Therefore, f(x) = E [ (-1t 4] —— sin T] sin nx.
Even extension of f(x)
2(1-(-1)7)
- nr

17. (a) bn=72r- J sin nxdx:hgf[-—cos nx] (-—cos nr+1)= —f[l—( "] = f(x) = 21
0

sin[(2n—1)x]=%sin x+3%—rsin 3x+%sin 5x+...

R4
n=1 (2n - 1)7"
= f(x) = f[sm x_'_511133)(_‘_sms5x_’_sm77x +.. ]=> f(x) = sin x+sm33x+sm55x+sm 7x 4.

(b) Evaluate f(x) at x = 5 = % = in(%)+3 s1n(37r)+5- sm(57r)+ 7 sm(7") +...

sin nx
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0.5 1 1.5 2 x

3'0:% Jf(x)dx:%l:l,
0
2 1 2
a,n=% l f(x) cos(%ﬂ)dxz 6[ (1-x) cos(n—g-’s)dx+ I (x—1) co(p—;‘z)dx
1 2

]
—
o
8
—~
NI:’

3
t]
~—
a
"
oy
o
8
—
w3

n x)dx— T x cos(l?)dx+ T x cos(%)dx
0 1

Evaluate the two integrals:
J. cos(g?)dx = ngf sin(%ﬂ)

DTX) 4y = u=x dv:cos(%ﬂ —2x . (nmx 2 in (27X 4
[ x cos (g% )ax = o= (3 = % sin(25%) - & | sin(2%) ax

—r
[=9
”

M,
tJ
~—

cosn —52,7 sin(%—")—;zﬁ;f cos(%’i) = n-zi—”,‘,[l +cos nr — 2 cos(%’ﬁ)]

The b,’s are all zero since the Fourier series is for an even extension of f(x).

4
+ nZr? + nr?
Table of coefficient values:
n 0 1 2 3 4 7 8 9 10

5 6
4 4 4
1 0 4 o0 o o 4 0 o0 4
®n - Py 2572
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Therefore, the Fourier series representation of f(x) is:

* 1 (4m —2)mx _
f(x) = 2+— 2;,1 @m 1) cos 3 2+—— Z ———-———51) cos((2m — 1)7x)
(c) Same answer as in part (b).
-1)"+1
19. f(x) =sin x = % ,,2,- § L(l—)-;—lcos nx:%—% io: ™) 1cos(2nx) for0<x<m
n=1 —-n n=1 4n* —

Evaluate the function and its series representation at x =

GO & GO _x(z )1

n=1 4n2 1 n=1 41’12 -1

g
["18

2_4
l=%-7

cos(n7) = 7,—

NS

4n’-1

Il
A

n:

729

20. Any piecewise continuous extension of f(x) over the interval -2 < x < 2 will give a Fourier series representation
that will converge to f(x) in the interval 0 < x < 2. For example, the function g(x) = 2 —x for —2 <x <2 will

work.

CHAPTER 8 PRACTICE EXERCISES

(=y*

1. converges to 1, since lim a,= Aim (1 +—ﬁ—) =1
2. converges to 0, since 0 < a,, < ﬁ, nll.“éo 0=0, x}Lngo 72; = 0 using the Sandwich Theorem for Sequences

3. converges to —1, since lim = lim _1;521 = lim -1,—,— -1
n—o6o 8 n—oo 2 n—oo \2

4. converges to 1, since lim a, = lim [1+(0.9)"]=1+0=1

5. diverges, since {sin 921"—} = {0, 1,0,-1,0,1,.. }

6. converges to 0, since {sin n7} = {0,0,0,...}

1
7. converges to 0, since lim a, = lim lghn_ =2 lim —'1—1- =0
. . In(2n4+1) . (F%T-_l)
8. converges to 0, since lim a, = lim T = lim T =0
1
1+(g
9. converges to 1, since lim a, = Jimy (w) = lim S — n) =
@)
3 3
10. converges to 0, since nll»'{.'o a, = nl-'-»'& ln(2nn + 1) = nllo'%o 2n 1+1 = lim 128 = lim %: 0
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3 =5y
11. converges to e~%, since Aim a, = lim (9-{3'—5-) = lim (1 +T) =75 by Table 8.1

n=—oo n-—-o0o

12 1 .. . - 1IN 1 _1

- converges to g, since lim a, = lim (1+5) = Aim (——l)-ﬁ =z by Table 8.1

l+5
1/n

13. converges to 3, since 11lg)tcl° a, = nll."o’o (-n—) = nll’ngo 11131 = % =3 by Table 8.1
14. conver, i i = li 3 X =li gi/n =1z

. ges to 1, since lim a, = lim (5 = Jlim RIS 1 by Table 8.1

n
(=2!/m1n 2)
. . . 1/n . ol/n_

15. converges to In 2, since nll,“;‘o a, = nll.rgo n(2 -1)= lim

n?

p)
= lim (ﬂ ) = Jim 2”12
=20.ln2=In2
In(2n+1) 5
16. converges to 1, since nlg&a,,:[]lg& Ym+1 =..lll,“¢}° exp(ilhl———)=nll.ng° exp 2—nl+—1 =el=1

17. diverges, since lim a, = lim (n—+-,-—_ Jim (n+1)=

n—=oc0
. . . (—4)n
18. converges to 0, since n]l.“&o a, = lim == 0 by Table 8.1

B0 . [0 @L0 @, [0 9]0 6

(2n - 3)(211—1) -3 -1 %3

()

. T 1 -1
=>nlloxgo Sn_nllongo [3"2;1_1]‘6

19.

W gy = w2 w s (FHHF D (P )= b e dn

=nli'n°1°( 1+—2—)——1

+1
2. (3n-1)9(3n+2)=3n3-1‘3n33+2=”n= %—§)+(g—g)+(%—%)+"'+(3n_:¥—7_ Ty )
=3-m =~ din w=in, (3-5i)=3

2. (4n—3;(84n+1)=4n—23+4n2+1=>s“= '9‘2+123)+(1‘§2+1l7)+(f_72+22_1)+ g+ +55T)
2 2
9

2 -2 =-
§+4n+1=>n‘l.f¥.‘o"n—li»m( 9 _+f)‘



24.

25.

26.

27.

28.

29.

30.

31.

32.

Chapter 8 Practice Exercises 731

o0 f=.*)
L e =) 115, a convergent geometric series with r = % and a=1= the sumis —L—=_¢_

n=0 n=0 € 1 _(%) e~1

£ Cpd= (<8 ic series with = — 1 and a = 53 i
n§1 (-1) = > ( 4)( 4) a convergent geometric series with r = —7 and a = £ = the sum is

n=0

diverges, a p-series with p = %

& -5 o . . . . . .

