CHAPTER 8 INFINITE SERIES

8.1 LIMITS OF SEQUENCES OF NUMBERS
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19. lim (1+ (—1)") does not exist = diverges 20. lim (—1)“(1 —%) does not exist = diverges

21. n]i»"éo (2%1-)(1 —%) = lim (%+%)(1 —,1—1) = % => converges
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Section 8.1 Limits of Sequences of Numbers

-1 converges; (let x = n + 4, then use Table 8.1, #2)

lim v/4°n = Jlim 43/n=4-1=4= converges (Table 8.1, #2)

n—00

VB iy 32 (1R) 2 Jim 32-3Y/%=9.1=9 = converges  (Table 8.1, #3)
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im &0 Table 8.1, #6
A, == 0 = converges (Table 8.1, #6)
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Jig, B = limy, (1016),‘) =oo = diverges  (Table 8.1, #6)
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. ] . :
Jim ?{%ﬁ = lim (é) = oo => diverges (Table 8.1, #6)
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= n]ll’!‘l exp( —'—"—(n 1)) =e => converges

Jim, (%T)l/nznli_{& x(frl_lrf)lln=x“l'i"% exp(% ln(2nl_‘_1))=xnl_i_’q.1° exp
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o =2 \_ o0 —
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1Y 1 ln(l_nl_z) (;125)/(1_%)
48. lim (1—-—2) = lim exp(n ln(l—n—z))znli‘rgo exp T = lim exp 1
; (=)

= lm exp( —2-2n1) =e% =1 = converges
nZ—

; i im 362
49. lim = lim <% =0 = converges (Table 8.1, #6)

n=éo 2M.pl T nsco  p!

1 1
. nZsin (% . sin (%) L (cos (ﬁ))(?) —cos (%)
50. lim T = A A lim T = lim ; ( 2) =5 = converges
L Tt e
51. lim tan~'n =7 = converges 52. lim 71; tan"ln =0 g— =0 = converges

53. lim (L) +—L .= j Y (1Y Y=o Table 8.1
- im (3-) +ﬁ_n5§o (3) +(%) =0 => converges (Table 8.1, #4)

n 2
54. Jergo \/n! +n=lim exp[l—n—(nn—“)] = x}Lngo exp(%—;"-_—i) =el=1= converges
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n-—oo n+ /nz_n

= % => converges

57.[W—1|<10-3=>—17.-10—0<(%)1/“—1<1—0103=>(%)n<%<(-}%3—6)n=>n>—;‘;—9—)=>n>692.s

1/n
=>N=692;an=(%) and Jim a, =1

-3 1 1 1 999 \* 1001y = 9123:
5. | Y-1[<107 = g <n'/m 1 < i = (F55) <n<(BO) = n > 0128 = N = 9125,

aﬂ:{‘/ﬁ:nll"andnli‘noloanzl

- =310, =658 =(AY :
59. (0.9)° <103 = nIn(0.9)<-3In 10 = n> ) %65.54 = N = 65; a, = () and lig a,=0
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60. %—T— < 10-7 = n! > 27107 and by calculator experimentation, n > 14 = N=14; a, = %,-n and nll‘ngo a, =0
61. (a) 12—2(1)2 = ~1, 32— 2(2)? = 1; let f(a,b) = (a + 2b)? — 2(a + b)? = a® + 4ab + 4b? — 2a% — dab — 2b?
=92b? —a? a2 —2b% = —1 => f(a,b) = 2b> —a? = 1; a? —2b? = 1 = f(a,b) = 2b? —aZ = -1

2
2 o_f[a+2b a? +4ab +4b? — 22% —4ab—2b% _ —(a2-2b%) _ 11 1\
® ’n‘2‘(a+b) —2= (a+b)? @aib)? i o m =y22(s)

In the first and second fractions, y, >n. Let % represent the (n — 1)th fraction where % >landb>n-1

for n a positive integer > 3. Now the nth fraction is ?_r? anda+b>2b>2n—-2>n=>y, >n. Thus,

dizg, 1= V2.

B f(Ax) . f(0+Ax) £(0)
i) i, oi(l)= i, TP = i,

® Jim ntan~(3)=£(0) = 1_+_0_5 =1, f(x) = tan~1x

= f'(0), where Ax = 1

i

(c) Jim n(el/m—1)=f(0) =2 =1, f(x) =

@ fim nln(142)=F0) =535 =2 () =In(1+20)

1+2()

2, _4n’+4+4n41 2
63. (a) fa=2n+1, thenb=L%J=Lii“r+-J=L2n2+2n+%J=2n2+zn,c={§f1=rzn=+2n+%1
2
=2n%2+2n+1 and a2 +b? = (2n +1)2 +(20% + 2n)° = 4n% + 4n + 1 + 4n* + 8n% + 4n?

—4nteend+8nl+4n+1=(n2+2m+1) =%
2 2
a’ 2 a
(b) lim Bl ;e gy

24 _ . g
Aim ra_z-]_."'{& m A —_T_ Aim sm0—03x;1/2 sinf=1
2 2

27
64. () Jimg, (20m)!/ ) = limy exp(270T) = limg exp((T)) = Jim, exp () == 1

n! =~ (2)%/2nr, Stirlings approximation = /nl »(B) (2n1r)1/ (2m) B for large values of n

® =n V! :
40 15.76852702 14.71517765
50 19.48325423 18.39397206
60 23.19189561 22.07276647

65. i Inn_ y (%)
(a') il n® = ol cn€~1~ n=oo cn
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(b) For all € > 0, there exists an N = e ™)/ gych that n > =129/ o I p » —l%—f =Inn®> ln(%)
s>l Lees|l ol<e= lim L=0
€7 n® n® n—c p¢
66. Let {a,} and {b,} be sequences both converging to L. Define {ea} by gy =D and ¢y ; = a,, where
n=1,2,3,.... Forall € >0 there exists Nj such that when n > N, then |a~n - L] < € and there exists N,
such that when n > N, then |bn -L | <e¢. If n >max{N;,N,}, then both inequalities hold and hence

|ea—L| < € s0 {c,} converges to L.

1/n

67. nlggo n = nll»"olo exp(% In n) = nango exp(%) =el=1

1/n

68. lim x = lim exp (Tlf In x) = e =1, because x remains fixed while n gets large

69. Assume the hypotheses of the theorem and let € be a positive number. For all ¢ there exists a N, such that
when n > N, then |a, ~L|{<e= —e<a,~L<e= L—c<a,, and there exists a N, such that when
n> N, then|c,~Li<e=> —e<¢~L<e=>c, <L+e If n > max{Ny,N,}, then
L-e¢<a,<b <c,<L+e¢ =>|bn—L|<c=>n1_i_'rx°1o b, =L.

70. |ay — L|< § = |f(a,) — f(L)| < € = f(a,) — (L)

71. Let L be the limit of the convergent sequence {ap}. Then by definition of convergence, for % there
corresponds an N such that for all m and n, m > N = Iam~L|<%and n>N= |a.n—L|<—2€-. Now

|%—ah|=]am—L+L—a.n|§|am—L|+]L—anl<§+%=ewheneverm>N and n > N.

72. Given an € > 0, by definition of convergence there corresponds an N such that for all n >N,
|L1—a“|< € and ]Lz—a,n|< €. Now|L2—L1|=’L2—a.n+ah—L1|§[L2—an|+|an-—L1l< €+e=2e
|L2 -L, , < 2¢ says that the difference between two fixed values is smaller than any positive number 2e.

The only nonnegative number smaller than every positive number is 0, so lLl -L, | =0orL, =L,

73. Assume a, — 0. This implies that given an ¢ > 0 there corresponds an N such that n > N = ]&n—0|< €
=>|an|<e=>||an||<e=>“ah|—0|<e:|a.n|—>0. On the other hand, assume |a, | — 0. This implies that
given an € > 0 there corresponds an N such that forn>N.||an|—0]<c=>||ah||<e=>|a.n|<c
= |a,—0|<e=>a, —0.

74. (a) 8, =6.815, S, = 6.4061, S5 = 6.021734, S, = 5.66042996, Ss = 5.320804162, S; = 5.001555913,
S; =4.701462558, Sg = 4.419374804, S, = 4.154212316, S0 = 3.904959577, S,, = 3.670662003
S;5 = 3.450422282 so it will take Ford about 12 years to catch up

)



Section 8.2 Subsequences, Bounded Sequences, and Picard’s Method 659

(b) 3.5 =7.25(0.04)° = (0.94)" = 3
In(3:5
=nin(0.94) =In 73_235 sn= ln((g—:ﬁ))

= n =~ 11.764 ~ 12

75-84. Example CAS Commands:

aple:
a:=n -> (n)(1/n);
ji= 9400: k:= 9800: A:= plot(a(n), n=j..k, style=POINT, symbol=CIRCLE):
fi= x -> 0.999: g:= x -> 1.001:
B:= plot({f(x), g(x)}, x=j..k):
with(plots): display({A,B});
Mathematica:
Clear[a,i,n)
aln_] = n"(1/n)
atab = Table[ afi], {i,25} 1 // N;
ListPlot[ atab ]
L = Limit[ a[n], n-> Infinity ]

Note: for this a[n], the first n for which Ia.[n]—L|< 0.001 is n = 1! Let’s
find the next...

a[l] - L

First check several orders of magnitude, then zoom in by trial & error:

Table[ {i, N[a[10i]—L]}, {i,10} ]
N[a{9000] — L]
N(a[9200] — L]
N[a[9123] - L]
N[a[9124] — L]

This is the first n for which |a[n]-L|<0.001; for 0.0001, we get the rough
estimate:

N[a[120000] - L]

8.2 SUBSEQUENCES, BOUNDED SEQUENCES, AND PICARD’S METHOD

2 8=l m=f 8= gl =§ 2= g =gp =g

N N |
39 = 362,880 10 ~ 3,628,800
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3.

10.

11.

12.

13.

aI=2,a2=(__w=1, &3=(“‘1;3(1)=_

1 —_1 —_1 -1 -
% =16’ 27 = 7331 %8 ~§4’ % = 128" %10 = 755

(- 92.(—
a,1=——2,a2=1 (22)=—1,a3= (1)

2 1
a7=—%, 38=“%v a,9=—§, am:—g

. a1=1,a2=1,a3=1+1=2,a4=2+1=3,a5=3+2=5,a6=8,a-,=13,a8=21,a9=34,a.m=55

(-2) (%)

2_, 2i~(h-a) 2ia (Wt
. (a) f(x)=;(2._a,:f’(x)=2x=>xﬂ+1=xn—x3x-n = X4 = 2(xn )=x121xn =( 5 )

(b) x; =2, x; = 1.75, x5 = 1.732142857, x, = 173205081, x; = 1.732050808; we are finding the positive

number where x% —3 = 0; that is, where x* = 3, x > 0, or where x = \/g

. X = 1.5,, x, = 1.416666667, x3 = 1.414215686, x, = 1.414213562, x5 = 1.414213562; we are finding the

positive number x% — 2 = 0; that is, where x? = 2, x > 0, or where x = \/5

. (a) f(x) = x% — 2; the sequence converges to 1.414213562 ~ V2

(b) f(x) = tan (x) — 1; the sequence converges to 0.7853981635 z%

(c) f(x) = e*; the sequence 1, 0, ~1, ~2, -3, —4, -5, ... diverges
(8) x, =1, x; = 1 +cos(1) = 1.540302306, x5 = 1.540302306 -+ cos (1 + cos (1)) = 1.570791601,
x4 = 1.570791601 + cos (1.570791601) = 1.570796327 =% to 9 decimal places.
(b) After a few steps, the arc (xn_l) and line segment cos(xn_l) are nearly the same as the quarter circle.
>a, o @¥DHL Sntl_ dntd Sn+l 3n?+3n+4n+4>3n%+6n+n+2
128 T I 1 o+l n+2 O o+l

= 4 > 2; the steps are reversible so the sequence is nondecreasing; -?-’H <3=3n+1<3n+3

= 1 < 3; the steps are reversible so the sequence is bounded above by 3

2m+1)+3)! (2n+3)! _ (2n+5)! _ (2n+3)! (2n+5)! _(n+2)
128 D I I (@) @+~ @+ GaF) @FI)
= (2n +5)(2n +4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not

1
bounded since %IT:;I:% =(2n+ 3)(2n +2)--(n +2) can become as large as we please

gn+lgn+1  gngn gn+lgn+1 (n + 1)!
S ey oy L e

reversible so the sequence is decreasing after a, but it is not nondecreasing for all its terms; a; =6, a, =18,

= 2-3 <n+1 which is true for n > 5; the steps are
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ag =36, 8, =54, a5 = :—;%i = 64.8 = the sequence is bounded from above by 64.8