3>, F2=-5 Y § diverges since it is a nonzero multiple of the divergent harmonic series

n=1 n=1

Since f(x) = ;%5 = fi(x) = 3/2 < 0 = f(x) is decreasing = a,,; < a,, and lim a, = lim (7— 0, the

e 1 . .

series converges by the Alternating Series Test. Since diverges, the given series converges
E 7—- ges by g nZ_ZI /a divers g g

conditionally.

converges absolutely by the Direct Comparison Test since L‘.’ < Ls for n > 1, which is the nth term of a
n® n

convergent p-series

. . . . . 1 1 -
The given series does not converge absolutely by the Direct Comparison Test since EYCES)) > T which is

the nth term of a divergent series. Since f(x) = I (x T = fi(x) = m <0 = f(x) is
ni{x X
decreasing = a, 1 < a,, and lim a, = Jim m = 0, the given series converges conditionally by the

Alternating Series Test.

oo 1

_1_. -1 T 1 _ 1 1 .
j; x(In x)2 b—too J x(In x)f dx = hm [ —(In x) ] blggo (E‘E m)—- mz~ the series
converges absolutely by the Integral Test

converges absolutely by the Direct Comparison Test since 1&;‘-‘- < -%— = %, the nth term of a convergent p-series
n n° n

diverges by the Direct Comparison Test for " >n=(e)>hn=n">0hn=Inn">n (In n)

=nlnn >In(lnn) = ﬁlfnn_n-) >1, the nth term of the divergent harmonic series
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34.

35.

36.

37.

38.

39.

40.

41.

() —

. Jim -——(—1)——. = nllbnolo 241 = \/-1. =1 => converges absolutely by the Limit Comparison Test
+
n

2 3x(2—x3) . 2
X o fx)=22"X ) 0 whenx>2 = < a_ fi >2and | 3n =0, th
I (x) (x3 1)2 when x > ay41 <2y forn>2and lim B , the

series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit

3 3 .
2 r 1 = nlLHgO ngl-li- 1 =3. Therefore the convergence is conditional.

Since f(x) = g
x

Comparison Test, nll.nolo

n

+2

converges absolutely by the Ratio Test since lim [(nn—- : }: Jim 2 +2

(n+1)?

1. —
¥ n+T =0<1

n( 2
- +1
diverges since lim a, = lim —-——( ) (n )does not exist
n-—oco

n=+6o 2n2+n_1

: : : 3t : 3
converges absolutely by the Ratio Test since nll."&.lo CES)] am|= lim 0<1

converges absolutely by the Root Test since Aim Vo, = Jim Vi = lim g: 0<1

N
P
\'—.
L)
N

converges absolutely by the Limit Comparison Test since nll‘ngo 1
i vn(n+ 1)(n+2i)

=/ lim I_l___%_(n-{-l)@-}-Z)=1

converges absolutely by the Limit Comparison Test since nll. n

= n—sco n4
(n;nz - 1)

(x+4mt! ._n3"
(n+ 13"+ (x+4)°

u
. n+1 .
dim, |5 <1 i,

|x+4] .. n Ix +4|
<l= 3 nll.ngo(n+1)<1=>_T—<1

& & (-1)"
=[x+4|<3=>-3<x+4<3=>-T<x<-l;atx=—7 we have 3. oam =), ‘3=, the
n=1 n=1

oo} n o0
alternating harmonic series, which converges conditionally; at x = —1 we have > :? =3, %, the divergent
n=1 n=1

harmonic series

(a) the radius is 3; the interval of convergence is —7 < x < —1



42,

43.

44.

45.
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(b) the interval of absolute convergence is —~7 <x < ~1

(c) the series converges conditionally at x = -7
2n

. |Yn41 (x-1" (2n-1)! YR 1 _ .
Jimy T |< 1= lim Gar Dt —(x— 1yt <1l= (x-1)" lim T 0 < 1, which holds for
all x
(a) the radius is oo; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

. 3x —1)n+! 2
lim __ln;rl‘< 1= Jim ) | < 1= 181 i, W< 1=)3x—1]<1

n-1/_1\n —1)2n-1
= -1<3x—- l<1=>0<3x<2=>0<x<3,atx—0wehave E ) 2( 1) = %O: )
n=1 n n=1 n
o0
==Y -%, a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = % we
n=1 I
oo (_1\n—1l71\n oo (_—1\n—1
have Y ) 7 O] =3 ( 1)2 , which converges absolutely
n=1 n n=1 N

(a) the radius is 3, the interval of convergence is 0 < x %—
(b) the interval of absolute convergence is 0 < x < %
(c) there are no values for which the series converges conditionally

. un+1‘ c o4z @x+17 oopgq  gm |2x +1] n+2 241
o e A e e M e e W ey R aa N e e W
=>|2"+1|(1)<1=>[2x+1[<2=>—2<2 1<2=-3<2 3 Loatx=-3

— x+1<2=-3< x<1=>—§<x<§,atx.—-—§weha.ve

] =2 _ & (=)™ 1 s . .
n2=: 2’;1 ':_11 (_iﬂ)— nz=:1 (—5);1—(_%;-—) which diverges by the nth-Term Test for Divergence since

. 1 1 90 & 1 s .
Jim (2%1.) = % #0;at x = % we have nz 2’; ':_ T gn El 7%, which diverges by the nth-
Term Test
(a) the radius is 1; the interval of convergence is —% <x <%
(b) the interval of absolute convergence is —-% <x <%
(c) there are no values for which the series converges conditionally

N L | : ot n \/ 1 X1y 1
nh_ngo '-Trn—— <l=> le (n+1)n+1 X <1=>|x| llm (n+1) (n+1) <1 ﬁTnly‘relo (m)<1

= 1X1.0 < 1, which holds for all x
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(a) the radius is co; the series converges for all x
(b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

Lt \/'
/gl x°
2 (-1

o0
3 \/H » which converges by the Alternating Series Test; when x = 1 we have Y. ﬁ, a divergent
n=1

n=1

u,
Sl Jim
n

n—oo

46. lim

n—oco

<1=|x] hm _I:_l<1=>|x|<1;whenx=—1wehave

p-series
(a) the radius is 1; the interval of convergence is -1 <x < 1
(b) the interval of absolute convergence is —~1 < x < 1

(c) the series converges conditionally at x = —1

(n + 2)xt! 3n
gn+l (n+ 1)x?»-1

47. lim —ﬁﬁ|<1=> lim

n—oo

n+2 .
<1=>% T nl_l_f'lgo (m)(l:—ﬁ(){(\/g,
1 n+1 . . .
the series E %r and E 7—, obtained with x = = /3, both diverge
3

(a) the radius is \/5; the interval of convergence is —\/5 <x< \/5
(b) the interval of absolute convergence is —y/3 < x < \/3

(c) there are no values for which the series converges conditionally

(x—-1)x?+3  op +1

48. lim In+3 (x— 1)2n+1

n—-+00

n+1l<1:> lim

n—oo

n=oo +3

<1= (x=1)? lim (2“+1)<1 = (x-1)%1) <1

2 & (1Pl
= (x-1) <l=x-1l<1=-1<x-1<1=0<x<2; at x=0 we have Y, T
n=1
(D = (-1
Z ST = nz:l o1 which converges conditionally by the Alternating Series Test and the fact

n=1

()RRt

on+ 1 Z (=1 which also converges

n=p 2o+ 17

that E T +1 diverges; at x = 2 we have E

n=1
conditionally
(a) the radius is 1; the interval of convergence is 0 < x < 2
(b) the interval of absolute convergence is 0 < x < 2

(c) the series converges conditionally at x = 0 and x = 2

2
csch (n + 1)x7H! ntl_ o-n—1

. n+l . . e
49. lim I<1=>nll»“.30 cach (=" <1$|x|lllLr{.1° T—i—) <1
e —e 1
lim [el=e 1] =21 —e<x<e; theseries 3° (el csch n, obtained with x =
:lenggo ﬁén——z e <X H esn=1 e) csch n, obtained with x = e,




50.