1 2_1_.2 2 1 1 1,
4 8y, 28,22 ———1- P2 > 2—3—?; g it Z-—'{2n+ —gm = n(n+ 1) T the steps are
reversible so the sequence is nondecreasing; 2 —%— 2% < 2 = the sequence is bounded from above
15. a ;=1 -1 g converges because 111 — 0 by Example 6 in Section 8.1; also it is a nondecreasing sequence bounded
above by 1
16. a, =n— 1 f diverges because n — oo and 7 L_,¢ by Example 6 in Section 8.1, so the sequence is unbounded
17. a, = z 1 =1 —2% and 0 < 5 < ]11, since § L o (by Example 6 in Section 8.1) = 5 = 0, the sequence
converges, also it is a nondecreasmg sequence bounded above by 1
n+1
18. a, = ﬂﬂ_— (%) 1 0< (%) < (%) and 0 < 3—,, < % = the sequence converges by definition of
convergence
_ n n+1\ ;. _ . _ 1 L
19. a, = ((—1) + 1)(—’ﬂ— diverges because a, = 0 for n odd, while for n even a, = 2{ 1+ | converges to 2; it
diverges by definition of divergence
20. x,, = max {cos 1,c08 2,c08 3,...,cos n} and X, ;1 = max {cos 1,cos 2,cos 3,...,co8(n+1)} > x, with x; <1
so the sequence is nondecreasing and bounded above by 1 = the sequence converges.
upper bound and therefore diverges. Hence, {a,} also diverges.
1)+1
21 a, >a,y & _E—:—_'_)—-’_— n2+2n+12n2+2n<=>1ZOandn}tlZl;thusthesequenceis
nonincreasing and bounded below by 1 => it converges
V4 1 2(n+1
2. a >an,, ”li\/_?l?&?jf’_ Vv 115 o Viti+voal+m> Jai+vVami+n e Jatrl /A
n
and %-— V20 > ﬁ ; thus the sequence is nonincreasing and bounded below by \/5 = it converges
n
+1
23 a,>a,, ® 1_'2%'.4: > 1_;!‘%_ & gl _gntlgn s gn_gngntl o gn+l _gn 5 gntlyn_ gngn+l
©2-1>2-4"—42F1 & 1> 47(2-4) & 1 > (~2) -4"; thus the sequence is nonincreasing. However,
a, = flﬂ - ;—:; = 51“ — 27 which is not bounded below so the sequence diverges
4n+1+3n_ 3 n 3 n 3 n+1 3 n 3 n+1 3
2 LT <4 (§) oy 2o 0 44(}) 24+ (3) () 2D e12famd

n
4 +(%) > 4; thus the sequence is nonincreasing and bounded below by 4 = it converges
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25.

26.

27.

28.

29.

31.

33.

34.

Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose
ranges are a subset of the positive integers“ Consider the two subsequences 3(n) and () where 8(n) — L,,
8(q) — Ly and Ly # Ly. Given an € > 0 there corresponds an N, such that for k(n) > Ny, Ia.k(n) -L; | <€, and
an N, such that for i(n) > N,, |5i(n) - L2|< €. Let N =max{N,;,N,}. Then for n > N, we have that

|2y ~L;[< ¢ and |a, — Ly| < e. This implies a, — L, and a, — L, where L; # L,. Since the limit of a

sequence is unique (by Exercise 72, Section 8.1), a,, does not converge and hence diverges.

agy — L <> given an € > 0 there corresponds an N, such that [2k >Ny = |agy —L|< e]. Similarly,

a2k+1—>L¢[2k+1>N2='a2k+l-—L|<e]. Let N =max{Ny,N;}. Thenn >N = |a, ~L|< ¢ whether
n is even or odd, and hence a, — L.

g(x) = 4/x; 2 — 1.00000132 in 20 iterations; .1 — 0.9999956 in 20 iterations; a root is 1

g(x) = x% Xg = .5 — 0.0000152 in 5 iterations; —.5 — 0.0000152 in 5 iterations; a root is 0

g(x) = —cos x; x5 = .1 — x =~ —0.739085 30. g(x) =cosx—1;x9=.1 —»x=0
g(x) = 0.1 +sin x; X, = -2 — x = 0.853750 32 gx)=(4- /1 +x)2; Xg = 3.5 — x = 3.515625

Xp = initial guess > 0 = x; = ﬁ:(xn)l/2 = Xy = x01/2=x01/4. ...=>xn=x01/(2“) = x,—lasn— oo

2
x0=initialguess=>x1=xg=>x2=(xg) =x3,...=>xn=xo2“;|x0|<1=>xn—-»08.sn—-»oo;

|%|>1=>x, 2 o0asn— oo

35-36. Example CAS Commands

Mathematica (with comments in text cells)
Clear[a];
a[1] = SetPrecision[1,20]
afn_] := afn] = SetPrecision[a[n—1] + (1/5)"~1,20);

The SetPrecision[ ] command allows you to see the specified number of digits
rather than the default value of six.

The recursive definition, a[n_J]:=a[n]=..., causes Mathematica to remember values
of the sequence that were previously calculated. The alternative form,
a[n_]:=... forces Mathematica to recalculate all the values of the sequence up to
a[n], for each value of n, as a result, the first form is computationally more
efficient.

Clearseq];

seq = Table[a[n}, {n,1,25}]

ListPlot[seq,PlotRange— {Min[seq],Max[seq]},
PlotStyle— {PointSize[0.020], RGBColor[1,0,0]},
AxesLabel— {“n”,“a[n]"}];

The sequence in Exercise 35 appears to converge to the limiting value of 1.25.
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L = 1.25;

eps = 0.0001;

n=1;

While[Abs[afa] — L] > eps, n++];
Print[n];

Maple:
> restart;
> Digits:=20;
Specifying a value for Digits allows you to see the specified number of digits of precision in the displayed
results of numerical calculations.
> n:="n%
> recur:=proc(f,al,n) local i,j;
> a(l)=evalf(al);
> for i from 2 to n do
> a(i):=evalf(f(a(i—1),i—1))
> od;
> [li,8()) $i=1.0};
> end;
> a="ani="1"fi=(a,1)->a+(1/5)7;
> avals:=recur(f,1,25);
> plot(avals,style=POINT,symbol=CIRCLE);
The sequence in Exercise 35 appears to be converging to a limit value of 1.25.
> L:=1.25;
> ni=l;
> eps:=0.0001;
> for i from 1 to 25 while abs(avals[i,2]-L)>=eps do n:=n+1 od:
> print(n);
>

37. Example CAS Commands:
Maple:

n:='n":

recur:= proc(f,a0,n) local i,j;
a(0):= evalf(a0);

for i from 1 to n do

a(i):= evalf(f(a(i — 1)))

(l,a()] $j=1..n];
end;
a:='a’: fi= a-> (1+1/m)*a+b;
r:= 0.02015; m:= 12; b:= 50;
recur(f,1000,100):
plot(%,style=POINT,symbol=CIRCLE):
a(80);

Mathematica:
Clear[a,r,m,b]
afn.] := (1+r/m) aln-1] + b
(a)
a[0] = 1000; r = 0.02015; m = 12; b = 50;
atab = Table[ afi], {i,0,50} ] // N;
ListPlot[ atab ]
a[60]
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a[0] = 1000;r = 0.02015 m = 12; b = 50;
ak[n_] := (14+r/m)n (a[0] + mb/r) — m b/r
atab = Table[ {afi],akfi]}, {i,0,50} ] // N

ak[n+1] == (1+r/m) ak[n] + b // Simplify

38. Example CAS Commands:
Maple:

n:='n’;
iterate:= proc(f,a0,n) local i,j;
a(0):= evalf(a0);
for i from 1 to n do
a(i):= evalf(f(a(i — 1)))
Od'

i
(0i a(3)] 8= 1..n};
end;
a:='a": fi= a -> rxax(1 —a);
= 3.75;
iterate(f, 0.301, 300):
plot(%, style=POINT, symbol=CIRCLE, title='LOGISTIC PLOT, r = 3.75, a = .301');

tica:

Note: We could define a[n] recursively, but here we need only the first
several values so it’s easier to use an iterated function:

Clear[a,r,n,i]

iter[ an_ ] = r an (1—an)

r = 3/4 :

atab = NestList[ iter, 0.3, 100 J;
ListPlot{ atab ]

To plot several lists together:

<< Graphics'MultipleListPlot’
r = 3.65;

MultipleListPlot[

NestList[ iter, 0.3, 300 ],
NestList[ iter, 0.301, 300] ]
r = 3.75;

MultipleListPlot[

NestList[ iter, 0.3, 300 ],
NestList{ iter, 0.301, 300 ] ]

8.3 INFINITE SERIES

1 _a(i-rm) 2(1_(%)1‘)
=)




10.

11.

12.

13.

. 8
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— o\
= 1T:(:22)T’ a geometric series where [r{> 1 = divergence

1 1 o —(L_1)y(l_1 1__ 1 \_1__1 i =1
E+D@+2) 0+l n+2=”n“(2 3)*(3 4)+"'+(n+1 n+2)"2 T2 A =5

bt a0 (-t

= Jifg, 8 =5

1,1 _ 1 s : teg | 1 1 4
1—-%+4s=—#-+..., the sum of this geometric series is = =z
thode TCEON
7
I + Z +—7- + the sum of this geometric series is (Z) =1
gtigtedt 1_(%) 3
G+1)+ (g +%) + (% + %) + (g + 51.7)+ ..., is the sum of two geometric series; the sum is

(5-1) +(%-— %)+(%—%)+(%—§17)+ ..., is the difference of two geometric series; the sum is
5 1 _q19_3_17
EOREORE
2 3
(1+1) +(% —%)+(‘11—+%5)+(%—T21—5)+ ..., is the sum of two geometric series; the sum is
1 1 5_17 ’
+ =2+4+2=2l
1 1 6~ 6
1-(3) 1+(})

2+3+§5+1—23+...=2(1+%+§45+125+...); the sum of this geometric series is 2( 1 ):13—0

—
|
e
SR
~—]

(4n_3;‘(4n+1) =mmy w1~ = (1-5) (-5t G-H)+ - HE=r - wss)

1

5
1 1 1.1 : — L __1 =
+(4n—3_4n+1)_'1 4n+1=>nllvr%osﬂ—nl—vrgo(1 4n+1)_1
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14 6 _ A + B _A(2n+1)+B(2n—1)
"(2n-1)(20+1) " 2n-1"20+1" " (@n-1)@n+1)

= A(2n+1)+B(20—1) =6
:(2A+2B)n+(A—B)=6:{221'23:2:{:"'3 g=>2A 6=>A=3and B=—3. Hence,
k

6 — 1. 1.1 1.1 1 -1 11
P (2n—1)(2n+1)—3nz_:1(2n—1 =)= (1 RS R Ay )y 2‘1E‘+‘1)

=3(1—2k1+1)=> the sum is llm 3(1—ﬁ)-3

15. 40n A B_, _C D
@n-1)%(2n+1)° @-D " (2n-1)2 " (2n+1) (2n+1)2

_A(2n-1)(20+1)2+ B(2n +1)® + C(2n 4 1)(2n —1)2 4+ D(2n — 1)?

- (2n—1)%(2n +1)2

= A(2n—1)(20+1)2 + B(2n + 1)2 4+ C(2n +1)(2n — 1) + D(2n — 1) = 40n

= A(8n3+4n?-21~1)+B(4n® +40+1)+ C(8n3—4n? 20 +1) = D(4n® — 4n +1) = 40n
= (8A +8C)n’ + (4A +4B — 4C + 4D)n? + (~2A +4B —2C —4D)n + (~A + B+ C + D) = 40n

’

- 8A+8C= 0 8A+8C= 0

] 4A+4B-4C+4D=0_) A+ B-C+ D=0 _ [ B+ D=0

Z{-2A+4B-2C-4D =40 ) -A+2B-C-2D =20 {2}3 D=9 **B=20=B=5and
-A+ B+ C+ D=0 |-A+ B4+C+ D= 0

n=1

_ A+C=0_ _ _ 40n
= 5=>{_A+5+C_5=0=>c 0and A =0. Hence,f;[(%_l) (2“1)2]

$I1 1 Josfl_lel 1.1 1 g1 1
o=t|(2n—1)? " (20 +1)? 179ty a5tas (2k-1)+1)2 " (2k-1)2 (2k+1)2

— 1 s 1 -
_S(I—W): the sum is Aim 5(1—m)—5

2n+1 _ 1 _ AN SN AT 1
e Al (1-2)+(-5)+(5-%)* +[(n 1)? nz] [n2 (n+1)2]
1]
= Jim s, = Jim (n+1)2] 1

17, sn=(1—71§)+(:}5—%)+( o 14)+...+( n1_1+71;)+(713—$1:_—1)=1—7;11_+_1

18 =3~ me) - ws) (s 5a)+ +(ln(n+1) f) (1n(n1+2)"l'n(n1+1))

-1, 1 -
ln2+ln(n+2)=>nl-l*rg° I )



19.

20.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

33.

34.

35.
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3
2

divergent geometric series with jr|= \/2_ >1 21. convergent geometric series with sum ( )

convergent geometric series with sum

=1

cos (nw) = (~1) = convergent geometric series with sum —1 =%

2
convergent geometric series with sum ‘Zl—l-j = —2"—1
1-{=) ¢~
2
e

Jim In %: —00 # 0 => diverges
. . . 1 _ x
convergent geometric series with sum ; 1) =771
—\X

1 T

convergent geometric series with sum T ( e) =7
AT

i_’jl n(527)= )";_'jl [In(n) —In (0 +1)] = 5, =[In (1) — In (2)]+[In (2) — In (3)] + [In (3) = 0 (&) ]+ ..

+[In(a—1)~In(n)]+[In(n)-In(n+1)]=In(l)~In(n+1) =~In(n+1) = lim s, =—oc, = diverges

n—oo

. . . . _e” . 23.141
divergent geometric series with |r|= =~ 92,459 >1

n
Jim %0!0,; =00 # 0 = diverges 32, lim n_nT = lim, 1-1‘—'2‘——: > lim, n= oo = diverges

I - 1 _ 1 :
ngo( 1) _nZ_'-:O( x)a=1r1=-x convergesto1_(_x)—mfor|x|<1

$ (-1 = $ (—xz)n; a =1, r = —x% converges to L forixi< 1
2
n=0 n=0 14+x )

a=3,r=x51;convergesto(+l)=3fxfor —1<%<10r -1<x<3
1-(x=1

2
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2)

REVY 1 VY_oR 1 o-1 Y1 -1
36. ngﬁ 2 (3+sinx) ‘,EO 7(3+smx) 2 —-3+sinx,convergestol‘( =1 )
3 +sin x
_ 34sinx _ 3+sinx 1 <l
= 3@ +sn xj_8+2sinxf°r allx(smce4 3+smx—2f°r all x)
37. a=1, r = 2x; converges to1 forl2x|<loz-|x|<2

38. a=1, r——-—lz-,convergesto 1 = for |x®[<1orixi<1

= xz

=1\ x*+1
1—(=2
)

39. a=1r= %——x; converges to 1——(§—_-x) =
—(&5=

for3 X

|<1orl<x<5

40. a =1, r = In x; converges tol__llnxforlln xl<lorel<x<e

sm_& 23/ 1V (T%%) 23 & 234 " (%046) 234
41. 0.2 =n§° m(m) =%=-§ 42, n;—.:o m(loa) =1—_—(—T61—66—)=m

— o)
43.07=% ‘1‘76(T1ﬁ

n 414
4. 1A=1+ 5 AL (i) =1+-——(“’°°))=l+ﬁ="9—194193

123
7124, R 123/ 1 Y _124 ( ) _124 123 ;=1 123 _ 123,999 41,333
5. 12418 =124 5 _(_) =12, =ft+- _3 =L — 4,

142,857
oEE ra ., & 142,857/ 1 ( 10° ) 142,857 _ 2,857,140 _ 317,460
46. 3.142857 ='3 =3 =3 o =
6 SIEET=34 2 1o (103) i T -1 - 998,89 = IILIIT

47 distance=4+2[(4)(%)+(4)(%)2+...]=4+2<1 3(3)):28m
“\4

- =y 2y ()0 2y [&5) T+ () - = o2V [VE [0+
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+(7“E)( ‘/—) (4-28)+4v8 __ 44+2V8 oo

=7 (7‘)[77; V)" VAa-vh) " VAsGo )

2
49. area.=22+(\/§)2+(1)2+( 12) +...=4+2+1+%+...=Ti*—1=sm2

O NEN

51. (a) L =3, L2=3(§),L3=3(%)2,...,Ln=3(%>n—l:nl_igo L, = Jim, 3(3) =

© m=30(8) =4 = a5 Q)= E = nr 2 GO
e 28 CTRSSI0(C) CO RIS SR SO RE L6
i s e i SR v (BE)E)_va . svs_svieayi_av
"T+,§,_6T(§)— t 1-(3) =Tt 9=z ~TtIs5=" ®W@ ~ 5

52. Each term of the series f —15 represents the area of one of the squares shown in the figure, and all of the
n=1 N

n
squares lie inside the rectangle of width 1 and length § (%) =-1_—2 Since the squares do not fill the
n=0
rectangle completely, and the area of the rectangle is 2, we have § —15 <2,
n
5. (o) 3 — ® $ s © %
W, M+ D) F5H) a=o n+2)(n+3) n=s (n 2
54. (a) oneexa.mplels-§+z+g+1]=6-+ .= i =1
1-(3)
3 3 =

(b) one example is -5-I"g" 1=
k
2

k, k k _(
gtgtgte =7

i
et

(c) one example is 1 — f--—g —TIG —...; the series

o=

) =k where k is any positive or

negative number.
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55.

56.

57.

58.

59.

60.

61.

62.

63.

b .2b —_1 _ 1_1_.b b_8 —1.(8
1+e’+e +.--—1—_'—e§—9=>§—1 e =>e -9=>b-ln(§)

so=1+2r+r2 420 41t 25 4. 4™t 0, 1, ..,
n

=>sn=(1+r2+r"+...+r2“)+(2r+2r3+2r5+...+2r2“+1)=>nli_.ng° o= 1_1r2+13fr2
=1+2r

1 2,if|r2|<1or|r|<1
—-7T

a(1-rm) n
e T i e

_ {1 n o0 _ o] _ -] 1 n— . h _ 0 .
Let a, =b, "(f) . Then ) a, =3, bn_ngl (7) =1, while ?1 (bn)_nz=:l (1) diverges.
Yes: Y (L) diverges. The reasoning: ) a_ conver, 0=l )i by th
: a . d ay ges = a, — =>q—»oo=>2 a_ ) diverges by the
nth-Term Test.

Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series

that diverges does not change the divergence of the series.

Let A, =a; +a,+...+a, and lim A,=A. Assume } (a,+b,)converges to S. Let
Sp=1(a;+by) +(ag+by)+...+(ay +by) =S, =(ay +a,+...+a,) +(by +by+...+b,)
=by+by+...+b, =8, -A, = lim (by+by+...4+b,)=S~A = 3 b, converges. This
contradicts the assumption that 37 b, diverges; therefore, 3° (a, + b, ) diverges.

8.4 SERIES OF NONNEGATIVE TERMS

1.

2.

n o0
diverges by the Integral Test; J % dx=In(n+1)-In 2= I % dx — oo
1 1

n
diverges by the Integral Test: J 2xdf 7= % In(2n—~1) - coasn — o0
1



10.

n
. diverges by the Integral Test: I dx H
VE(V/x+1 =dx
1 ) du w

(=)
. converges by the Integral Test: J
8 ¢ i «(1 +1n2 )
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n >, <]
diverges by the Integral Test: J l—x-— 1(ln n—-ln2)= J X dx — o0
2 2

o0 n X oo
b
. diverges by the Integral Test: I %’% dx;| dt= % — J tet/2 qt =b1im [2te°/2 "4e'/2]ln2
—00
2 dx=e'dt| In2

= lim [2e"/’(b —2)— 21" 2/2(1n 2 - 2)] =0

oo oo

converges by the Integral Test: & _ax|, "= o[ 1 du= lim [tan=tu]®
nverges by the Integral Test: To e 95 |du = o dx i u= lim |tan™ uj,
1 e

= lim (ta.n"1 b —tan~! e) = "2—'— tan~le » 0.35
b—oo

Vot
= +1
u=VE - I du=ln(\/ﬁ+l)—]n2

2

- 0O asn — o0

by the Integral Test T (2) | P E T L__g4
. converges by the Integral Test: 5 - u
3 (lnx)4/(ln x)? -1 du=%dx s u;uz—l

= blggo [sec™? 1u 1];3 = blggo [sec™1b —sec (In 3)] =kbl‘lr’2° [cos'1 (%)— sec™! (In 3)]

=cos™1(0) —sec™! (In 3) = %-sec"l (In 3) ~ 1.1439

II

<] -]
J f u=Inx I 1 g
— | —=—du
du=31!dx °1+u

. —1.1P . - -
=ban°1° [ta.n lu]0=bll‘n;° (tan 1p — tan 10):

vl

_0=%

o0
. diverges by the Limit Comparison Test (part 1) when compared with 3 71;, a divergent p-series:
n=1

1 )
S S
2
lim (ﬁ:‘/ﬁ = lim

n—oo (T) n—oo 2\/; + 3\/1'—1 1500 | g n—1/(-3 2
n

diverges by the Direct Comparison Test sincen+n+n>n+ \/K +0=> n—+37; > %, which is the nth

o}
term of the divergent series Y %

n=1
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;02
sin“n . 1

11. converges by the Direct Comparison Test; or Sam which is the nth term of a convergent geometric series

12. converges by the Direct Comparison Test; -1—+—922§—E
n

< % and the p-series Y ;12~ converges

n n
13. converges by the Direct Comparison Test; " <{&) < 1 , the nth term of a convergent geometric
8 3n 3 8

n
3n+1

series

. . . . 1 1 R 1
14, diverges by the Direct Comparison Test; n >Inn=Inn>Inlnn = nn < YTy ) and the series n2=:3 i
diverges

o0
15. diverges by the Limit Comparison Test (part 3) when compared with ) Tlii a divergent p-series:
n=2

1
—
((hl n) ) . n . 1 . 1 3. 1 1
li =1 =1 =51 =] =5 li =
Aim (.1_) Aim {n )2 Aim 20 n)(l) 24, pp =39 A (—1) Aim n=o0

[o.+]
16. converges by the Limit Comparison Test (part 2) when compared with —15, a convergent p-series:
n=1 N

[ L wp_ o 2mn(E)

)=nm.1° =i, ———-=2Jlim BR=0  (Tables.)

lim

n—oo 1
n?

o0
17. converges by the Limit Comparison Test (part 2) when compared with ) —lf, a convergent p-series:
n=1l N

(In n)*
[ n" ]: lim (lnn“)3= G n)2(§)=3 T LV, M:s lim

n—oo n—oo n—oo n—oo n—+00 n—o0

Inn
n

=6-0=0 (Table 8.1)

18. diverges by the Limit Comparison Test (part 3) with 71‘-, the nth term of the divergent harmonic series:

1
. [;;nlnn] . \/I_l X R
i 77)—=,,1L¢.'° Inn = i ) = ding, =0
n n

19. converges by the Limit Comparison Test (part 2) with ——5172, the nth term of a convergent p-series:
n

(In n)z]

372

lim = lim = im ——-=32.0=0

n—00 1 n=co 174 ~ n=co =8 nl-l-rbrolo nl/4 n=sc0 1 n=oo 174
() () (o)




20.

21.

22.

23.

24,

25.

26.

27.

28.

29.
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diverges by the Limit Comparison Test (part 3) with Tli! the nth term of the divergent harmonic series:

1
Jirg, (—lﬁ“)#ﬂ& s = A @ dirg, n = oo

n

2
; " +1_ | Pl (n+1)‘/_ 2
converges by the Ratio Test: nangO - = nll»“&o n\/i = nll."o‘o oAt ;7;
2 P .
= dim, (1+4)" (B)=4<1
((n + 1)2)
B4 e, (0+1)* o 1 1

2
converges by the Ratio Test: lim —5—= Aimy —2-5— = lim e -:1—2 = Jlim_ (1 +ﬁ) (%-) =5<1
n
iy
e

1)!
diverges by the Ratio Test: lim_ a%"’l = lim en‘) = lim (ix:-l) .‘]‘31._“ = Jim E_‘g..l_ =00
nl !
e
((n +1)!
. . e Zndl 1ot ) @+1)! 10" _ . n_
diverges by the Ratio Test: lim & = Jim _A-Tﬁ_ = lim Tl Jim_ f5=o0
10
((ﬂ + 1)10
. By 10°F1 (a+1° 100 _ 10
converges by the Ratio Test: I}Lngo —% = nll-nolo 10 = nl-l-vr& TR 10 = nl-l-o"clo (1 +ﬁ) (’116)
108
. (10 )
= 10 <1
. . 1)1 1
converges by the Ratio Test: nl_qgg a—'%l- = nll."éo (nt )an_:_l(n + )'n lfln(n) = % <1
converges by the Ratio Test: lim e 221 (n+2)(n +3) n! =0<1

N T ) A (¥ )

: . 1)3 en
converges by the Ratio Test: lim a—'fqﬂ = lim an;ﬂ)—-:l—a = % <1

n 1 n 1/n
converges by the nth-Root Test: nll‘nc}o “ag = nll‘n&o ;‘/ (lnn:) = nlL"&o (( n n) ) =l lnTn

(nn )1 /n n—co
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(2)

= ding, “7~=0<1
o n\1/n
30. converges by the nth-Root Test: lim_ V&: = lim Y (‘15—%) = lim ((% -—15) )
= Jim, (%—n—) 0<1
31. converges by the Root Test: 1}_]4!& “ﬁ = nl n o (lnnn)“ nll»“o‘o = nl‘ggo Tnl_n =0<1

32 by the Root Test: lim 3/a; [ dimg, Vo 0<1
. converges by the ‘est: l’m ﬂm : : =0<
B R RV n)“/2 Jim inn
(Jim, Y8 =1)

1
33. diverges by the Root Test: Jlim @/a; = lim (_“!:‘)Sﬁ Jim, o>

34. diverges by the Root Test: lim V"—n = lim ( 7
2!\

35. converges; a geometric series with r = % <1

36. diverges; by the nth-Term Test for Divergence, hm — =1#0
37. di $ 3 -3 L. which is a divergent p-seri
. diverges; = which is a divergent p-series
& ’n=l % n=1 7'-1’ : 8 ~p-
R -2 & 1 sps .
38. converges; Y = -2 ) —3, which is a convergent p-series
s=1 ny/n =1 p3/?