51.

52.

53.

54.

55.

56.

57.

58.

59.
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both diverge since lim (% e)" cschn #0
(a) the radius is e; the interval of convergence is —e <x<e
(b) the interval of absolute convergence is —e < x < e

(c) there are no values for which the series converges conditionally

| Ung1 ¥ coth(n +1) oo |LteT?? 1 _etn
A0, | I<1=>r.l-‘£§o T ooth(m) |1 [T e < LX<

735

= —1 < x < x; the series f (£ 1)" coth n, obtained with x = = 1, both diverge since Jdim (£1)" cothn#0

n=1
(a) the radius is 1; the interval of convergence is -1 <x <1
(b) the interval of absolute convergence is ~1 <x <1

(c) there are no values for which the series converges conditionally

Thegivenseriesha.stheform1—x+x2—x3+...+(—x)“+...=1—_}_—x,wherex:%;thesumis 1(1)=—
+\1
2 .3
The given series has the form x—x?+x-5--...+(—-1)“'1 3rn+ ...=In(1 +x), where x = %; the sum is
5
In(§) ~ 0.510825624
The gi jes has the L xmt = sin x, where x = 7; the sum i
e given series has eormx-—ﬁ+5!—... m+...—smx,w ere x = 7; the sum is
sint=0
The gi ies has the form 1% +X; YA = here x = ; the sum is cos T = 1
e given series has the form —§T+ZT-...+(—) (2—-—nﬁ+..._cosx,w etex._-a-,t e sum is cos g =5
The given series has the form 1 + x2+x_2+ +x—n+ =e*, whi =In 2; th is e () =g
g m x+5r+gr+... 7+ =e* where x =1In 2; the sum is e =

3 5 2n-1
The given series has the form x_x_§+x_5_____+(_1 = (’;:—_1)+ = tan~!x, where x=71§; the sum is

tan~? (ﬁ) = %

. 1 C _ 1
Consider T=ox & the sum of a convergent geometric series with a=1 and r = 2x = T—%

=1+(2x)+(2x)2 +(2x)3+...= § 2x)" = f: 2% where [2x] < 1 = |x< 1
n=0 n=0 2

; 1 ; : : 3 1 1
Consider —2— as the sum of a convergent geometric series with a =1 and r = —x° = =—
1+x gent & 1+ 1-(—x3)
2 3 x
=14+(=x3)+(—3) +(=x3) +...= ¥ (=1)™3® where|-x3|<1 = |53 <1
n=
0 (_1)nx2n+1 oo (__1)n(1rx)2n+1 00 (_1)n72n+1x2n+1

snx= 3 Dl T = Ty S @)

4
5
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2n+1

n(2x

pamzo g V) e
3 a0 (2n+1)! n=0 32n+1(2n +1)!

_l)nx2n+1 _1)n22n+1x2n+1

60. sinx = 52 CUX
.smx_ngo e

00 (_l)nXQn o (_1)n(x5/2)2n_ P (__l)nxﬁn
ol cosx= & Sy = oo = L o= X, oy
2n
EM(E9Y)” w (e
TV P

_ & (-1 _ 12 _ &
62. cosx--nz:0 W:} cos /bx = cos((5x) ) —nz_—»:o

« (%) .
63. = 3 Ko e™/ = $ Sils z; I

n=0 n=0 n=0

ny 2n
o f 0 R
n=0 I n=0 n=0

65. f(x) = v3+ < =(3 +x2)l/2 = f(x) =x(3 -{—xz)_ll2 = f'(x) = —x2(3 +x2)—3/2 +(3 -1—):2)“1/2
= 70 = 333+ —sx(3 42 (-1 =2, #(-1) = - §, -y = -+ 3 =3,

1 __3 3_ / 2 _ (x+1) 3(x+1)2 9(x+1)3
f (—1)——3— §_ﬁ=> 3+x 2- 711 + 23.2! + 25’3! +...

66. f(x) = ﬁ =1-x)"1a3f@)=(1-0"22M"x)=201-x)"3= X)) =6(l-x)"% {(2)=-1,F2) =1,

£'(2) = -2, "(2) =6 = - = -1+ (x-2) - (x = 2)* + (x—2)° -

1
67. f(x) = =(x+1)=fx)= —(x +1)72 = f(x) = 2x+1)"3 = #(x) = —6(x +1)™% £(3) =1
f(3) =- f”(3) I @=te =i he-9+ SE-9- Lx-9+

68. f(x) =31:'= xUa f(x) = —x~2 = (x) = 2x73 = £"'(x) = —6x~%; f(a) =%, f'(a) = ——al-,-, f'(a) =

f"’(a):-:g:%z———(x a)+ 1 5(x— a)?— (x—-a)3+

69. Assume the solution has the form y = ag+a,x +a,x% +... +a, ;X" +a,x"+...
d; -1 dy
=>${=a.1+2a2x+...+nanx“ to gty

=(a.l+ao)+(2a2+a1)x+(3a3+a.2)x2+...+(na.n+an_1)x“'1+...=0 =>a,+a5=0, 2a,+a; =0,
3az3 +a, = 0 and in general na, +a,_; = 0. Since y = —1 when x = 0 we have ag = —1. Therefore a; =1,

STh_ 1. TR 1 T8 1 %11 DR ()P
2TFIT BT T MT T I3 mT T TR o o
—1)n+1 o (=1)"x2
=>y=—1+x—%x2+3+2x3—...+u,—-x“+...=—): ﬁ_);=_e—x

n! = n!
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70. Assume the solution has the form y = ag+a;x +ayx* + ... +a,_;x* 1 +a P +...
- d
=a;+2a,x+...+na, x4 > %—y

:(al—a0)+(2a2—al)x+(Sas—az)x2+...+(nan—ah_l)x“~1+... =0=>a —a;=0,2a,—-a =0,
3a; —a, = 0 and in general na, —a;_; =0. Since y = —3 when x =0 we have aj = —3. Therefore a, = -3,

=3 2 _ =3 Zn-1_ 3 23 3 =3
&2=7 =z !%‘T‘ﬁ*an— T , =>y——3—3x--2-—.—1-x —g353x —...-—;!-x“+...
[e.2)
=—3(1+x+ 3|+ 4+ +) 3y X = 3¢k

71. Assume the solution has the form y = ag+a;x +a,x% +...+a,_;x* 1 fax®+...
d - dy
=>£=31+2a2x+...+nahx 1+...=>a;+2y
= (ay + 2ag) +(2a, + 2a, x + (35 + 22,)x> + ... + (na, +2a,_)x® 1 +... = 0. Since y =3 when x =0 we

have ag = 3. Therefore a; = —2a9 = —2(3) = =3(2), a, = —§a, = -}(-2- 3)_3(‘7) s=—%2
n—lgn-—1 non

= Hs(B)]=-3(F) o= (B = (o) )= o2

sy=3-30+3@ 03 sy

3 n n n n
[ o+ @P @9, CIreer ] 3 5 e

n=0

—2x

72. Assume the solution has the form y = ag+a,;x +a,x% +... +ay_;x* 1 +ax"+...
dy -1 dy
= g = 81+ 2ax + ...+ nayx" +oe gty

=(a1+a0)+(2a2+al)x+(3a3+32)x2+...+(na.n+ah_1)x Tt =128, +8y=1,2,+a =0,
3a3 +a, = 0 and in general na, +a,_; =0 forn > 1. Since y =0 when x =0 we have ag = 0. Therefore

—a 1 —a, .1 —a,
m=l-a =lLay=yi=-fm="pr=gy a="7"=—ryg
- ( l)n ( 1)n+1 _ 1a . (_1)n+l
==F= (“1)(n—1)' A2 Y =04 x—gx bt i
= 1.2__1 .3 (=" 5 e (e
_—1[1—X+§X —ﬂx T ] 4.+ 1= nz=:o _._n_’_+1 1—eX

73. Assume the solution has the form y = ag+a,x +a,x* +... +a,_;x* 1 +ax"+...

d - dy
> F=a+2ax+ e P

=( —ao)+(2a2—a1)x+(3a3—a2)x2+...+(na.n—an_1)x“_1 +..=3x=>a —a;=0,2a,—a; =3,
3az—a, =0 and in general na;, —a,_; =0 for n > 2. Sincey = —1 when x = 0 we have ag = ~1. Therefore

3+a a 9 a. 2 ah_
a=-la="g1=2a=3=t a=3=22- 4=

n'
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74.

75.

76.

7.
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= 2 _3_ 342 44 2yn
>y=-1- x+(2) t X Xt X e
2(1+x+ x+ﬁ + ézx+ +1x+ ) 3- 3x—2n2 -———3 3x =2e¥-3x—3
Assume the solution has the formy=a.0+a1x+azx2+...+an_1xn_l+ahx“+‘..

=>gy a) + 28, +...+na x4, =>gy+y

=(a1+ao)+(2a.2+a1)x+(3a3+a2)x 4.+ (nag+a, X"+ =x=>a +ay=0,2,+a =1,
3a; +a, =0 and in general na, +a,,_; = 0 for n > 2. Since y =0 when x = 0 we have aj = 0. Therefore

1-a —a, —-a,_, _ (-1)"
a;=0,a,= ) 1=%,33=Tz=—3—1— .y 8y = —p— a“ (—n!—)—
1 — n
S>y=0— 0x+ 5x2 —-7x +.. +( )x +.. (1—x+%x2-—3—%—§x3+...+(—n%)—x“+...)—1+x
1\
= f: %—1+x=e_x+x—1
n=0 n:

Assume the solution has the form y = ag +a,x +agx® +... +ay_; x>~ 4 a,x"+...

dy -1 dy
= 3 =8 +2ax+.. +nax" +ooD> -y

=(al—a.o)+(2a2—al)x+(35,3-a2)x2+...+(nan—an_])x“_l+...=x=>al—-ao=0, 2ay—-a, =1,
3ag—a, = 0 and in general na,, —a;_; =0 for n > 2. Since y = 1 when x = 0 we have ag = 1. Therefore

1+a, _2 _
a=la=—t= 2’a3—3—3 2'a4—7f 43 "ahn'1=%
>y=1+x+(3)+ 325+ 7 Eoxt +...+%x’“+...

_ 1,2, 1 1 1 -9 R X -
=2(14+x+§x2 4 glpx® + o x +...+Hx"+...)—1—x_2n§0 L -l-x=2*-x-1

Assume the solution has the form y = ag +a;x +a,x% +... +a,_;x* 1 +a,x" +...

=>%=a1+2a2x+...+nanx“'l+... :g%—y

=(al—ao)+(232—a1)x+(3a3—a2)x2+...+(nan—an_l)x“"1+...=—x=>al—a.0=0, 2a; ~a) = -1,
3az—a, =0 and in general na, —a,_; =0 for n > 2. Since y = 2 when x = 0 we have ag = 2. Therefore
-14a a a —
— 1.2 _l_ _l_ n
=>y._2+2x+2x + T.3% +4 3 2x +.. + X +..
= (14x+§x + gl b x4 +—1-x"+ )+1+x— Y Biltx=e4xtl
- 2 3 f - n! -

n=

)lci—r.rtl) 72sm)1c_)1‘% 2.2 o33 X0 2 3.2 =3
¢ (2x+2—’f+-2—3’-!‘— ) <2+27r+2"’r(‘+~-)
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0_2 E _ _ 92 93 93 95
o o0 _9g (1+0+2!+3!+...) (1 0+’2-!"‘§!'+... —26 i 2 §r+ﬁ+...

78. é—bo f—sind Al_l"% 03 05 = 9}3(1) 63 05
9— 9~§T+§!-—... g!--a-F...

t2—2+2(1—t2+ﬁ- ) 2(t4-f+ )
79. Jim (el 1) = lim L52E2cost_ TTH ) gy AT
' 2-2cost 27

= = lm
t=0 t=0 2t%(1—cost)  t—0 2 (2 ¢ =0 9¢6
W 1-1+5 -G+ t4-—4!+...

= lim 42 =12
1- +...
2 14 2 4
(i (§ol)- (oo f )
80. lim ) = lim 7
h—0 h h—0 h
2 12 14 pd 16 16
(5-5+ -t -+ Do
= lim - = lim (A-L14ht_h' b h°, =1
h—0 h? h—o \21 3175 4T "6 "7 3
1- 1—z2+ﬁ—...) (z2—24+...)
81. lim —A=cos’s __ 3 = lim 3
" 220 In(1—2z)+sinz~ 2-0 2 53 I 2—0 22 93 g4
—2-% - J+|z-L+L - -2 2 _
2°3 315! 27371
2
(1—Z +)
—im 3,
0 (_1_2_2_
2 3 4
2 2 2
— y —- 1 Yy
82. Im ey —coshy = i R vyt 4 = lim 2% 20
1-F+gg—grt. J-\1+55+F+5+ -5 ==
2 "4 6! 207417 6 6!
= lim L =-1
e
6!
IR G2 2
: sin3x , r o i _ % 3 _9,8Ix T _
83. }(l_rf(l)( 3 +x2+s)_:l(§10 3 +x2+8 —)l(l_l’{(l) (x—i §+—Za—+...+x2+s)-—0
=>§+%=Oands—%=0=>r=—3ands=%
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6 +x°

84. (a) cscxz,l—f-{-%::»cscxz o T einxwm bx

6 +x2
(b) The approximation sin x & " 6x 5 is better than

)
sin X & X.