39. diverges by the Limit Comparison Test (part 3) with 1 , the nth term of the divergent harmonic series:

1
((Hl“n) )— 1i D 1___ (by L’Hépital’s Rule) = 1
A Ty (= [ ) (Y RO R =
i e
= lim —%—j(by L’Hépital’s Rule) = %:
n

(=] (=]
b
40. diverges by the Integral Test: I In (x+1 dx = I udu= llm [%uzl = lim l(b2 —In?3) =00
In3
2 In3

41. converges by the Direct Comparison Test with —=, the nth term of a convergent p-series: n%?—1 > n for

3/2’
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N R T
n=eo 31 (n 4 1) 3nF] +3) " 0% 3@m+1)

. converges by the Ratio Test: Aim a%“-

. . . n +1)2°+(n 4 2)! nny
. converges by the Ratio Test: “lLr& Ena%l- = lim ( 3“3-1(,,_'?1)! ) o 1(511:1 o]

= Jim, ()3 (25) -3 <

1 (2 !
. converges by the Ratio Test: Ircxo i‘{‘;— nl_‘w (221-:-1.‘??) (%t—l)— nl_dm Ty +I;3+21n ) =0<1

1
+ converges by the Ratio Test: lim_ % Jim ((1-’1-)1“)‘* -%?: lim (%H)n= lim L1
n !

n—oco n=+60 (n + l)n
-
= Jim, —m=g<1
(1+%)
wSt 1 u=tan"lx /2 / 2 2 2
. converges by the Integral Test: J. 2l X dx; dx |~ J 8udu= [4u2]ﬂ,/4 = 4(7—2——1" ): -3%{—-
d 1+x2 /4

. . x Ju=xf+1 1 (du_ . 1
. diverges by the Integral Test: I -y dx; [ du = 2x dx] —3 J T = lim 5 In uL
1 2

= lim & _ =
_b]l»lgo 2(lnb In 2) =00

oo b
b
. converges by the Integral Test: I sech xdx =2 bhm J —(—)5 dx =2 hm [ta.n e"]1
1+{e
1

=2 lim (ttm'1 e —tan™! e) =r—2tan"le
b—oo

oo b
. converges by the Integral Test: J sech?x dx = lim I sech?x dx = lim [tanh xI? = lim (tanh b — tanh 1)
4 b—oo i b—oco b—oo

=1-tanh1

. . . 2+(*'1)n_ 4“ 4“
. converges by the Direct Comparison Test: T = (5) [2 + (_l)n] < (5) 3)
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n
1
n 1
. . . . 3 —
52. diverges; lim a, = lim (1 —31—n) = lim (1 +£'—ﬁ'—)) =e 07240
53. converges by the Direct Comparison Test: -]—11-39- <&= % forn>2
n n® n
54. diverges by the Direct Comparison Test: lnTn > % forn>3
55. converges by the Limit Comparison Test (part 1) with -1—2, the nth term of a convergent p-series:
n
( 10n+1
. n(n+1)(n+2) . 10n%Z +n . 20n+1 s 20
;N 1 =dm i g3 i 2 10
nZ
56. converges by the Limit Comparison Test (part 1) with l, the nth term of a convergent p-series:
nZ gent p-
( 5n% —3n
2 2
n(n—2)(n +5) 503 2
= lim n® — 3n = I 15n°—3 = li 30n =5
n—oo l n=—e60 n3 _ 2n2 +5n-10 n-l—onolo 3n5 —4n+5 nlorgo 6n—4
n2
-1 z o z -7}
57. converges by the Direct Comparison Test: tanl 2 < —%—T and Y} —f——l- ____12r_ > —}-T is the product of a
n’ n n=1 N n=l N’
convergent p-series and a nonzero constant
, 4y (3) e B) s
58. converges by the Direct Comparison Test: sec™ n < % = s_ecﬂt_l <r5and 3}, 7% =-§ 2, —fjisthe
n n n=1 n°° n=1 n°’
product of a convergent p-series and a nonzero constant
sin (l) .
59. diverges by the nth-Term Test for divergence; lim n sin(l) = lim = lim 81X #0
: g Yy & ! n—oo N/ ™ n-eo _(1—_):—'0 X =
)
oo u= ex o0 (=]
. 2 . — X 2 - 2__2
60. converges by the Integral Test: J T+ dx; |du = e* dx| — J TN du= J (“ m) du
1 dx=gduf ° ‘
— R u o b \_ e \— _ e \_ _ e
= fim [2 lnu+l]e = lim 21n(5Pg)-2 n(gfy)=2In1-2h(g5y)=-2In(5y)
l4sinn
61. converges by the Ratio Test: Jim i}? = lim ( 113 )an =0<1



62.

63.

64.

65.

66.

67.

68.

69.

71.
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a, (1 + tan~! n)a 1 -1
converges by the Ratio Test: lim % = lim —nah-——-—“ = Jlim ___-I_—_tanrn = 0 since the numerator
approaches 1 +% while the denominator tends to co
3n—1
. . L e 2ndl o (2n+1)a“_ s 3n—1_3
diverges by the Ratio Test: lim == Jim = Jim mTI=5> 1

n—1

diverges; an+1=nL_Han=>an+l=(i-§—_—1)( - a“‘l):%+1=(n3_1)(n;1)(g:?%—2)

= a4y = (ﬁ—_nr—l—)(-n——n—l)(ﬁ:%)(%)al = ap = na_—:l =an = o _?_ 1 which is a constant times the

general term of the diverging harmonic series

diverges by the nth-Term Test: a, =%, a, =\2/I, aa:?l"‘\/%z\‘yl, a,4=4”31/"’\/%=4\yl,‘,_,

a, = “\'/% = nlgrolo a, =1 because{ %} is a subsequence of{ {‘/%} whose limit is 1 by Table 8.1

. ) 1 1\2 AIG MY e
converges by the Direct Comparison Test: a; = 518y = (5) ) 83 = ((5) ) = (5) 8y = ((5) ) = (5) yeen

IV _ (1}
= a, = (5) < (i) which is the nth-term of a convergent geometric series

2n _ 1<in
b, 0l<1 = 1<bn<1

= a, <b,. Thus, if 3 b, converges, then ) a, converges by the Direct Comparison Test.

(2) I Jlim %—“— = 0, then there exists an integer N such that for all n > N,
n

b) If lim 2= 00, then there exists an integer N such that for all n > N, - >1=>a_ >b, . Thus, if
n—co bn n an n

Yoo by, diverges, then Y a, diverges by the Direct Comparjson Test.
Yes, ), - converges by the Direct Comparison Test because ¢ < a,

n=1

nll.“éo %: = co = there exists an integer N such that for alln > N, i“-n >1=a,>b,. If 3 a converges,

then Y b, converges by the Direct Comparison Test

. > a, converges => Jim a, =0 = there exists an integer N such that foralln >N, 0<a <1 = af, <ag,

>y afl converges by the Direct Comparison Test

oo

a 1 o _ b_ . (b+2)* | rg2y
J (x+2——m)dx—bll.rrgo [aln)x+2] ln|x+4|]l—l)1LI& In 574 IH(T)’
1
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72.

73.

74.

75.

i (b+2°

b—oo b+4

=a blirn (b+2)*1= { (l’o’ : _>_ 1 => the series converges to ln(3) if a =1 and diverges to co if
—00 ) =

a>1. If a <1, the terms of the series eventually become negative and the Integral Test does not apply. From
that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

o0
b
1 __ _2a x—1 b—1 2 ; b—1
J (21~ y) ax = Jim, []n (x+1)2=] = R G s ln(42°)’bl—»oo b+
3
1, a.=%
= bl-l-.[go W = o a <% => the series converges to In (%) =hn2ifa= % and diverges to oo if

ifa< -%— Ifa> %, the terms of the series eventually become negative and the Integral Test does not apply.

From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it
diverges.

n n
Let A, =k2—:1 a, and B =kz—:1 2ka'(2k)’ where {a,} is a nonincreasing sequence of positive terms converging to

0. Note that {A,} and {B,} are nondecreasing sequences of positive terms. Now,

B, =2a,+4a,+8ag+...+ 2%a,n) = 2a, +(2a, + 2a,) + (285 + 225 + 2a5 + 2a5) +...

+£2a(2,1)+ 2a0my+... + 26.(2;‘)2 < 28, + 28, +(2a5 + 28, )+ (2a5 + 285 + 287 + 2a5) + ...

271 terms 0o
vt 2 =2 < . Therefore if
+(2a( n_1)+2a( -1 1)+ + a(z“)) Agny <2 kgl ay erefore if ), a converges,

then {B,} is bounded above = 3 2 a( )converges Conversely,
Ap=a +(agt+ag)+(a, tag+agtar)t...+a, <a;+2y+4a,+...+2%,n =2, +B, <a + 2 2k k)

Therefore, if Z 2k a(gk) converges, then {A} is bounded above and hence converges.
k=1

n=2

— 1 _ 1 _ 1 &1 . .
(@) 3= 2% In(20) = 9% n(n 2) = E 2" a(zn)— E 2" 3 n(ln W2 z=:2 i» which diverges

o0
1
= ngz Ton diverges.

®) am=ghy> & Pom = £ Poghe=F (2**)"“1 =

converges if 'jb—:f < 1orp>1, but diverges if p > 1.

oy 1 n
=3 (Zp—_l—) , & geometric series that

00

b

dx . |u=lnx Pdu= u—Pt! = li —L_\[p-p+l _ -p+1

(*‘)Jx""“f(lnx>'[du=%%]*lj = ‘l.’i.‘o[—pﬂm—b'B& ) LR
2 2

]

Li(n2)®+, p>1 . . . .
= - = the improper integral converges if p > 1 and diverges
oo, p<1



76.

7.

78.

79.

80.
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o0
. . b . .
ifp<l Forp=1: I hx= bll.n:o [In (In x)]2 = bll.n;o [In(In b) = In (In 2)]= oo, so the improper
2

integral diverges if p = 1.
[+.+]
(b) Since the series and the integral converge or diverge together, 3 a lnl )P converges if and only if p > 1.
n=2 (

(a) p=1 = the series diverges
(b) p = 1.01 = the series converges

oo
c H 1 = the series diverges
© n¥2 n(ln o ) ,,2_32 n(ln n) P= &
(d) p = 3 = the series converges

3n41 (Inn)? 1 i ’ +1

[ . . nn N — N n

Ratio: Jig, 5= Jim, mnp 1 [JL’& hEtD| =% = = (dim, 242)
n+1

= (1) =1 = no conclusion

. . In(ln n
Root: lm (/5= lim ¥ (ln_ln)is = ; let f(n) = (In n)}/™, then In f(n) = ____(_K__)

1
(sim, Gn 772

. In(ln n 1
= lim In f(n) =nl_’°° (n ) =nll’ng° (n {1 n)=r}Lnga n 11'1 =0= lim (In n)l/n
= lim 1) = &0 = 1; therefore dim /an ——-;-———F = Tli =1 = no conclusion
(Jim, (nnyt/e) @
n=+00
< % for every n and the series E converges by the Ratio Test since lim (n+1) 2n 93
a, < or Y n an = 2n 8 Y n—oo —Eﬁl— = 2

= E a,, converges by the Direct Comparison Test

n=1

Ratio: lim -2*l= jim —L .22 Jim (521

P .
A, =00 G T T A ) =1P =1 = no conclusion

Root: lim 1/a, = lim § = Jim (“—\/ﬁ)p =0rF- 1 = no conclusion

Example CAS commands:

Maple:
s:= k -> sum(1/(n"3%(sin"2)(n)), n=1..k);
limit(s(k), k=infinity);
plot(s(k), k=1..100, style=POINT, symbol=CIRCLE);
plot(s(k), k=1..200, style=POINT, symbol=CIRCLE);
plot(s(k), k=1..400, style=POINT, symbol=CIRCLE);
evalf(355/113);
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Mathematica:
Clear(a,k,n,s]
aln_] = 1/ (n"3 Sin[n]?2)
skk_] = Sum( afn], {n)k} ]

Note: To make Mathematica smart about limits, load the package:

<< Calculus ‘Limit
Limit[ s[k], k -> Infinity ]

But Mathematica still cannot find the limit...

Note: For plotting many partial sums, it is far more efficient to do the
calculations numerically rather than exactly. 8o we redefine s[k] (where
the “s[k_] := s[k] = ...” causes Mathematica to remember previous results)

Clear([s]

slk_] := sk] = sk—1]+ N[a[k] ]
s[1] = N[a[1]}

ListPlot[ Table[ s[k], {k,100} ] ]
ListPlot{ Table[ s[k], {k,200} ] ]
ListPlot[ Table[ s[k], {k,400} ] ]

Note: Change PlotRange so Mathematica does not cut off the jump.