Y
y=sinz-z
\ 2
\. .
> x
. d' ':( ’ ‘
y-mz-,——?—.,
n
85. a =%f f(x)dx =1
-
T 0 L4 -
a.n=% I f(x) cosnxdx:% I —cos nxdx+-,lf J 2 cos nxdx:—-%sin nx _"+%sin nxL =0
= = 0
1r 0 L4 .
bn=,1|. I f(x) sinnxdx 71F J ~sin nxdx+% J. 2 sin nxdx=h-1,|rcos nxri*—h%tcos nxLJ
“r - 0
—1l_ _2 =3 (1~ — 31 (1
= g5 (1 — cos ) — g (cos nm — 1) = g (1 — cos nw) = g5 (1 ~ (~1)7)
Therefore, f(x) = %O: ,r(l—(—l)“) sin nx=%+% § 1 sin[(2n - 1)x]
n=1 n=1
1 1
86. ag=1 I f(x) dx = 0dx+ dex:%
21 21 0
1 1 1
a, = If(x) cos nrxdx = J X cos mrxdx—-[cml nmx  x sin n”‘]L:%’;"}—#: —;};’(1_(_1)")
a4 0
1 1 N
b, = Jf(x) sin nwx dx stin nrxdx = [ nrx x“’sn"x]Lz—%—%(—I)"
-1 1]
—1\n
Therefore, f(x)=%+;r-1§n§1( ! €08 nTX — %i S—-ﬁ)—sm nTx
k. kY
87. %=%J f(x)dx:-,lf I (x+1r)dx=%(21r2)=21r
- =%

a, = 0 because f(x) — 7 is an odd function

m U

. 1y

= % I (x + 7) sin nxdx = %[s———-“:l,?x _{x+7) cos nx 7r)ncos nx] 2 —ﬁ.—-2( 1)
=

=—fcosnw = —

-1
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& (=1)" .
Therefore, f(x) =7 —2 ), 7~ sin nx
n=1

n £
ao:% I f(x)dx:% J sin xdx:%(-—cos x)E:%
I 3
m . _
a, :% J sin x cos xdx =0 b, =% J. sin x sin de=21?[x_8in22x]L =_é_
° 0
Forn>2

%=?1r‘J sin x cos nxdx = %

[cos [(n—1)x] cosf(n+1)x] [

| 2(m—1) 2(n+1)
T
“HE-D T T 2D 2@t D | (mnfe (-

b, _% T sin x sin nxdx = _[sm [(n—1)x] sin[(n+ l)x]][: _ 1[sin [(n=1)7] sin(n+1)7] —0
0

2(n—1) 2(n+1) TR T 2(m-1) " 2(m+1)

Therefore,

1+( "

f(x) = + sin x + % f: €os nx = ;];- +1sinx +’)2F § ——1—5 cos [(2n)x]
2 2 n=1 1—(2n)

2
cag=j If(x)dx— [2+4)=3

£

2 0 2
a, =‘21' J f(x) COS(%)dX = %l: J cos( )dx+ j (1+x) cos(llq?)dx:l
0

+%[T4ﬂ§- cos(g%)-&-?-(-ln;ﬁ sin(%)][ =;§21r—2[cos nr—1] = 2((—“1):— 1)

2 0 2
b, =% I f(x) sin(“—’z'z)dx = %l: J sin(%ﬂ)dx+ l (1+x) sm(T)dx]

- _% cos(%)[iz +[__(1:;rx) cos(.2—)+72—sm(%5)][ = hlf(cos nm—1) +ﬂlﬂ=(1 —3 cos nr)

(-H*-1 1-3(-1)* 2(-1)"
= n7w + nr =-"nr

(—1):—1 cos(mrx)_% b ( )n sm(;%r;)

1 n n=1

™8

Therefore, f(x) = %+ %

T~ n:
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=O"

1]
D=
L
=
"
=
]
=
—~

5
I
~—"
a
»
I
D=
| ae—]
= Cu———
"
2.
=
N
=
1
e
~—
o
"

+
—_———
]
=
—~~

]
i
~—r
a
»”
— —~

n®r
Therefore,

_3.2 & cos(!‘i—r) -1 nrx) & 2 nr\_ 1 nrx
f(x) = g+ =} ngl — COS(T)+nz=:1 (W sm(—ﬁ—) — i €08 nfr) sin (T)

1 1/2 1 1/2
91. (a) a°=% I f(x)dx =2 I dx = l;a.nz%-J' f(x) cos nwxdx =2 J cos nrx dx
0 0 0

0
in (07
1/2 sin( §F
=& sin n1rxL =i sin (%‘E). Therefore, f(x) = %-0—% f: —(2n—) cos n7x
n=1

sin nrxdx = "lizﬂ' cos mrx‘:)/2 = i‘rzf(l - cos(%))

&

1
(b) b, =% J f(x) sin nTxdx = 2
[}
_2 R 1/,_ nr\)
Therefore, f(x) = Tngl ﬁ(l cos(T)) sin nwx

2

92. (a) ag =% T f(x)dx = I xdx:%; a, =% T f(x) cos(%)dx = J% x cos(T)dx
0 1 0 1

= [;54;7 cos(-&gz)+ w2 x sin (572'3)][ = ;—f;,—[cos nm— cos(l—g—r)]— £ sin (%;r_)
Therefore, f(x) = % z 21 (;Zr”[cos nﬂ—cos(%’i)]—,lr sin (’—1%)) cos (%3)

2 2
(b) b,=% J f(x) SID(E;ZD—()dX = I x sin('—%’s)dx = —% sm(%i) 1% COS N7 +ﬁgf cos(T"')
1

Therefore, f(x) =% M (_ng_w sin(%—")—% cos nr +1 fi cos 521) sm(%
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1

1 1 1
93. (a) aoz%J f(x)dx =2 J sin dex——%cos nxL:% %J f(x) cos 1rxdx=2I sin 7x cos mxdx
0 0 0 0

1 1
1
=—§1;c0521rxL=0. Forn>2,a,=2 I f(x) cos nrxdx =2 I sin 7x cos nTxdx
0 0

_ [cos [(n—1)7wx] cos[(n+ 1)1rx]]£ =l[ 4008 [(n—1)7] cos [(n+ 1)7]
n—1 n+1 T(n— n+1 n—1 n+1

_2.1R| 1 1, cos[(n—1)x] cos[(n+1)n]
Therefore, f(x) —f+7n§1 [n+1 It a-T — nFl o8 nTx

1 1
. 18
(b) by =% J f(x) sin mxdx = 2 J sin? mxdx =[x—%’r—’£]L =1 b, =0forn>2.
0 0
Therefore, f(x) = sin #x, as expected.

/2 =/2
94. (a) ag =14 I cos xdx:%[sin(%)—O]:% o =% J cos x cos 2nx dx
0

0
. {(2n-1)rx . {(2n+Drx

_ g[sin [(2n - 1)x] +sm [(2n+ l)x]][/ 2|:s1n[ 2 ]+sm[ 2 ]] _ 4=y

=% "om—1 T 1 =773 WFT 1" 7 (1 4n?)

Therefore, f(x) = %+% i% (=1 cos 2nx
n=1 (1 —4n? )

/2 x/ /2
(b) b, =% J f(x) sin 2nxdx =% I cos x sin 2nxdx = = %[_cos [;in_—ll)x] -+ [éin-:-ll)x] [
0 0
cos[(2n - 1)1r] cos[(zn + 1)1r]
=2/ 1 . 1 _ 2 _ 2 —__8n
Tl2n—1"2n+1 2n—1 2n+1 (4n2—1)1r
8 o]
Therefore, f(x) =7 E i sin 2nx

3
9. (a) ag=1% J f(x) dx =%J (2x+x2)dx=§(x2+"—3—3)[=§(18)=12
0
3 3
a, = J f(x) cos %—’5 dx:% J (2x +x?) cos(l?)dxz (using CAS)
0 0

[6n7r(1 +x) cos(—a—-) +(n%x%x(x +2) — 18) sin(%)][‘) = ;%—:7;[4(-1)“ -1]
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— n —-—
Therefore, f(x) = 6 +% § W cos(nsﬂ)
s

n=1 n

(b) b =% T f(x) sm( ) =% T (2x +x2) sm(T)dx = (using CAS)
0 0

2.2 n
-2 in (DTX 2,2 nwTx [(18‘ L5n*x )( ~1)" - 13]
= nsﬂ_s[—IBnr(l +x) sm(T)—(n wx(x +2) - 18) COS(T)]E 33
—er2.2)_1\yn _
Therefore, f(x) = —65 io: @M—G sin(ﬁgg)
T n=1 n
2
2 x -x 2 1_e?-1
96 (a,)ao=§ f(x)dx = | e *dx=—e L)=1_?= 2
0

2 __ —1)® _ o0 - (-1 T
= ————-—-‘(15;3+ - §1rz ))ez)' Therefore, f(x) = e 21 + -35 nz (a " izwl)) (%—’-‘-)

(b) a, =% I £(x) sin(gg—’-‘-)dx = I e~ gin (%)dx = —ﬁ-’p[e”‘ (mr cos (9-’2"5)+ 2 sin (%))]E

__,2“""(92_("1)11) 2n n(e —( 1)“) . X
= Therefore, f(x) = 2 nzl —T——rsm(n )

i4+nz‘lr2;e2 ) 2

97. (a) § (sin 2—1n-—sin ﬁ):(sin%— sin %)-{-(sin%—sin %)-}-(sin%—sin %)+...+(in %n-—sin 'Z_xil-{-—f)

n=1
3 1 1 ‘C“(%) 1 1
+ ..=nz_: (=1)" sin ; f(x) =sinx:f’(x)‘=—2—<0ifx22=>sinm<sinﬁ, and

hm sing =0 => ~1)" sin & converges by the Alternating Series Test
n ﬁ

(b) terror| < |sin é‘ ~ 0.02381 and the sum is an underestimate because the remainder is positive

_.%ﬁ)(O
1

< tan %, and lim tan %: 0= § (—1)" tan  converges by the Alternating Series
n=2

98. (a) E (tan o0~ tan g 1) E (~-1)" tan ﬁ (see Exercise 89); f(x) = tan g = f(x) =

= tan
Test

1
n+1

b) |error| < |tan 1 25 0.02382 and the sum is an underestimate because the remainder is positive
Fyj P
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107.

108.

109.

110.

111.
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fe.2}
Yes, the series § a,b, converges as we now show. Since )  a, converges it follows that a, — 0= a, <1
n=1 n=1

fe. 5]
for n > some index N = a, b, <b, forn >N = ) a b converges by the Direct Comparison Test with
§ \ n=1
n=1 n
fe.5]
No, the series >, a b, might diverge (as it would if a_ and b, both equaled n) or it might converge (as it
n=1

would if a, and b, both equaled 1).

n—oo

§ (Xp41 —%X5) = Jlim § (%41 —x,) = Jim (X347 —%) = lim  (x,,,) —%; = both the series and
n=1 R0 k=1 k o

sequence must either converge or diverge.

8y
. . N (I + "n) ; 1
It converges by the Limit Comparison Test since Aim = Jim, T+a, =1 because E a, converges
=

& ay a3 8, 1
@ & Par PP e znr(Bar (ot Fririehe
+ %"'%*‘1’11"""""]!6)’16*"“2%(“2"‘“4"'&8‘*'&16"'--') which is a divergent series
1,1 .. 1 =1 4, 1 1
> 42""a'ndm+]n4+ln8+"'—ln2+.—r—2 n2+—r—3 n2+...

= 1.1 ich di L _1 g4
= Iﬁ(l +5+3+.. ) which diverges so that 1 +nz=:2 o diverges by part (a)

—

(a) T= (2) (0+2( ) ‘/2+e)=%e‘/2+}fez0.885660616

1 1

2 4 4 3 4 5 -

(b) x’e"=x2(1+x+i‘2—+...)=x2+x3+"-2-+...=> I (x2+x3+"7)dx=["?+"?+éfﬁ] =%-(15=0.68333
0 0

(c) If the second derivative is positive, the curve is concave upward and the polygonal line segments used in
the trapezoidal rule lie above the curve. The trapezoidal approximation is therefore greater than
the actual area under the graph.

(d) All terms in the Maclaurin series are positive. If we truncate the series, we are omitting positive terms
and hence the estimate is too small.

(&) | x%e* dx =[x%* - 2xe* + 2e"](1) =e—2e+2—2=e~2~(.7182818285

[ - L——

(@) 1442

© Sy %

x _1\n+1:2n+2
ﬁdt:] (1—t’+t“—t6+...+(—1)“t2"+(L£—-——)dt
0
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x
3 5 7 (_1)11 (_1)n+lt2n+2
1, X X _x 2n41
tan” x =x—F 4+ -+t X +I Ty dt

(b) By definition,

(@)

112. (a)

(®)

113. (a)

(b)

_ 3 5 7 —1)m ¥ (=1)pt1y2n+2
R, (x) = f(x) — P,(x) = tan lx—(x—%+%—x—+...+§n—+)-Tx2“+‘)=J ()T-{—tr—dt

If the integrand goes to zero in the limit, then so will the value of the integral.
(_1)n+1t2n+2

—_1 14242 _
Ixi<1=lt<l= lim St = o i, (- —1y»*+1¢20+2 = 0. Ifix|=1, then the value of the

integrand will approach 0 for all values of t between 0 and x, while at t = x, it will oscillate between
+

T -}l-tz' However, the integral of a function will converge provided the function is piecewise continuous
in the interval 0 < t < x. Therefore, we would expect that convergence of R, (x) to zero would not be

affected by the value of the integrand at the single value t = x provided it is finite, which it is. Therefore,
Jdim R, (x) =0 for|xj< 1.

1 o0
For |x|1<1,tan™ " x =
n

Substituting x* for x in the Maclaurin series for sin x,
£10 4n+2
2 2_ X_ - [ L. S
sin x* = x ,+5, et (-1) Ga¥ DT

Integrating term-by-term and observing that the constant term is 0,

4n+3

7(3-) 11(5') ) GmreEmE T

=1__1 _____ —1) 1
sin x dx =3 m E) v+ (1) (4n+3)2n+1!+""

1 1

Since the third term is TG0 =1395 < 0.001, it suffices to use the first two nonzero terms (through degree

7.

g(x) =2x+3 =g 1 (x) = ’—‘—E—a and when the iterative method is applied to g~(x) we have x, = 2
— —2.99999881 in 23 iterations = —3 is the fixed point
) =1-tx = g7'(x) =

X and when the iterative method is applied to g~(x) we have xy =2
— 0.199999571 in 12 lterat!ons => 0.2 is the fixed point
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CHAPTER 8 ADDITIONAL EXERCISES-THEORY, EXAMPLES, APPLICATIONS

1. converges since converges by the Limit Comparison Test:

1 < L and § 1
(3n—2)o+1/2 " (3n _9y3/2 7 15 (30— 9)372

()
3/2
I S A T

lim =

n-+6o 1 n—ango
((em - 2)3/2>

) 3 3
2 -1 -1 3
2. converges by the Integral Test: «1[ (tan"l x) xzd—’:- I = bll.nolo {(tan3 X) ] = lim [(t_an_g_ﬁ_l%i]
(B _=\_ 1
~\24 192)7 192

-2
3. diverges by the nth-Term Test since lim a, = lim (-1)" tanhn= blim (—1)“(;—";) = lim (-1)"
—+00 e

(122)" =7

does not exist

4. converges by the Direct Comparison Test: n! <n™ = In(n!) <nln(n) = %‘1%

logn (n!)