Show[ %, PlotRange -> All }
N[ 355/113 ]

N[ Pi — 355/113 ]

Sin[ 355 ] // N

a 355 ] // N

8.5 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE

o0 o0
1. converges absolutely = converges by the Absolute Convergence Test since Y ENEDY) ’Lz which is a
n=1 n=1 N
convergent p-series

o0 o2}
2. converges absolutely => converges by the Absolute Convergence Test since ) |2n|= > %,2 which is a
n=1 n=l n
convergent p-series

3. diverges by the nth-Term Test since for n > 10 = & im (&Y $ (Y g
. ges by the nth-Term Test since for n > 10 = 15> 1 = lim ({5) #0= 21 (-1) 1p) diverges
n=

. 10%(In 10)1°
4. diverges by the nth-Term Test since lim 1—(1):; = lim M = oo (after 10 applications of L’Hépital’s
n

n-s60 n—-oo 10!

rule)

5. conver es by the Alternating Series Test because f(x) = In x is an increasing function of x = L s decreasin
g Y nx g

=u,>u, g forn>1; alsounZOfornzlandnlLH& ﬁ:o



10.

11.

12.

13.

14,

15.

. converges by the Alternating Series Test since f(x) = In(1+x1)=f x) =

o0 .o}
1 . . Lo
= is a divergent series smce
né:l lahl ngl 1+;;n \/-
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converges by the Alternating Series Test since f(x) = 1%1 = f(x) = 1= ln X < 0 when x > e = f(x) is

decreasing = u, > ;45 alsou, >0 forn>1and lim u,= lim lnTn = lim I
i . f Inn _ Inn _ 1_1
. diverges by the nth-Term Test since lim e Rt e nl}_{xc}o 5=%5 #0

<0 for x>0 = f(x) is

(+)

decreasing => u_>u__ ;alsou, >0forn>1and lim u, = lim In 1+-1- =In| lim 1-1—l =lnl=0
n n+1 n n—oéo N n-=6o n n—eo n

1 1—-x-2
. converges by the Alternating Series Test since f(x) = \/_+ = fi(x) = __M < 0 = f(x) is decreasing

x+1 2/x (x +1)2
1
= Uy 2 Upyg;alsou, >0forn>1and lim u, = lim —%-0
1
/) 1 W 1l+g
diverges by the nth-Term Test since lim $vn+l =lim ——~=3 #0

L

o, oo n
converges absolutely since |an|= Y (11—0) a convergent geometric series
n=1 =1

(G2 i (5 sd I
n

n
converges absolutely by the Direct Comparison Test since 1 (—%) which is the nth

= <

term of a convergent geometric series

o0
The series —1)"—L__ converges by the Alternating Series Test since 1 > 1 and
& O g comverses by : (

vn+1 vn+2
i b
1 L 1 .
0. The series diver, bsolutely by the Integral Test: J dx = lim 24/ 1
(\/m)" ges absotuiely By ¢ ) VR T VT |

- i [2v5FT-2v3]-

converges conditionally since -1—:_1—\/1_1 > ﬁ—\}i"f > 0 and nl—l-bnolo T 1 \/‘_1 = 0 = convergence; but

&K 1 . . .
E 1—/2 is a divergent p-series

0 o0
converges absolutely since 3, |a,|= > 3n and _rn__ < Lz which is the nth-term of a converging p-series
n=1 n=1 n°+1 n°+1 n
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25

= 21b
-1
. converges absolutely by the Integral Test since J (tan™? x)(1 _: ) dx = blim [(tL.’_‘l.]
1

diverges by the nth-Term Test since lim g,'t =00 (Table 8.1)

n—oo

converges conditionally since nlﬂ > (rl_-i:%ﬁ >0 and lim T _1+_ 3

o0
= 0 => convergence; but ), |a,|
n=1

o x
=) ﬁ—i—-g diverges because ﬁﬁ > 4ln and nz=:1 % is a divergent series

n=1

o) 0 .
converges absolutely because the series ) |2Z.1( converges by the Direct Comparison Test since Snni< %
n=1 n n

diverges by the nth-Term Test since lim S+n_ 1#£0

n—o H+4n
converges conditionally since f(x) = In x is an increasing function of x = ﬁ; = ﬁ is decreasing
X
= ai—> 1 >0 forn>2and lim L —o0= convergence; but io: = § 1
JInn” 3In(n+1) = n=o 3Inn B Ia‘n'“n=2 In(n3)

=3 L diverges b
—n§2 T diverges because

L_5.Land § L diverges
3Inn” 3n =t 8

converges conditionally since f(x) = x% +% =f(x) = —(%+ —15) < 0 = f(x) is decreasing and hence
x® x

up>uy; >0forn>1and lim (L+1)=0=> convergence; but § —§ ltn
n n+1 = n—o6o n2 njJj—= € 4 = |a'll'_n=1 _HT

% is the sum of a convergent and divergent series, and hence diverges

™8

1
=+

(\g

Il
-
=
[
A

n: n:

(-2t
n+ 5"

+1 n
converges absolutely by the Direct Comparison Test since =2 < 2(%) which is the nth term

n+ 5%
of a convergent geometric series

22\
. . Yn4y . (n+1) (3) 2
converges absolutely by the Ratio Test: Aim T, )= lim | ————|= §< 1

L @)

diverges by the nth-Term Test since lim a, = lim 107 =1%0 (Table 8.1)

x2

AR (RIS



26.

27.

28.

29.

30.

31.

32.

33.

34.

Section 8.5 Alternating Series, Absolute and Conditional Convergence

[1n(x)+1]
G 7

=u, >u,,,>0forn>2and lim ;—h = 0 = convergence; but by the Integral Test,

converges conditionally since f(x) = 3 111 <

< 0 = f(x) is decreasing

b—oo

00 b 1
j X __ lim J (I(ﬁx—})()dxzbl‘gr;o [1n(tn )]} = lim [In(in b) ~In(in 2)] = o
2

fo.2] [e.2]
1
= né:l |an|= nz=:1 Tioa diverges

diverges by the nth-Term Test since lim n 7=1#0

n+
(4)x=1nx)—(in 2)(1-})

(x—In x)?

converges conditionally since f(x) = Inx g (x)=
x—Inx

1_(1_[11{5)_1,”“,(1“%)_ 1-Inx
= (x —In x)? T (x—Inx)
)
= fim, 1_'1(%)

Z [2n|= ozo: ln n D diverges by the Direct Comparison Test

i Inn
3<0=>u,>uy,, >0 whenn>eand lim .

1 1 Inn 1
n_lnn>ﬁ:n_lnn>ﬁsothat

=0 = convergence; but n—Inn<n =

u, n+1
converges absolutely by the Ratio Test: nl-L"e‘o ( ﬁ:l) = lim (100) “' lim 100 _ 0«1

2% @+ D) (00" - n% n+1

x [o+] n
converges absolutely since |an|= > (%—) is a convergent geometric series
n=1 =1

o0 o0
converges absolutely by the Direct Comparison Test since Y, |a,|= Z T{-—Z—+I and
n=1 n=1 n

m < ‘—1—— which is the nth-term of a convergent p-series

o) n oo n oo n
converges absolutely since § |2n|= ‘2 ( ) z ( Inn ) =Y (%) is a convergent
n=l1 n=1 n=1

In n?

geometric series

=" _
|

fo.2}
converges absolutely since ) |ap|=
n=1

) 1
E —7— isa convetgent p-senes
n—l n=1

1
converges conditionally since Z COSOT — 2 g—n—- is the convergent alternating harmonic series, but
n=1 n=1

683



684 Chapter 8 Infinite Series

35.

36.

37.

38.

39.

40.

41.

o0 o0 1
> lan|= ) g diverges
n=1 n=1

o (@ Dr\/R n+l_1
converges absolutely by the Root Test: lim = lim = lim =z
2% v]%] 2

n—oco (2n) T n=e  2n
. . 1 |2nt ((n+ 1)') ()t (n+1)?
converges absolutely by the Ratio Test: Jim, l ' Aim (CEDD] D)D) (n')2 nLnono m i< 1
= @o)t _ . @+ 1)(n+2)-(20)
diverges by the nth-Term Test since hm |8 |= Jim e n-l-»“c}o oy
_ (n+1)(n+2)- (n+(n—1)) n4 11
= lim 5a-1 > Jim, (T) =00 #0
. oy |Eaga]_ g (+D)M(m+1)132H (20 41)!
converges absolutely by the Ratio Test: ml_x_’no)o ’T| = nll»ngo @nT ) P
23
= lim D3 3
Tnoo (2n+2)(2n+3) " 4
v 1 - Vvn+1
converges conditionally since ————— \/_ + \/— —2L1  andf 1 isa
Vati+ e TVh+l+ A Vo+l+4/n
. . . SO 1
decreasing sequence of positive terms which converges to 0 = Y converges; butn>z=3n>1
n=1 ;;11 +1 + n 3

=>4n>n+1=>2\/_>\/xT-F'=>3\/_>\/rT+\/'=>3\/_ — +\/_ > fn+i+\/_

diverges by the Direct Comparison Test

n“+n+n

diverges by the nth-Term Test since Aim (\/ n? +n—n)= nll'ngo (\/ "2 +n —n)-( Vo _tn+ n)
= lim n = lim —1——-—%;60
n=c0 _\/:T:-_n—-}-n n=60 1+ +1

diverges by the nth-Term Test since Jim (‘ /n+ \/_ - \/_) (\ /n + - \/_ V_F'-*-:
+

s Ey 9
n+,/a+a \/1+ i1
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42. converges conditionally since { \/_ T 1 - 1} is a decreasing sequence of positive terms converging to 0
n n

(\/ﬁ“‘i/m)_ i v ; 1

o) (_1)11 .

= converges; but lim = lim = lim ———=1
n2=:1 Va+y/a+l T nSe (\}E) B Vel R gl
hat 3 1 d by the Limit C Test with 3 —L- which is a d

so that — 2 diverges by the Limit Comparison Test wi ——= which is a divergent p-series

n=1 \/; ++/n+ 1 & n=1 \/I_l & P
43. converges absolutely by the Direct Comparison Test since sech (n) = 2 ___.2 < 2¢% _ 2 which is the
: T e

nth term of a convergent geometric series
X _ e~ 2
¢ € 1- (e")

o0 o0 o0
44, converges absolutely by the Integral Test since J csch x dx = J (——2-—?5‘5) dx = -2 J — _ax
1 1 1

b
=-2 bli_’ngo J. —e)-(—x—i dx = -2 11m [coth™? "] =2 blir& [coth—1(eP) - coth™? e]
1

b b
- 1 (e2+1)_1y.(etl e+l ; e+1\) _ . (et1)_ ~
= -2 lim [Zln(en_l) zln(e_l)] (&)~ ln(nlggo (eb_l))_ln(e__l) In 1 0.7

oo fe.2}
= ). |ay|= 2, cschn converges
n=1 n=1

45. |error|<1(—1)6(%)|=0.2 46. 1error|<‘(~1)6(i—(1;3) = 0.00001

0.01)° . 2x10711 48. |error| < | (—l)4t4| =t*<1

47. |err0r[<|( 1)6(

49.ﬁ<%2(2n)!>1 —200000=>n>5=>1—2l+4l—31—! 3~ 0.54030

50. 1< 56:12 <nl=n>9=1-l+-4+

-1y L w2 0.367881944
10

51. (a) a, > &, fails since %< -21—

(b) Since nz:l |8n] =ni=o:1 [(%)n +(%)n] = § ( ) + Z ( ) is the sum of two absolutely convergent

n=1 n=1

series, we can rearrange the terms of the original series to find its sum:
1 1

® G ., ,__

1-(

(hbodrr)-lhdede)-

[
~—r
—_
|
N
D=
~—
[
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52.

53.

54.

55.

56.

57.

58.

59.

sj0=1-F+3—3+...+J5— 5 ~ 0.6687714032 = 50 +

e
75 = 0.692580927

1
221

ol
|

R j+1 1 3
The unused terms are 3, (-1y+'a;=(-1)* (2041~ Bn42)+ (-1t (3n43 = Bngq) oo
) j=n+1
= (—1)n+1[(an+1 ~2,43)+ (2043 = 8n4q)+...]- Each grouped term is positive, so the remainder
has the same sign as (—1)®*1, which is the sign of the first unused term.
1

S SRV SRS SIS W L | =f;(l.._)
2 TT27237 AT T AL & k(k+1) &y \kTk+1

=(1 _%)4.(%_%)-4.(%—41)-}-(%—%)4-...+(%—ﬁ) which are the first 2n terms
of the first series, hence the two series are the same. Yes, for
= o) (DG Dol

= lm s, = nango (1 —n_-}-—f) =1 = both series converge to 1. The sum of the first 2n + 1 terms of the first

s

L. 1 1 _ . - - 1 \_
series 1s(1-—n+1) n+_1—1' Thelrsumlsnllm sn—-nlggo( —m)_l.

o
Using the Direct Comparison Test, since |an|> &, and Y. a, diverges we must have that § | aq | diverges.
n=1 n=l

o0 .2}
|a1+a2+...+ah[5|a1'+|a2|+...+|a.n|for all n; then El | a | converges = 21 a, converges and these
n= n=

imply that

ngl an‘sngl |an|

(a) ni—.él |2, + by | converges by the Direct Comparison Test since |ay, + b,|<|a,|+|b, | and hence
.}
2. (a,+b,) converges absolutely
n=1

x o0 o0
(b) 3 |b,|converges = 3 —b, converges absolutely; since ) a, converges absolutely and
n=1 n=1 n=1

§ —b,, converges absolutely, we have f: [an +(=by)]= ic: (an—by) converges absolutely by part (a)
n=1 n=1 n=1

(¢) § |2, | converges = | k| § |an|= § |kay, | converges = f: ka,, converges absolutely
n=1 n=1 n=l n=1

Ifa, =b, =(-1)* 1_, then io: (—1)“Lconverges but io: ab = io: ldiverges
n 7;, n=1 \/Fl ’ n=1 n n=1 n
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1,411 _1_ i1 1 _1_1_1_1.,_
s3=-5+1-7-§-8 10 12" 141618 20 3z~ ~0-509,

L _L_L_ L. 0512

1111 1_1_1_31_31_1_1,_
7 =% —j6~48 50 52 54 56 58 60 62 6456~ ~0-51106

.
0.4
0.2
2 L) 6 8
-0.2{ .
.
-0.4
. v - y =12
N1—1
60. (a) Since 3 |a,|converges, say to M, for € > 0 there is an integer N such that| 3} |a,|—M <%
n=.

Ny-1 N;-1 P
e X |an|—(2 IR Ianl)<'§'¢'

n=1 n=1 n=N,;

5
LN

o0
<§e X |a|<§. Also, ¥ 2,
n=N;
converges to L < for € > 0 there is an integer N, (which we can choose greater than or equal to N;) such
that sy —L|<&. Therefore io: [ag(<Sand|sy —L|<5.
|ow, ~ L] <3 =3 5 and oy, —L|<3

<e€

o} k
(b) The series ngl |ay | converges absolutely, say to M. Thus, there exists N, such that Ex jan|—M

whenever k > N;. Now all of the terms in the sequence {‘ b, ]} appear in {|a.n|} Sum together all of the

terms in {[bn |}, in order, until you include all of the terms {‘a.n”Nll, and let N, be the largest index in the
n=,

N. N
2 2 [}
sum 3, |b,| so obtained. Then| Y |b,|—M|<eas well=> 3 |b, | converges to M.
n=1 n=1 n=1

61 (a) If 3 then $° a_ con alPa 419 $ _T““ﬂ”‘f"
. converges en converges an = =
(ﬂ n=1 |3n| ges n=1 ®n € §n=1 ®n 2 n=1 |a'n| n=1

gnt|en|_ Jow if 2,20
converges where b, = = .
0, if a <0
$ $ 1 R 1 R 2|3
b) If th d -5 =
(b) n2=:1 |2y | converges, then ng—-:l a, converges and 3 nz=:1 a, —3 ngl {3 | nz=:1 —5

_an—ay| ) 0, if a, 20
converges where ¢, = 5 = 5 <0 .
an I ay
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62.

63.

The terms in this conditionally convergent series were not added in the order given.

Here is an example figure when N = 5. Notice that

uz >uy >uy and ug > ug > uy, but u, >u, ., for

n > 5.
Uy T
.uz
tug
P v
ug
-ug
+u »
i —24t -y
5, O LA L i3 L 5 IJ 5 s

8.6 POWER SERIES

1.

* n=Soo

. 1
lim +
n—oo

series; when x = 1 we have E 1, a divergent series
(a) the radius is 1; the mterval of convergence is —1 <x < 1
(b) the interval of absolute convergence is —1 < x < 1

(c) there are no values for which the series converges conditionally

<1 Jigg |G

lim RNy P L

lLn+1‘
“n

E (—1)®, a divergent series; when x = —4 we have E 1, a divergent series
n=1 n=1

(a) the radius is 1; the interval of convergence is —6 < x < —4
(b) the interval of absolute convergence is —6 < x < —4

(c) there are no values for which the series converges conditionally

(4x +1)nH!
S | @+ )T

n+1

lim l( 1= hm
n—oco n—

<1=|4x+1|<l=>-l<dx+l<1=>-1

2

<1=|x+5|<1=> -6 <x< —4; when x = —6 we have

< x < 0; when x = —

have Z (-H)r(-1)"= E (- 1) § 17, a divergent series; when x = 0 we have § (=12
n=1 n=1

= E (—1)", a divergent series
(a) the radius i 1s ; the interval of convergence is —% <x<0

(b) the interval of absolute convergence is —% <x<0

(c) there are no values for which the series converges conditionally

n+1 o0
<1= lim ’xx—n|< 1=ixI<1= -1<x<1; when x=—1we have > (~1)?, a divergent
n=1

Lue



4.
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. Un41 s (3x — 2)n+1 n 3 n
Jim, |BE| <1 i, ST G| <= 18- 2l dim, (h) <1 (-2l
© (=1)*
=-1<3¥x-2<1= % < x < 1; when x =% we have ) ( n) which is the alternating harmonic series and is
n=1
X
conditionally convergent; when x = 1 we have ) l, the divergent harmonic series
n=1 n
a) the radius is l; the interval of convergence is 1 <x<1
3 3
(b) the interval of absolute convergence is %< x<1
(c) the series converges conditionally at x =%
oo |Unt k=2t gem [x—2]
Jim_ ‘u—n\< 1= lim } o "- 2" <l=>=pmp—<1 =>|x-2|<10=>-10<x-2<10
fo. %] o0
= —8 < x < 12; when x = —8 we have Y. (—1)7, a divergent series; when x = 12 we have ) 1, a divergent
n=1 n=1
series
(a) the radius is 10; the interval of convergence is —8 <x < 12
(b) the interval of absolute convergence is —8 < x < 12
(c) there are no values for which the series converges conditionally
ox)nt+1 .

Jim ﬁ:“< 1= lim '((’;3‘)“ <l= lim |2x|<1l=[2x|<1= —%<x<%; when x = —%we have
o0 1 o0

Y. (~1), a divergent series; when x = ; we have > 1, a divergent series
n=1 n=1
(a) the radius is %; the interval of convergence is —% <x <%
(b) the interval of absolute convergence is —% <x <%
(c) there are no values for which the series converges conditionally

u +1
Iim :‘1_:'1<1¢n11’1—g° (n_—{-_&x_n_.(n+2) w<1=ﬂx|<1

wry o we | <P TaThm

n—o0

e}
= —1 <x < 1; when x = —1 we have >, (-1)* —n-§, a divergent series by the nth-term Test; when x = 1 we
n=1 n+

o0
n . .
a divergent series
have nz=:1 T g

(a) the radius is 1; the interval of convergence is -1 <x <1
(b) the interval of absolute convergence is ~1 <x <1

(c) there are no values for which the series converges conditionally
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8.

10.

11.

12

. |t I () : n
dim, |2 <1 i, SFT o<l Ixr2llim ()<= ix+2i<a

o0
=> -1<x+4+2<1=-3<x<-1; when x = —3 we have > %, a divergent series; when x = —1 we have
n=1

& (=n° :
Y. i a convergent series
n=1

(a) the radius is 1; the interval of convergence is —3 < x < —1
(b) the interval of absolute convergence is —3 < x < —1

(c) the series converges conditionally at x = —1

. un+1' . X0+l _n\/r_l3n X/ n - =
- i, l—"“un <1= i | enarren e |<1 e (i, o )(Vlim ) <!

o (=1)"
= %‘——-—I(l)(l) <1=1x1<3= —-3 <x<3; when x = —3 we have }_ ( 3/)2 , an absolutely convergent series;
n=1l n

o0
when x = 3 we have ) —31—/2, a convergent p-series
n=1 n’

(a) the radius is 3; the interval of convergence is —3 <x < 3
(b) the interval of absolute convergence is —3 < x < 3

(c) there are no values for which the series converges conditionally

. Un4y : (x“l)“H \/E . i
nl-gro‘o T, |<1=>nl_1_'n§.1° ﬁ-'(x—_ﬁﬂ <1=>|X—1| nllvrgo n—_H<1=>|X—1|<1

0 (=1)»
= —-1<x-1<1=0<x<2; when x=0 we have ) ( 1 /)2 , & conditionally convergent series; when x = 2
n=1 n

o0
we have ) L a divergent series
n=1 nl/ 2

(a) the radius is 1; the interval of convergence is 0 < x < 2
(b) the interval of absolute convergence is 0 < x < 2

(c) the series converges conditionally at x = 0

. Un41 : £+l g : 1
Aim, o <1= lim eSS <1:|x[x‘11'r[.1°(m)<lforallx

(a) the radius is oo; the series converges for all x
(b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

. |¥ng1 Lo |gntlgntl g : 1
nllongo _nn_ <1 =>n]Ll’{.l° "(T:I_-l—)‘-'sﬁ—’-‘ﬁ <l= 3|X|nlLI!°1° (n_-l-l)< 1 for all x

(a) the radius is co; the series converges for all x

(b) the series converges absolutely for all x



13.

14.

15.

16.

17.
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(c) there are no values for which the series converges conditionally

2n+3 o!

n+1 X
<1= lim (n+1)' 2n+1

n—oo

lim
n—oo

2 5 1
<1l=x le%o(n+1)<1forallx

(a) the radius is co; the series converges for all x
(b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

(2x 4 3)2+3 . n!
(n+1)!  (2x+3)=H!

(a) the radius is co; the series converges for all x

lim
n—oo

uy,
—‘<1=> lim

n—oo

<1= (2x+3)% lim L )< 1forallx
n—oo \n +

(b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

+1 \/n§+3
\/(T+1)2+3 x

<1=(xl4f lim —%<1=>le<1

. Unt1
dim, [ < 1 = i,

o0 1"
= —1 <x < 1; when x = —1 we have Y (=) , a conditionally convergent series; when x = 1 we have
n=1 ; n! +3

o0
1 . .
a divergent series
nz=:1 n?+3’ &

(a) the radius is 1; the interval of convergence is -1 <x <1
(b) the interval of absolute convergence is —1 <x <1

(c) the series converges conditionally at x = —1

. n+1 \/n7+3 . n°+3
lim —‘T'—1|<1:> lim X <1=>x4/ lim —T—<1=>|x|<1
n-=co n—oo \/(n+1)2+3 x* n—oco +2n+4

00 —1\n
= —1 < x < 1; when x = —1 we have E 7—_5==, a divergent series; when x = 1 we have nzl 1(12 _123 ,

a conditionally convergent series

(a) the radius is 1; the interval of convergence is -1 <x <1
(b) the interval of absolute convergence is =1 <x <1

(c) the series converges conditionally at x =1

<1= lim

lim
n—oo

(n+Dx+3)**+ g [x+3] . (n+1 [x+3]
5l e - ,}L“éo( m )<1=>

n+1
O,

00 —R)
=>|x+3|<5=>—5<x+3<5=>—8<x<2;whenx=—8wehave > ILE—)-: f: (~1)"n, a divergent
n=1 n=1

5

series; when x = 2 we have Z —57‘— = E n, a divergent series
n=1
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18.

19.

20.

21.

(a) the radius is 5; the interval of convergence is —8 < x < 2
(b) the interval of absolute convergence is ~8 < x < 2

(c) there are no values for which the series converges conditionally

.y, ) n+ 1)t 4n(y249) 1xf . |(+1)(n2+1)
lim rl‘H!<1:hm ( . <l== lim |————{|<1=xI<4
noco | Uy 1200 | mAl(n2 4 gy 4 9) nx"? 4 15 n(n?+2n+2)
x n(-1)"
= —4 <x < 4; when x = —4 we have ) T a conditionally convergent series; when x = 4 we have
n=1 n

71—, a divergent series
n=1 n“+1

(a) the radius is 4; the interval of convergence is —4 <x<4

(b) the interval of absolute convergence is —4 < x < 4

<1=L’§'\/4Lr& (9;'—1)<1:'%'<1:>|x1<3

o0
= —3 <x < 3; when x = —3 we have ), (—1)"\/1_1, a divergent series; when x = 3 we have
n=1

(c) the series converges conditionally at x = —4

Vo+1x*1  an

3atl ) /ox®

Un4i

A |, ’<1=>,}L"3°

>
). \/n, a divergent series
n=1

(a) the radius is 3; the interval of convergence is ~3 < x < 3
(b) the interval of absolute convergence is —3 < x < 3

(c) there are no values for which the series converges conditionally

|<1= Jin,

n+l n+1 n+l1
Ya+1 (2x+5 Y
RA LA ST 9k 4+ 5] lim —votrl)
BRCICTO % | o

t

A2, ¥V

oo oo
Y (~1)3/n, a divergent series since Aim 3/ = 1; when x = —2 we have . /1, a divergent series

n=1 n=1

lim
$[2x+5|(""°° )<1$l2x+5|<1=>—1<2x+5<1=>—3<x<—2; when x = —3 we have

(a) the radius is %; the interval of convergence is ~3 < x < ~2
(b) the interval of absolute convergence is —3 < x < —2

(c) there are no values for which the series converges conditionally

n+41 t
1417 et lim {141

Jim u%:—l‘<1=>nli__r& (—Ll)ﬁ—<1=>1x; ‘—‘ELE)—,, <1=x(f)<1=xi<1
(1+8) dim, (1+)

00 n
= =1 <x < 1; when x = —1 we have ) (—1)“(1 + %) ) & divergent series by the nth-Term Test since
n=1



22.