= log, (n!) <n = —2—< -—5, which is the nth-term of a convergent p-series

i i 12 1.2 12 2-3\/1-2
5. converges by the Direct Comparison Test: a, =1=—2— a, = = , 8= 1.2
! OEE? 2T e ™ (m)(s -4)

3:4\(2-3)(1-2 & 12
(3)(5)(4)2» ay = (ﬁ)(ﬁ)(ﬂ) (4)( )(5) N 1+x§__:1 T Y represents the
1

12 2 sps .
iven series and ————-————7 < which is the nth-term of a convergent p-series
& +)n+3)m+27° nt’ gent p-

6. converges by the Ratio Test: lim = lim a =0<1
§ nsce (m—1)(n+1)

7. diverges by the nth-Term Test since if a, — L as n — oo, then L = 1—_1:-1: =2L24+L-1=0=L= :_1_%___\/5
#0

o0 o0
8. Split the given series into ) 37!‘1—_(_-1- and ), 32';; the first subseries is a convergent geometric series and the
n=1 n=1
2/
second converges by the Root Test: nll.“&o by 522'-‘5 = # = -l—rl = % <1



10.

11.

12.

13.

14.

15.

16.

17.

18.
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f(x) = sin x with a = 27 = f(27) = 0, f(2r) = 1, {/(27) = 0, {"'(27) = -1, f4)2r) = 0, £9@2m) =1,
: _ o3 95 YRy 4
192r) = 0, £0(2r) = ~1; sin x = (x—27) = & 3,2") JE0 (= 21 4
‘x X2 X3 itha=20
e =1+x+ﬁ+ﬁ+...w1t a=
f(x) = ln x witha =1 = 1) =0, #(1) = 1, £(1) = -1, £"(1) = 2, {9)(1) = -6;
_1)2 _1y3 —1)4
1nx=(x—1)—(x 21) +(x 31) _ 1 ) +...
f(x) = cos x with a = 22 = £(22) = 1, £(22) = 0, £(227) = -1, £""(227) = 0, £*)(22m) = 1,
)(220) = 0, 1{6)(221r) =-l;cosx=1 —%(x —227)? +er(x —22m)t _BIT(X -22m)% 4+ ...
f(x) =tan'x witha=1= f(1) =, (1) = Loy =-3, )= %
a, _r, x=1)_ @x=1? (x=1)°
tan™ x = g+ —5—"—"7¢ +=—g—t..
. 1/n 1/n
Yes, the sequence converges: cn=(a.“+b“)1/n=>cn=b((%)n+1) = lim ¢, = lim b((%)n+1) =b
since0 <a<b
2 3 7 2 3 7 & 2 & 3 & 7
1424+3 4 L4 2 4.8 =1 —2 S S - Qe
R AR AT AR T AT AST AR VT AP VT e P T
3 7
2 = i
PSP ¢ N ) B ),
=1 =1+ +
+nz=:o 103“+1+n§o 103“+2+n§o 1030+3 1_(L )3 1_(1)3 1-(L )3
10 10 10
_1.,200, 30 . 7 _999-+237 _412
=1+355+909 7999~ 999 333
1k+1 1 2 n n
S dx =[ dx I dx J dx _ _, =I dx
sﬂ_kgo T+ % T+t ) T4t T+ m 1+x?
k [} 1 n-1 0
: o -1 ~1)_ 7
=>x‘lLr{.1° sn—nlggo (tan n — tan 0)_7
|| (+1)* @+DEx+D? x [+
A0 | = A (n +2)(2x + 1)**T nx> = Jin, 2x+1 n(n+2) _|2x+1|<1
= Ixi<|2x 1) x>0,1x1<|2x+ 1| > x <2x+1 = x> ~L if ~§ <x <0, 1xI<|2x+1]
= —x<2x+123x>-12x> —§iifx< —§,1x1<|2+1]= —x < —2x 1= x < ~1. Therefore,

the series converges absolutely for x < —1 and x > -1

3
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n+4-1

19. (a) From Fig. 8.13 in the text with f(x) = xandak_ll(,wehave J %dx51+%+%+...+%
1

n
<1+J fx)dx = @+ <1+143+..+1<14mn=0<m@+1)-lnn
1

5(1+%+%+...+%)—lnn51. Thereforethesequence{(1+%+3+ g )-—Inn}isboundedabove

by 1 and below by 0.

n+1
(b) From the graph in Fig. 8.13(a) with f(x) = ia n+1 < .[ %—dx =ln(n+1)~lnn
n

=>0>E-_%_—T—[In(n+1)—lnn]=(1+%+%+...+n+1—ln(n+l)) (1+%+§+...+%—lnn).
Ifwedefinean—1+2 3+n —Inn, then 0>a, ., —a, = a,,; <a, = {a,} is a decreasing sequence of

nonnegative terms.

20. (a) Each A, fits into the corresponding upper triangular region, whose vertices are:
(n,f(n) - f(n+1)), (n+1,f(n+1)) and (n,f(n)) along the line whose slope is f(n + 2) — f(n + 1).
1) —f
£ ) f(1) —1£(2) > 8 a0 1) - f(2)

n=1

All the A, ’s fit into the first upper triangular region whose area is —~x——*
(b) If A, f(k—'”%i(k) I f(x) dx, then
k

2 3 n
:zz Ak__:f(l)+f(2)+f(2)+f(3)+2f(3)+...+f(n—1)+f(n)_J ) dx—J () dxm.. - I f(x) dx
-1

1 2 n

f(x) dx = 2 A= z (k) — ﬁ;—fin—)-J f(x) dx < LIB) gy

MO +x5: ) - T
1 1
£

part (a). The sequence { } is bounded above and increasing, so it converges and the limit in

question must exist.

(c) From part (b) we have k§ f(k) — J f(x) dx < £(1) — f(2) f(n)
=1
1

= lim [i f(k)-f £(x) dx:|< lim_ [f(1)-f(2) f(“)] 10 - X2 The sequence
k=1 1

n
{ f: f(k) — J f(x) dx} is bounded and increasing, so it converges and the limit in question
k=1
1

must exist.



21.

22.

23.