23.
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n 0 n
Aim (1 +%—) =e # 0; when x = 1 we have nz=:1 (1 + ili) , a divergent series

(a) the radius is 1; the interval of convergence is -1 <x <1
(b) the interval of absolute convergence is ~1 <x <1

(c) there are no values for which the series converges conditionally

1
M<1:>|x|nl'gg° (n(;')l)<1=>|x| lim ( +1)<1=>lx|<1
7

<1=>1m = Inn

lim
n—oo

n+1 |

n—oo
= —1 < x < 1; when x = —1 we have E (~1)" In n, a divergent series by the nth-Term Test since
Il_.

Jim Inn # 0; when x = 1 we have E In n, a divergent series
n=1

(a) the radius is 1; the interval of convergence is -1 <x <1
(b) the interval of absolute convergence is ~1 <x <1

(c) there are no values for which the series converges conditionally

1)n+1 n+1
Jim, || <12 lim, ‘Q‘l*'—n),,—x,,"— <t=ix( Jim, (1+1) )i, @+ D)<

=ejx| Jim (n+1)<1=onlyx=0 satisfies this inequality

(a) the radius is 0; the series converges only for x =0
(b) the series converges absolutely only for x =0

(c) there are no values for which the series converges conditionally

. 1! (x—4)"H .
24. lim ‘u—ﬂl—'1|< 1= lim % <1=|x—4]| lim (n+1)<1= only x =4 satisfies this
inequality

25.
n—o6o

(a) the radius is 0; the series converges only for x =4
(b) the series converges absolutely only for x = 4

(c) there are no values for which the series converges conditionally

(x+2)=+ ._n2"
(m+1) 22+ (x+2)°

[x+2 [x+2]|

<l |JL‘%o(ﬁT)<1=>

,,|<1=‘,115%°

<l=|x+2]|<2

o2}
= —2<x+2<2=>—4<x<0; when x = —4 we have ), :h'lv a divergent series; when x = 0 we have
n=1

0 _1yn+1
$ e

n=1

, the alternating harmonic series which converges conditionally

(a) the radius is 2; the interval of convergence is —4 <x <0
(b) the interval of absolute convergence is —4 <x <0

(c) the series converges conditionally at x =0
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26.

27.

28.

29.

155 % | T2 P@FDx= D" 23 (T

x
=>|x—1|<l:—-l<x—l<l=>l<x<§; when x = 1 we have >, (n+1), a divergent series; when x = 3
3773 272 2 2 P2 2

_g)n+l 9)(x — 1)2+1
‘<1: lim (=™ (0 +2)(x—1) <1=2|x-1] lim (2+2)<1=>2|x—1|<1

we have f: (—1)“(n + 1), a divergent series

(a) the radius i 1s ; the interval of convergence is 5 <x<3 5

(b) the interval of absolute convergence is 5 <x< %

(c) there are no values for which the series converges conditionally

o+l n(ln n)?
I

(a+D(In@+1)P =

u
. n+1 .
dim, [ <12 i,

2
<1= x| (nlggo n+1)(n‘—m ln(n+1)) <1

2
: (%) . n+ 1\
=1x1(1) nanclo( T ) <1=>|x|(nl_1_'nc}° 7 ) <1=Ix1<1= —1<x<1; when x = —1 we have
n+1
& (-1 . 1 .
7 Which converges absolutely; when x = 1 we have E 7 Which converges
n=1 n(ln n) n=1 n(ln n)

(a) the radius is 1; the interval of convergence is —1 <1<1
(b) the interval of absolute convergence is —1 <x <1

(¢) there are no values for which the series converges conditionally

n+1 nln (n)
(n+13(1n(n+1) x?

<1= x| (11m In (n)

im |Sntl n _nin)
lim ‘ ‘< 1= lim n3% n+1)(nllvnolo ln(n+1))<1
(-1=

n—oo n—o00

=1x1(1)(1) <1 =1x1<1 = -1 < x < 1; when x = —1 we have E
=2 nlnn

when x =1 we have E n—l—r—l— which diverges by Exercise 75, Section 8.4

n=2
(a) the radius is 1; the interval of convergence is —1 <x < 1

(b) the interval of absolute convergence is —~1 < x < 1

(¢) the series converges conditionally at x = —1
lim “+1‘< 1o gig |G 22 ) e im B <1 o (ax—5) <1
n—do 5% | (n41)3/2  (4x-5)Hl (" n+ 1)
3 ED = g
=|4x-5|<1l=>-1<4x-5<1=> 1<x<§;whenx 1 we have E 3—/2= > %/2- which is
n=1 n
3 oo (1)2m+1

absolutely convergent; when x = 5 we have ) 7l a convergent p-series

n=1

(a) the radius i 1s ; the interval of convergence is 1 < x <y 3

(b) the interval of absolute convergence is 1 < x < %

(c) there are no values for which the series converges conditionally

, & convergent alternating series;
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. |Ungs (3x+1)"2  ony9 . 2n+2
30. Jim |- |< 1= lim | Gt P <l= [3x+1| Jim {5077 )<1=[3+1|<1

2 2 & (-t

= -1<3x+1<1=—-2<x<0; when x = —£ we have ) =5———, a conditionally convergent series;
3 3 = 2n+1 )
(€ . .

when x = 0 we have Z_-:l P n§1 T + 1r 2 divergent series

(a) the radius i 1s ; the interval of convergence is -—%— <x<0

(b) the interval of absolute convergence is —% <x<0

(c) the series converges conditionally at x = —%

. Unp1| o .
31. nlll}gc lTI<1: lim

n—oo

n+1
%(,H.ﬂ.)n <1= |x+7| 11n°1°|M |<1

=|x+7|,/lim ( +1)<1=>|x+wx<1:—1<x+ﬂ-<1=>—1—7r<x<1—1r,

n—oo

s ) n - .
when x = —1 — 7 we have E (= ) =3 "l /)2 , a conditionally convergent series; when x =1 — v we have
n=1 n=1
73 & divergen p-series
n—l \/_ n—l n 1/2

(a) the radius is 1; the interval of convergence is (~1—7) <x < (1-7)
(b) the interval of absolute convergence is -1 -7 <x<1-7

(c) the series converges conditionally at x = -1 -

(x_ﬁ)2n+3 on .
¥l | <1 =
(x-+2)
(x—\/i)2 2
:—————<1=>(x— 2) <2=>|x-—\/§‘<\/§=>—\/§<x—\/§<\/§=>0<x<2\/_2-;whenx=0
2n+1
0 o on+l1/2
E( \/_) =-3 2 =

n=1 n=1 2

2n+1

oy =y +1/2 =)

have ) M%—: 3 -2-n2—n— =5 \/5, a divergent series
n=1 n=1 n=1

(a) the radius is \/5; the interval of convergence is 0 < x < 24/2

2
. -4/2
32. lim <1= lim (x ;/_) dig [11<1

n+1 l

we have

- io: /2 which diverges since Aim a, # 0; when x = 2\/5 we
n=1

(b) the interval of absolute convergence is 0 <x < 2v/2

(c) there are no values for which the series converges conditionally

X — 1)2n+2 40
4o+l (x —1)

(x-1?

““ m|<1= 7 lim 1ll<1= x-1)?<4=ix-1l<2

33. lim

n—oo

|<1=> 11m

( 2)2“ X 40 o)
= -2<x—-1<2=-1<x<3at x=-1wehave E = y m= Y. 1, which diverges; at x =3
n=0 n=0 n=0
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34.

35.

36.

37.

2n .2} x
2411 = Z E 1, a divergent series; the interval of convergence is ~1 < x < 3; the series
n-O =0

o0
we have )
n=0

(x=1)" o x_]_?n. A .
—E = > ( 5 ) is a convergent geometric series when —1 < x < 3 and the sum is

n=0 n=0
1 1 - 4 4
1_(x—1)2 4—(x-1)?] 4-x"+2x~1" 3+2x-x°
2 1
. u, (x+1)+2 on (x+1)? 2
Jim ’———‘(1_—.>nl£)n°1o —_q-“"‘l_(x_-}-T)ﬁ <l= 5= lim |ll<l=(x+1)’<9=|x+1]<3
= (-9 _
= -3<x+1<3=-4<x<2; when x=—4 we have }_ = >, 1 which diverges; at x = 2 we have
n=0

a0 9

o 2n x
> 3 = ), 1 which also diverges; the interval of convergence is —4 < x < 2; the series
n=0 n=0

X 2n 00
PR

n
2
((’—‘—;’—l) ) is a convergent geometric series when —4 < x < 2 and the sum is

n=0 n=0
1 - 1 - 9 9
x+1V  [9—(x+1)2] 9-x2—2x—-1 T8o:x—x?
() |2l
+1
Unys . vx-2)' 2°
nango‘ |<1=>nll.n°1° L Oy 2),,<1=>|\/‘ 2|<2= -2<,/x-2<230</x<4

o oo
= 0 <x < 16; when x =0 we have 3, (—1)" a divergent series; when x = 16 we have Y, (1), a divergent
n=0 n=0

VE-2)

[o.2)
series; the interval of convergence is 0 < x < 16; the series 3 ( ) ) is a convergent geometric series when

n=0
. . 1 1 2
0 < x < 16 and its sum = =
an is (\/"_2) (2_\/;+2) 4—-\/;(
1—
2 2
x)Ht

<l=|lnxf<l=>-l<hx<l=>el<x<e;whenx=elorewe

o | (In
dim, |52 <1 iy ‘W

[o.2) o0
obtain the series }_ 1™ and ), (—1)" which both diverge; the interval of convergence is ¢! < x < ¢;
n=0 n=0

2 1 1
> (lnx)“z1 < When e <x<e
n=0 -

In
+1
(ﬂ)n (3 Y
3 2 +1

[o.°)
2 1xI< V23 —/2<x< \/-2_; at x = £ /2 we have 2. (1)* which diverges; the interval of convergence is
n=0

<1= lim

n—oo

lim
n—oo

<l=

(x*+1)
3

2
n+1 . x‘+1 2
! dm [1l<l= <15 %<2




38.

39.

40.

41.
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n
—/2 < x < 4/2; the series E (x = 1) is a convergent geometric series when —1/2 < x < 4/2 and its sum is
n=0

1 1 ___3
1— x2+1 3—x2—1) 2-x
3 3
+1
lim |2t <1 = i (ESE0) AN <1=lx?-1l<2= /3 V3; when x = +/3
i <1l= hm o+l ( 2 )n X - J<x< when x we

n
2
have 1®, a divergent series; the interval of convergence is —/3 <x < ; the serles X=1) isa
g 2

n=0

convergent geometric series when —\/§ <x< \/§ and its sum is 1 = ( 1 —=_2
) (x - 1) (2

- x2_1)) 3—x?

2

i [ ) L ix—3l<2 = 1<x<5 whenx=1wehave S5 (1)® which diverges
Jim —2-;‘—_’—_3—-()(—_—3—)“< =|x~-3|<2=1<x<5; when x =1 we have ), (1)* which diverges;

n=1

o2}
when x = 5 we have 3. (—1)" which also diverges; the interval of convergence is 1 < x < 5; the sum of this
n=1

convergent geometric series is - (}( = xz—_-T fix)=1- —(x 3)+3 i (x 3)2+. +(——) (x—=3)"+
+

n
=7 then fi(x) = —l+%(x— 3)+... +(—l) n(x —3)*~! 4... is convergent when 1 < x < 5, and diverges

when x = 1 or 5. The sum for f'(x) is =2 7 the derivative of .
(x-1 =

160 = 1-Lx=3) + 3= 92 4. +(=1) -3+ = 2 then Jf(x) dx

Y _\3 n+1
___x_(x 43) +(X123) +.. +( 2) (x_n—%)l_'*' At x =1 the series E

e (<12
the series ngl AT

dlverges, atx=5

converges. Therefore the interval of convergence is 1 < x < 5 and the sum is

dx=2In|x—1|4+C, where C=3—1In 4 when x = 3.

21In|x~—1/+(3 —1In 4), since I xgl

_ax? o oexd 7x® L ox® 11xM0
(a) Differentiate the series for sin x to get cos x = 3y + I B T U
2 4 6 .8 10
=1 —%+’—;—;—%+%—’-{W+ .... The series converges for all values of x since
+1

Jim (_nx—:_-l—'x lxlnlggo(nl—ﬂ)=0<lforallx

: 23x3 | 25x8 277 | 2%°  2lix!! _ o, 8x% 32x5 128x7  512x° 2048x!!
(b) sin 2x =2x — 3"‘ R R T it U Tk S TR - R A RS |V
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(© 2s1nxcosx_2[(0 D+(0-0+1-1)x+(0-5L+1-0+0- 1)x? +(0-0-1-3+ +0-0-1-4)x®

{0+ 10-0-5-0-F+0-1)x* +(0-0+1-F+0-0+4- L 0.0+ 1-4)0

3
+(0-g+1-040- 20 dv0-dr0-fro 1)+ )= 2[x—i"—+165—’,‘—...]

3!
—ox 2% 255 2TxT | 2% gl
R . LA e
42. (a) d(e )=1 +57 2x 3;' + 55 =1+x+% o7 +§, +% 4, . = €%; thus the derivative of e* is e* itself

(b) J efdx=e*+C=x+%- + 37 + + 5 + .+ C, which is the general antiderivative of e*

(@ e =1l-x+5-545 -5t e e =1-14(1-1-1- 1)x+(1-2, 114 1)

1 1.1 1 3 1 1,1.1_1 4
(g tegrgpl-gp1) +(1'—."1'ﬁ+ﬁ'ﬁ-a'”4“v 1)x
1

3 9.5 7 9
43. (a) Insec x|+C = J.tanxdx= I(x+%+%&—+%+%+...)dx

—

178 | 31x10 = - 2 xt x6 1
2+12+45+2520+14175+...+C,x-—0=>C—0:lnlsecxl_?+12+45 3 +14, TE -

c

converges when --2- <x< 5

d(tan x) _ 2 x5 177 62x° _ 2, 2x% 118 62x8
& dx(”T’fﬁ*W’Lme"' =1+x"+ 5+ 55+ 375+ converges

™ s
when—§<x<—2-

(b) sec?x =

2 4 6 2 4 6
(c) sec’x = (sec x)(sec x)=(1+x +5L+GIT’B+...)(1+XT+%+§712—X+...)
5 1,5\ 4, (61 5 5 61\
=L+ () + (Frra+ 20+ (P fy s+ 7)<+

=1+4x2 +2§ 17x 62x8 T

T
+iE 484, - T<x<]

2 4 6
44. (a) In|sec x +tan x|+ C = Jsecxdx: j(l+%+%’-&-+%+...)dx

e X0 x° 6lx Px = =
=x+%+5z+ 040+.{.2,576+...+C,x_O=;~C_0=>1n|se<:x+tanx|

N SOE SRy 1t < +..., converges when — X <x < T
- 6 ' 24 " 5040 ' 72,576 " "’ 2 2

d(sec x 6
(b) sec x tan x = ( )=i(1+2+52’i +(?YIT)B+ >_x+56 +6112’B +217;)70x8+ .., converges

T s
when -5 <x<3
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(c) (secx)(ta.nx):(1+ +T+GT— .)(x+’§—3+21)%—5+%{+...)
=xt (341 +(B+E+ )+ (3 A+ = x+82 4 610 2T
-F<x<g
45. (a) Iff(x) = n)";_'fo a,x", then {9)(x) = ni_'jk n(n — 1)(n — 2)-(n — (k— 1)) a,x*"* and £)(0) = kla,
oy (0 . o
= =—p likewise if f(x) = Z b, x", then by = — &= by, for every nonnegative integer k

(b) If f(x) = n%_.jo a x" =0 for all x, then f(k)(x) =0 for all x = from part (a) that a, = 0 for every

nonnegative integer k

1 _ 1 - 2 3
46. === T+x+x2+x3+xt+.. =>x[(1—_x—)§]_x(1+2x+3x + 4x +”')=>-(T_fx?

2
=x 42+ 33+ x4 o x[ A EE = k(14 x4+ 00 4 1623 +..) > 2EX
(1-x%) (1-x)

(7+z)
®

o0
47. The series ) xTr“ converges conditionally at the left-hand endpoint of its interval of convergence {—1,1]; the
n=1

—
—

=x+4x2+9x° +16x  +... =>

[[lNg
-8
[
(=21

4,916
+Z+g+ﬁ+...=>

N)b—-

n:

series Z (2 n) converges absolutely at the left-hand endpoint of its interval of convergence [—1,1]
n=1 {n

48. Answers will vary. For instance:

o &0 0 o 0 8 (53

8.7 TAYLOR AND MACLAURIN SERIES
1 f(x)=Inx, £(x) =&, #(x) = -4, "(x) = x2—3; f(1)=ln1=0, £(1) =1, £'(1) = =1, /(1) = 2 = Po(x) = 0,
X

Pi(x) = (x—1), Py(x) = (x = 1) =1 (= 1)?, Py(x) = (x - 1) - (x = )P+ (x - 1)°

2. f(x) =In(1+x), fi(x) = 1+x =(1+x)7, (x) = (1 4+x)7% (x) = 2(1 +x) "3 £(0) =In 1 =o,

£(0) = % =1, £'(0) = ~(1)"2 = =1, £(0) = 2(1) "3 =2 = Py(x) =0, Py(x) =x, Py(x) =x~&;, P3(x)
x2 X3
=x-g+y
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310 = (x+2)7h () = ~(x+2)7% () = 2(x+2)7%, 7/(x) = ~6(x +2) 74 £(0) = (2) 1 =, £(0) = ~(2) 2
—p PO =227 =4, 17(0) = ~62)* =~ = Po() =3, Pa(x) = §-F, Py() =} -

3
Pyx) = -5+~ T5

|8

4. f(x) =sin x, f'(x) = cos x, f'/(x) = —sin x, f"/(x) = —cos x; f(%) =sin -;’15: \/E, F(%) = cos

f"(%): —sm%: —-\éi f"(

N
S—
il
I
o
(=
w
NS
1
|
]
o
o
I

B R AR O

5. f(x) = cos x, f'(x) = —sin x, f/(x) = —cos x, {'"/(x) = sin x; f(%) =cos T =

1
17/

6. f(x) = /x=x7% f(x) = (%—)x‘ln, '(x) = (—4l)x'3/2, '(x) = (%)x"5/2; f(4) = a=2,

ray=(})a =1, r@=(-1)a*2= ~3 @ =34 = e 5 Py =2, Py () =2+ 1 (x - ),

Py(x) =2 +§ (x—4) — g (x = 4% Py(0) =2+ (x—4) ~ & (x = 9 + gl5 (x ~ 4)°

® yn [} (_X)n 2 3 4
7. exzngo n':e - ngo n! =1_x+%_§!—+§_!_'“

8. f(x) = (L+x)™ = £(x) = (1 +x)72 £/(x) = 2(1 +%)73, £"(x) = =31 + x)~* = ... {})(x)
= (1M1 +x) 757 £(0) = 1, £(0) = —1, £(0) = 2, £(0) = -3, ...,{})(0) = (~1)*!

s>l o1 ox4x®-B4..= § (—x)* = § (-1)"x
T+x n=0 n=0
( l)n 2n+1 . _ o0 (_l)n(3x)2n+1 _ 00 (_1)n32n+1x2n+1 33)(3 35x5
9. sinx = EO )Rtk il Py ey Dy ooy i R
1)Px 2n
10. 7 cos(—x) =T cos x =7 Eo % =7- 7i+%—— (£ +..., since the cosine is an even function
=

e 4e* 2 .3 .4
1. cosh x =2F2— =5l 1+x*+%; +3,+ 1y Hl-x+5-Fr+5 - —1+2,+ +6,+

N

_ o) x211

_n:0 —(_in—)T



12.

13.

14.

15.

16.

17.

18.

19.

20.
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e X 2 3 4
sinh x = £ R %[(1+x+ +3,+ e )(1—x+%—%+%—..)]—x+ +5,+ S
—oo x211+1
—ngo (211-(-1)!
f(x) = xt — 253 — Bx +4 = £/(x) = 4x® — 6x% — 5, "(x) = 12x% — 12x, £"/(x) = 24x — 12, f{(x) = 24

= f0)(x) = 0 if n > 5 (0) = 4, £(0) = =5, £(0) = 0, £(0) = ~12, £*)(0) = 24, {™(0) =0 if n > 5
> xi-2x®-bx+4= 4—5x—l32x3+24 x?t = x* — 2x% — 5x + 4 itself

f(x) = (x+ 1)? = FI(x) = 2(x + 1); £(x) = 2 = £)(x) = 0 if n > 3; £(0) = 1, £1(0) = 2, £/(0) = 2, £™(0) =0 if
n>3::>(x+1)2—1+2x+ x =142x+4x?

f(x) = 3 — 2x +4 = £/(x) = 3x% ~ 2, £"(x) = 6x, £"'(x) =6 = f™)(x) =0 if n > 4; £(2) =8, £'(2) = 10,
£1(2) =12, (2) = 6, {(2) = 0 if n 2 4 = x* - 2x +4 =8+ 10(x - 2) + 32 (x - 2)? +%(x—2)3
=8+10(x—2) +6(x —2)2 + (x — 2)°

f(x) = 3x5 —x* + 23 + x2 - 2 = £/(x) = 15x% — 43 + 6x% + 2x, £'(x) = 60x3 - 12x% + 12x + 2,
£7/(x) = 180x? — 24x + 12, £4)(x) = 360x — 24, 1®)(x) = 360, £™)(x) = 0 if n > 6; f(—-1) = —

f/(=1) = 23, £/(~1) = —82, /(1) =216, £*)(-1) = —384, £®)(—1) = 360, {™(-1) = 0ifn > 6

= 3x5—x4+2x3+x2—2=—7+23(x+1)-—%%—(x+1)2 216( +1)3 384( +1)4 360(X+1)5
= —7+423(x+1) —41(x + 1)® + 36(x + 1)° — 16(x + 1)* + 3(x + 1)°

f(x) = x~2 = F(x) = —2x73, £/(x) = 3!x~%, £(x) = —41x~® = {W(x) = (-1)2(@ + 1) x %
f(1) = 1, £1(1) = =2, (1) = 3!, £7(1) = —4!, (1) = (-1)"@ + 1)! = %

= 1-2(x—1)+3(x—1)2 —4(x =13 +...= )":_'30 (~1)(n + 1) (x—1)*

f(x) = 1

fo. <]
£(0) =0, f'(0)=1,f"(0)=2, f(0) =38l = Zo=x+x+x>+..= L
- n=0

) = (1-%)72, (x) =2(1 —x)3, #(x) =3 (1 —x)™* = fW(x) =n! (1 —x) ™7}

f(x) = € = f/(x) = €%, £(x) = e* = f)(x) = X 1(2) = €2, £(2) = &2, ... {)(2) = &?

szl e (x—D)+ L (-2 k=D .. = S Ex—2)
= 2 i o= 4

f(x) = 2 = £/(x) = 2% In 2, £(x) = 2%(In 2)?, #/(x) = 2%(In 2)> = {®)(x) = 2*(In 2)% £(1) = 2, F() =2 In 2,
/(1) = 2(In 2)2, £"(1) = 2(In 2)3, ..., £9(1) = 2(In 2)

>2*=2+(2In 2)("‘1)+M(X—-1)2+2(1—g!2)j(x—1)3+....—_ 2 2(n 29)%x -~ )7

n=0 n!
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K 40 5x) 3.3
2l & =14+x+3% = X e X =14(-5 =1- 5% 5%
2' nz=:0 = (-5x) + + 1-bx + 55— 25+ Py
2. =l4x+54..= 5 ﬂ:e—x/2=1+(—x)+(_§)2+ —1 Xy x X
2' o VAR 2 222' T
—ng::O 2°n!
1rx3 ﬂ'Xs 7rx7
. s o _ o (1 (2) (%) (%)
—x—-X 4 X _ = in IX —7X _ —
23. sin x =x— 37+ 57 ...-E_}O e = sin =75 3T+ R ot
( l)n 2n+1 2n+1
"n;o 220+ (9p 4 1)!
2n
& (=1)ix o (1)) = (-1)n" 2 3
24. = —— = = = =1-X4X _X
oRX= 3 Ty T VAR Ty T4 ey ClTataet
x_ R x* x_of & )\ & x“"’
25. X = go o= xe -x(ngo “!)_nz=:0 T =x+x° +2,+3,+ +...
( l)n 2n+1 ( l)n 2n+1 oy (_l)nx2n+3 5 7 9
26. sinx = > = = =x3_X 4 X _X
ngo T T X sx=x nz_:,, DT )T % @arDr X srte Tt
1)“n (=172 2 2 4 .6 .8 10
27, S x2_ —x_ =2 -2 B8 X0
wox= & o = g1 remx=g-14 & S =g te g - ot
4 6 8 _10 o) (_1)nx2n
X _X 4 X X =
SgoeateTwt T & Ty
. 00 (_l)nx2n+l 00 (_l)nx2n+1 3
28. = —— = - p. o
oinx= L S =\ S )
3 5 LT 9 L1 3 .5 7 9 .11 % (—1)Px%tl
2 _x x_ x XXX X x -
—(" ST HEr ATt 11!+"') Ay=g-wte it = X, Gt
l)nx2n 00 (_l)n(,’rx)Zn 0o (_1)n1r2nx2n+l 2.3 4.5 6.7
29. = D™ = = —x—Tx®  7%x° 7%
wox= & o @ xesmesx B = ) Sy = x - B T - 0y

30. cos?x =} +9082X = 3+3 & = 1)“(2><)’“_%Jr%[l_(2x)”+(2x)4 (2x)6+(2x)8_m]

= N ) 21 4 ! 8!

(=1)*(2x)*
=1+ Z 5+ (2n)!

@07 ot (0 (20°
=l-sorto g e taer

E ( 1)“5]’1 n