24,

25.
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The number of triangles removed at stage n is 3°L; the side length at stage n is 2“%1.’ the area of a triangle
2
at stage n is 4(5—1‘9_7) .
2 [} n
(a) ‘/_b2+3‘/—( ) +32 ‘/_(‘2’7)+33‘/-( ) L=V > 2= § (3
n=t

V32

(b) a geometric series with sum ——-3~ 4 (%) = /3b?
1—

(c) No, for instance,the three vertices of the original triangle are not removed. However the total area removed
3b? which equals the area of the original triangle. Thus the set of points not removed has area 0.

The sequence {x;} converges to % from below so ¢, = %—xn > 0 for each n. By the Alternating Series
Estimation Theorem ¢, ; glr(cn)a with jerror| < glr(en)s, and since the remainder is negative this is an
overestimate => 0 < €4, < %(cn)s.

(a) No, the limit does not appear to depend on the value of the constant a

(b) Yes, the limit depends on the value of b. The answer to part (c) shows how the limit depends on the value
of (b).

n ( cos(2) cis(%))( == (i)"+ COS(%))
(c)s:(l—ig;g%—)) :logs:u:lim log s = -~
ORE &

o Bein(®)-cos(®)
n—oo

=§=f=-1= Jim, s=c" ~0.3678794412; similarly,

lim (1 _fﬂﬁ)n —e-l/b

n-—oo n

at/n o
o . o 1+sina, - 1+sina ) l+sin(lim a,) 1.4sino
2, @, convergen = lim &, =0; lirg, [(—r)] —JH&,( )= B A
= % = the series converges by the nth-Root Test
: u ptix®+! Ing 1 1_ __ 1
nllongo |——|<1=>nl_1_.rg° mbﬂ <1=>|bx|<1=>-b<x<-6—5=>b-:h-5-
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26.

27.

28.

29.

30.

31.

32.

33.

A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin X, In x and
e* have infinitely many nonzero terms in their Taylor expansions.

Uy _(n+1)? 2.1 2 1

(a)ﬁ;%=T=1+ﬁ+p:>C=2>IMdnz=:1 -3 converges
+1_ 1.0 = L1y
(b) ¢ n+1 _1+n+n2=>C—151andnz=:l g diverges
5n2
6 3\ | 2——

Yy _202n+1) 40?4 2n (Z) 5 (5 [(‘m —4n+1) ‘o

= = =14~ — =14l Jaft
Ynt1T (2n-1)? T 4n?-4n+1 *m 4n —4n+1 et n? afLer long division

_3 5n 5 & )
=>C=3>1 and |f(n)|= =2 <5 =>nz—:1 u,, converges by Raabe’s Test

—4n+1 (4_%+_1§>
n

o0
(a) f a,=L= a% <a, ) a, =al= f: a: converges by the Direct Comparison Test
n=1 n=1 n=1

on_
; (1 - “n) 1
(b) converges by the Limit Comparison Test: lim = lim

n=co 8, n—oo ] —

fo.*]
=1 since converges and
&, ngl ®n €

therefore Jm a, =0

2 & a,
f0<a, <lthen|ln(l-ap)|=-In(l-a)=a,+P+P+...<a +al+al+... =T
a positive term of a convergent series, by the Limit Comparison Test and Exercise 29b

1

o0 o0
1-x)'=1+ x" where {x|< 1 = =4 1-x)"1= nx*1 and when x = 1 we have
(1-x) = o= &—07 = 2

4=1+2(%)+3(%)2+4(%)3+...+n(%) T
@ n)";_": o :_x—_x:ni (n+1)xn—(2lx :)Z 2 a(a+ et e _2x)§ =>nij:l n(n+1)x“=(1 zxx)

2
2x1)3,|x|>1

1/3 1/3
(b) x= 3 “(“x:fl):x (21)3=>x 3x2+x—1=0=>x=1+(1+——9\/5_—7-) +(1_@)

% 2.769292, using a CAS or calculator

o0 oo
2 . —x1b . = = - ]
e <eXforx>1l,and | e¥dx= lim [—e*] = lim (—eP+e 1) =el= | e dx converges by
- b—oo 1 pooo
1 1

-~} 2 x 2
the Comparison Test for improper integrals = Y, e™ =1+ )  e™ converges by the Integral Test.
n=0 n=1



34.

35.

36.

37.

38.
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2 3
Yes, the series § In (1 + a,) converges by the Direct Comparison Test: 1+a, <1+a,+ % +;—"" +
n=1 i :
=>1+a,<en=>In(l+ay)<ay,

———— o0
(a) a- x)z £K(llx)=§i(1+x+x2+x3+"')=1+2x+3X2+4x3+.-.=nz=:1 a1

) tom s 0wt 3 ()- B -
6

o0
(c) from part (a) we have El np*lq=
n=

®)

o &n=E FAE -yl =L S ST

© & & wi= £ ()=t (-ky) =1 w0 = £ = £ ()

oo
= 2 et divergent series so that E(x) does not exist

—kt, —nkt, ~kt,
—kt -2kt -nkt, _ Coe © (1-¢*%) . Coe ° Co
(8) Ry=Cpe” 0+Coe ~ O+...+Coe °=——::kTo—=>R=nll."éo Rn=1_—_wo= Fo_,

-1(1 _o—n -
(b) Ry = e_T(g__el_) = R, = e~ ~ 0.36787944 and Ryo = -—l(l—e-e—) ~ 0.58195028;
e -

R= ei 1~ 0.58197671; R — Ryo = 0.00002643 = 5—"1%‘-12 < 0.0001

_eti—e®) R_1(_ 1 R sRol-e® (1Y 1
© Ro=—1=5 ,i_f(e.l_l)m.nmas,R,,>7=> - >(§)(e,1_1)

=1- '“/1°>§=>e n/10 <§=>——-6<ln(%)=>-i%>—ln(%):n>6.93$n=7

Co
kto

kt, kt CH 1 CH
(a) R= 1=>R)e 0=R+CO=CH=>0 °=—L=>to=iln(ﬁl:

(b) tO T In e =20 hrs
(¢) Give an initial dose that produces a concentration of 2 mg/ml followed every to = m 1“(625) a2 69.31 hrs

by a dose that raises the concentration by 1.5 mg/ml
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@ to=gy 1n(b°—1§)= 5 ln(-%o) ~ 6 hrs

39. The convergence of !21 |8, | implies that lim |an[=0. Let N > 0 be such that "anl < -;- = 1-|ay,| >%

[2a]
T2,

<|an|+|a,,|’+|an|3+|an|"+...=1

3 4
8n|( |3
= Tjaq| 3 +lrl+

2 3 .4 2
<2|a,|for alln > N. Now |In( l+ay)|= <%_%+%—%+-~-‘SI%I+‘%‘+

[8n]
~ 8|

o0
Comparison Test since Y, |2 | converges.
n=1

o0
<2|a,|. Therefore ng] In(1+a,) converges by the Direct

40. i i (h'} T n)) converges if p > 1 and diverges otherwise by the Integral Test: when p =1 we have
=
b b
. o dx ___ b_ . dx
bll‘nolo l x In x(In (In x)) bhm [In (in (in x))]a , 00; when p # 1 we have bl-l-.rgo J x In x(In (In x)
3
(In(In 3))~P+!
_ [(ln(ln x))—p+1]b )T — ife>1
—ow

3 o if p<1

NOTES:





