32.

33.

34.

35.
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Across the cap: g(x,y,z) =x*+y2+22=25 = Vg=2xi+2yj+2zk = | Vg|= \/4x2+4y2+427= 10

Vg _xityitsk oo x% ¥Z 5o P 10
|Vg|_——5—-———=>F n——5—+T -5—,p_k=>|Vg-p|_2zsmce220=>da=§;

dA

[

5

——+%)(g)dA JJ (2 +y*+1)dxdy = I I r +1)rdrd6
R 00

¥
&)
=
5]
&
o
n
S
ey
o}
B
2.
q
I
C—
n__
N
o‘lx
~N
™
+
oy ‘<N

cap

- I 72 d6 = 1447
0

Across the bottom: g(x,y,2)=2=3=>Vg=k=|Vg|=1=>n=-k=>F-n=-1;p=k=|Vg-p|=1
= do =dA = Fluxpom = J J F-ndo = J J ~ldo= J I ~1 dA = —1(Area of the circular region)
bottom R R

= —16x. Therefore, Flux = Flux,, + Fluxy oo, = 1287

V= 2xi+2yj+ 22k = | Vil= /axF + 4y? + 42% = 2a; p=k=|V{-p|=2zsincez>0 :da—%ﬁ

=2dA; M= JJ 6da_8(surfa.ce area of sphere) = é—2——, M,, = J.[ z6do=§ JJ z(2)dA
S

) R
2

w/
3 M 3
=af JI dA=aé J I rdrd0—6—7—"f—=>2= ﬁyz(&%xg—z—i):%. Because of symmetry, X = §
]

= -;'— => the centroid is (%,%,%)-
Vi=2yi+ 2k = | Vil= VayT+ 47 = \/4(y’ +2?) =6 p=k = | Vi-k|= 2 since > 0 = do = £ dA
3 3 3 3
=§dAM=JJ‘ 1d0’=J Jédxd =I -[ 3 dxd: =98in—lzf =9m; M. =IJ z do
PN, -“zy_“%ﬁ”[f*-s’“s

3 3 3 3 3
J z(%)dxdy=54;Mx,=” ydazj J y(3)daxay = J. J = dxdy =0;
0 -3 0

-3
7 (%)

M,, = JJ xdcr=I J. dxdy —2—1r Therefore, X = 2" =3 y=0,a.ndi=54=
-3

]
1
Le—w

Ao

“Or 2 97

Because of symmetry, x=5=0; M = J. J §do=6 I J. do = (Area of 8)§ = 37+/26; V{=2xi+ 2yj— 2zk
S S

= | Vil= VEZ T iy 42 = 2/ v 2 p=k = | Vf-p|=2z=>da=3———-V"J2’zy”dA
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VR +y2+ (2 +y?) VAT VT2
= 7 dAz\/_ ;‘ ydA:Mxyzé'[J‘z\/-#x——L dA

»

r 2 1"\/—
=5“\/§\/£7+_y7dA=5J \/Erzdrd0=l41;\/§ (14 )

S

[
= (K,Y,E) =(0,0,l§$). Next, I, = [ I (x2+y2)6 do = .I. J (x2+y2)(—\/z-—z— ,x-{»—y) 6§ dA

S S
2r

=62 ” (x2+y2)dA=6\/§I J% r3drd0=15—1rr\/§6=>ﬁz=\/%=@
o1

s

36. f(x,y,z) = 4x? +4y? — 22 = 0 = V{=8xi+8yj— 2k = | VI|= /64x* + 64y° + 4z°

=2\/16xz+16y2+zz=2\/4z2+22=2\/52 sincez>0;p=k=| Vf-p|=2z =>da'—2v/gz dA = \/-dA

/2 2c086 f
:I;:IJ (x2+y2)6d0=6\/§J‘J (x2+y2)dxdy=6\/§ J J radrd9=3 (7]
® R ~-xf2 O

37. (a) Let the diameter lie on the z-axis and let f(x,y,2) = x% + y% + 22 = a2, 2 > 0 be the upper hemisphere

= Vf=2xi+2yj+ 2k = | Vil= V& + 4y° + 42° = 2a, a > 0; p=k=|Vf.p|=2zsincez>0

2r a
2 2 2
=>da=§dA=>1,=” 6(x’+y2)(%)da=a6“ Xty dA=a6J J S £ dr df
s R Val-(F+y?) o o V&I

27 3/2 2
=aé J. [—rz\/az—rz—%(az—r ] df = aé I %a:’ d6’=‘—1§a46=>the moment of inertia is %346 for

0 [
the whole sphere

(b) Ip =1 + mh?, where m is the mass of the body and h is the distance between the parallel lines; now,

I, __%75&46 (from part a) and%—: II §do=6 IJ (3)dA =as J‘J 1 dydx
) R R

Ve -G +y?)
2r ' 2r

=aGI J _rdrdo=as | [-vaTo P do=asj adf=2maandh=a
0 0

d

0

=1 = —375&‘6 +4ra%6a? = -2%5.46

38. (a) Letz= %\/xz + 2 be the cone from z =0 to z = h, h > 0. Because of symmetry, X = 0 and 7=0;

z:%\/x2+y7=>f(x,y,z) (x +y})-2=0= Vi= 2Xh 1+~2y—h—1 2zk
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214 4y2h3 1 7 2 2
=| Vil= \/-3—4’;“ +3 +4zz=2\/:7(x2+y2)+%§(x2+y2)=2\/(%)(x2+y2)(2—2+1)

2z
2, .2 vhTia?
=2 z’(!'——';-&-)=(%’)\/h§+azsincezzo;p=k=>|Vf-p|=22=>dv=(;-T)———a—dA

a' 2z

h+& J.Jd,—IJ. Vha+a dA=“ha+8' (1ra2)=7ra\/}m;
S

27
M, = ” z&da—” z( h “)dA:Vh;"’ ” BVATFY axay =DVt I J 2 drdf
R o0
_ 2rahvh*+a =3
____..3._..__\/”

_2h Zh
=3 => the centroid is (0 0,5 3 )

(b) The base is a circle of radius a and center at (0,0,h) = (0,0,h) is the centroid of the base and the mass is

M= J‘ I do = 7a?. In Pappus’ formula, let G = -3-k ¢, = hk, m; = ray/ he + a’ and my = ra?
S

1ra\/h2+a. + 7a? 3(\/112-'}-8- +a) h*+a +a)

¢) If the hemisphere is sitting so its base is in the plane z = h, then its centroid is { 0,0,h +2) and its mass is
2

27a®. In Pappus’ formula, let = 23—hk, = (h +%)k, m; = mn/h2 +ai, and my = 27a?

wa\/m(‘%h)k + 2’""2(h + %)k _ 2h\/m + 6ah + 3a2

2h
1|’B.\/h2+8.2 k + ra?hk o ey ) AT T3
=c= (T) 2h hita +3a'hk => the centroid is (0 0,2h h™+a’ + 3a.h)

Sc= = k => the centroid is
rav/h? +a% 4 2ra? 3(vh? +a? +2a)
Vo ey ) 2
0,0,2h h™+a_+6ah +3a . Thus, for the centroid to be in the plane of the bases we must have z=h
3(vh? +a +2a)
2h\/h7 + a’ + 6ah + 3a°

3(\/h2+ +2a) =h= 2h\/h5+a§+6ah+38,2 =3h\/h§+a.!+6a.h = 3a.2=th7+a.7
a
24/37-2

_1)a?
=9a%=h3(h%+a?)=> h*+a’h?-9at=0 = h?= @7—1)—5 (the positive root) => h = —y 8

39. £(x,y) = 2%, §,(x,y) =2y = |/E+ £ +1= V&I T 477 71 = Area = j J VEIT a7+ 1 dxdy
R

27

=jj VaTE 11 drdo = F(13y/T3-1)
0

0
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40. £,(y,2) = -2y, f,(y,2) = —2 = ,/f§+f§ +1=v4y2+ 422 +1 = Area = J J Vayr ¥ 422 + 1 dyda

R
27 1
:j J \/4r7+1rdrd0=%(5\/5—1)
0 0

_ __ Y 2.2 47 — 2 y? _
41. £,(x,y) _ﬁ, £(x,y) _W: VE+2+1= 1/F’fm+m+l_ V2

= Area = J J‘ /2 dxdy = 1/2(Area between the ellipse and the circle) = \/2(6r — 7) = 574/2

ny

42. Over R,y 2=2-3x-2y = f(xy)=-%,f,(xy) =2 = VE+E+1=/G+4+1 =7

= Area = J I %dA = %(Area of the shadow triangle in the xy-plane) = (%)(%) = %
R,

Xy

Over R,,: y=1—%—x~—%—z=>fx(x,z)=—%,fz(x,z)=—%=> \/f§+f§+1=\/%-+i-+l=%
= Area = ZdA—z(Area, of the shadow triangle in the xz-plane) = Ny =1
=))5dA=5 e plane) =(5)(3) =3-
X2

Over Ry,: x=3—3y—%z = f,(v,2) = =3, £,(y,2) =—%: \/f§+f:+1= \/9+%+1=%

= Area = T dA = L(Area of the shadow triangle in the yz-plane) = Ny =1.
b 2 2 2
R

Yz

43. y=%za/2=>fx(x,z)=0,fz(x,z)=21/2=>\/f,2(+f:+1= z+1;y=13—6:1—36-=%za/2=>z=4

4 1 4
=>Area=J J' \/z+1dxdz=j ,/z+1dz=§(5\/5-1)
00 0
2 4-2%
4. y=4-z=>fx(x,z)=o,f,(x,z):-l=>,/f§+f3+1=\/§=>mea=” ﬂdA:J I V2 dxds
R, o 0

XZ
2

=\/§I (4—z2)dz=16ﬁ

3
0

13.6 PARAMETRIZED SURFACES

2
1. In cylindrical coordinates, let x =r cos 8,y =rsin 6,z = (\/x2 +y ) =12 Then
x(r,68) = (r cos B)i+ (rsin )j+rk, 0<r<2,0<0<2m.
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. In cylindrical coordinates, let x =r cos §, y =rsin 8, z =9 —x%>~y? =9 —12. Then
r(r,ﬂ):(rcos9)i+(rsin0)j+(9—r2)k;z20=>9—:220=>r259=>—35r53,050521r. But
—3 <r <0 gives the same points as 0 <r<3,solet 0 <r<3.

. In cylindrical coordinates, let x =rcos 8, y =rsin 6,z = _”z2+y D>z= % Then

x(r,8) = (r cos 8)i+ (x sin 0)j +(§)k. For 0<2<3,0<5<3=0<r<6; toget only the first octant, let

T
05035.

. In cylindrical coordinates, let x =r cos §, y =r sin 6, 2 = 24/x* +y* = 2z = 2r. Then

1(r,6) =(rcos 8)i+ (rsin §)j+2rk. For2<z2<4,2<2r<4=>1<r<2,andlet 0 << 2n.
. In cylindrical coordinates, let x =r cos §, y =r sin 0 since xX* +y? +22 =9 = 22 =9 —(x2 +y?) =912
=z2=v9—1%,2>0. Then x(r,0) = (r cos )i+ (r sin 6)j + V9 —r’k. Let 0 <6 <2x. For the domain

oft: 2= VA and 24y +22 =92 2 +y? + (VX +y2) =92 2(x2+y?) =90 A% =9

3 3
>r= =20<r< .
V2O T V2
. In cylindrical coordinates, x(r,f) = (r cos 8)i+ (r sin 6)j + V4 — 1’k (see Exercise 5 above with x? + y2 +22 = 4,
instead of x? +y2 422 =9). For the first octant, let 0 < 8 < -’2':. For the domain of r: z = \/x! +y2 and

2
4y 422 =4=2x2+y2+ (VX +yR) =4 :2(x2+y2)=4 =a%=4= r=\/§. Thus, let /2 <r <2
(to get the portion of the sphere between the cone and the xy-plane).

. In spherical coordinates, x = psin ¢ cos §, y = p sin ¢ sin 4, p = \/x2+y2+zz=>p’=3 :p:ﬁ
=>z=ﬁcoscﬁforthesphere;z:#:\/§cos¢=>cos¢=%=>¢=§;z=—¢=>—-\-é§=\/§cos¢
= cos ¢ = —%—:} ¢=-23"—". Then x(r,6) =(\/§ sin ¢ cos 0)i+(\/§ sin ¢ sin 0)j+(\/§ cos ¢)k,

%5¢52T7rand050521r.

. In spherical coordinates, x = psin g cos §, y=psin ¢sin b, p=/x*+y“+z =>p2=8=>p=\/§=2\/§

=>x=2\/§sin¢cos0,y=2\/§sin¢sin0,andz=2\/§cos¢. Thus let
r(r,t9)=(2\/§ sin ¢ cos 0)i+(2\/§ sin ¢ sin 9)j+(2\/§ cos ¢)k;z=—2=>—-2=2\/§ cos ¢
:Hos¢=--ﬁ:e»:ig;z=2¢§=>2f=2ﬂcos¢=>cos¢=1:¢=0. Thus 0 < ¢ < 3% and

0<o<2m
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10.

11.

12.

13.

14.

15.

16.

. Since z = 4 —y?, we can let r be a function of x and y => r(x,y) =xi+yj+(4—y2)k. Thenz =0

>0=4-y?=>y=+2. Thus,let -2<y<2and0<x<2.

Since y = x?, we can let r be a function of x and z = (x,z) =xi+x%+2k. Theny =2
>xl=2=x= i:\/é. Thus,let—ﬁfxsﬁando_{zs&

When x = 0, let y2 + 22 = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane
= y=3cosf and z=3sin §. Thuslet x=1u and § =v = r(u,v) = xi+ (3 cos v)j + (3 sin v)k where
0<u<3,and0<v<2m.

When y = 0, let x? + 22 = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane
= x=2cos f and z=2sin §. Thuslet y =u and 6 =v = r(u,v) = (2 cos v)i+ uj+ (3 sin v)k where

—2<u<2, and 0 <v < 7 (since we want the portion above the xy-plane).

(a8) x+y+2z=1=2=1~x—y. In cylindrical coordinates, let x =r cos # and y =r sin §
=>z=1-—rcos 6 —rsin f = r(r,) = (r cos #)i+ (r sin §)j + (1 —r cos 6 —r sin O)k, 0 < 4 < 27 and
0<r<3.

(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let
y=1ucosv,z=usin v where u = /2 + 22 and v is the angle formed by (x,y,z2), (x,0,0), and (x,y,0)
with (x,0,0) as vertex. Sincex+y+z=1=>x=1-y—z=>x=1-ucosv—usinv,thenrisa

function of u and v = r(u,v) = (1 —u cos v —u sin v)i+ (u cos v)j+ (u sin v)k, 0 <u<3and 0 < v < 2m.

(a

~

In a fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let
X =ucosV,z=usin v where u = \/m and v is the angle formed by (x,y,z2), (y,0,0), and (x,y,0)
with vertex (y,0,0). Since x—y +2z =2 =y =x+ 2z —2, then r(u,v)

= (u cos v)i+ (u cos v +2u sin v—2)j+ (usin v)k, 0 Su<+/3and 0 < v < 2.

(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let
y=ucosv,z=usin v where u = /y2 + 22 and v is the angle formed by (x,y,2), (x,0,0), and (x,y,0)
with vertex (x,0,0). Since x—y+2z=2=> x=y—2z+2, then r(y,v)

= (u cos v —2u sin v+ 2)i+ (u cos v)j + (u sin v)k, 0 Su < /2 and 0 < v < 27

Let x=wcos vand z=wsin v. Then (x—2)?+2% =4 = x> —dx+22 =0 = w? cos® v — 4w cos v+ w? sin’v
=0=>w2—4wcosv=0=>w£00rw—4cosv=0=>w=00rw=4cosv‘ Now w =0 => x =0 and

y = 0, which is a line not a cylinder. Therefore, let w = 4 cos v = x = (4 cos v){cos v) = 4 cos? v and
z2=4cos vsin v. Finally,let y=u. Then r(u,v)= (4 cos?v)i+uj+ (4 cos v sin v)k, —%Svsgand
0<u<3.

Lety=wcosvand z=wsinv. Then y?+(z—5)? =25 = y>+22-10z=0
=>w2coszv+w2sin2v—10wsinv=0=>w2—10wsinv=0=>w(w—105inv)=0=>w=00r
w=10sin v. Now w =0 = y =0 and z = 0, which is a line not a cylinder. Therefore, let w = 10 sin v

= y=10sin v cos v and z = 10 sin?v. Finally, let x =u. Then r(u,v) = ui+ (10 sin v cos v)j+(10 sin?v)k,



17.

18.

19.
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0<u<l0and0<L<v<m.

Let x=r cos # and y =r sin 8. Then x(r,8) = (r cos #)i + (r sin 9)j+(2——’;T°i—’1—9-)k, 0<r<land0<#<L27

= 1, = (cos 0)i+ (sin 0) — (420 )k and 15 = (r sin 6)i+ (x cos 0)j —(regef)

i i k

> xrg=| cosf sinf —@2'—9

—rsinf rcosf __rjg_s_ﬁ

. 3 ) 2
- (—r sin @ cos 0+______(sm 0)(21' hd 9))i+(———1' 5‘5‘ f ,rcos”d c%s 9)j +(r cos? 6 +rsin?0)k = %j +rk

27 1 2x 1 2r
2 5r 5r 512 5 /5
=>|r,xr,|=,/%4-+r2=—f—‘/_ :A:I I T\/— drdo=j ——‘/; ]Od(;:I T\/_da=_r‘/_
0 0 0 0

Letx=rcosfandy=rsinf =>z=—-x=-rcosd,0<r<2and 0<6<2r. Then
x(r,8) = (r cos 8)i + (r sin 6)j — (r cos O)k = r, = (cos 6)i+ (sin 8)j — (cos 6)k and
rg = (—r sin )i+ (r cos 8)j + (r sin O)k
i j k
>r.xrg=| cosf sinf —cosf
—rsin® rcosf rsiné

=(rsin®0+r cosze)i+(r sin @ cos & —r sin @ cos 0)j+(r cos?f +rsin?0)k =ri+1k
2r 2 2r

9 2 27
=>|:,xr9|=\/r’+r’=n/§=>A=I J rﬁdrdozj [#} de:j 24/2 d6 = 4r/2
1]
0 0 0 1]

Letx=rcosOandy:rsin0=>z=2\/xz+yz=2r, 1<r<3and 0<6<2r. Then
x(r,8) = (r cos 8)i+ (r sin 8)j + 2rk = r, = (cos #)i+ (sin 6)j + 2k and ry = (—r sin )i+ (r cos 8)j

i b k
S r.xrg=| cosf sin @ 2 = (=2r cos #)i— (2r sin 6)j +{r cos? +1 sin?0)k
—rsind rcosé 0

= (=2r cos 6)i— (2r sin 8)j +rk = |5, X ¥p|= VarZ cos?0 + 4r? sin? 0 +1° = Vbr2 =14/6

4

>

1]
oy

3 2 25 3 2
ry/5 drdf = I [’-T] 6 = I 44/5 d8 = 87/5
0 1 0
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20.

21.

22.

23.

x“+y

Letx=rcosfandy=rsinf =z = =§,35t§4and059527r. Then

x(r,0) = (r cos 0)i+ (r sin 6)j +( )k = 1, = (cos §)i+ (sin §)j +( )k and ry = (—r sin 8)i+ (r cos §)j

i i k
L XTy=| cosf sin ¢ % =(—%r cos 0)i—(%r sin 9)j+(r cos? +r sin?9)k
—rsinf rcosé 0

_(—%r cos 9)1—(31 sin 19) +rk=>]r xrol—-\/lﬂcos 9+9r sin2@ 412 = 10r rv’_

EN (L PR

drdé J
0

4

>
c'-—?,’
W

Letx=rcosfandy=rsin§ >’ =x?4+y?=1, 1<z<4and 0<6<2r. Then
x(z,6) = (cos 8)i+ (sin 6)j + zk = 1, = k and 1y = (—sin 6)i + (cos )]

i i k
= rgxr,=| —sinf cos 0 =(cos6)i+(sin0)j=|roxrz|=\/c0570+sin50=1
0 0 1

»

r 4

=>A=I j ldrdé= | 3do=6r
0

o—y

Letx=ucosvandz:usinv=>u2=x2+y2= 10, -1<y<1,0<v<2r. Then
x(y,v) = (u cos v)i+yj+ (usin v)k ={(+/10 cos v)i+ yj+ (/10 sin v)k

i ] k
:>rv=(-\/ﬁsinv)i+(\/ﬁcosv)kandry=j =, Xxr, = /10 sin v 0 V10 cos v
0 1 0
2r 1 2r
=(- ‘\/_OCOBV)I-(\/_OSIHV)k—'I X, |— S A= J I \/EdUd":I [\/ﬁu]l_ldv
0 -1 0

2r

=I 24/10 dv = 47+/10
1]

z=2-x*-y?andz=X+y 22=2-22=2242-2=0=>z=-20rz=1. Sincez= ﬁ’Ty’go,
we get z = 1 where the cone intersects the paraboloid. When x =0 and y =0, z = 2 => the vertex of the
paraboloid is (0,0,2). Therefore, z ranges from 1 to 2 on the “cap” = r ranges from 1 (when x% +y2 = 1) to 0
(when x = 0 and y = 0 at the vertex). Let x=r cos §, y =r sin 4, and z = 2 —r2. Then

x(r,6) = (r cos 8)i+ (r sin B)j+(2 —1?)k, 0 <r < 1,0 <0 < 27 = 1, = (cos 6)i+ (sin 8)j — 2rk and



24,

25.

26.
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i j k
rg = (—rsin 8)i+(r cos §)j => £, xrg=| cosd sin 6 —2r
—rsinf rcosd 0

=(2r? cos 0)i+(2r? sin 8)j + 1k = |5, x| = VA cos? 6 + 4% sin? 0 + 1% = rv/4r% + 1

:A:zf I IMdrdozzjj [11—2(4r2+1)3/2]: d9=2£ (5\/5_1) o=§(6v5-1)

Let x=r cos §, y =1 sin 0 and z = x? +y®> =r2. Then x(r,8) = (r cos 6)i+ (r sin 6)j +r’k, 1 <r <2,
0 <0 <27 = r,=(cos 0)i+ (sin 0)j + 2rk and ry = (- sin 0)i+ (r cos 6)j

i j k
> I Xrg=| cosf sin 8 2r =(—2r2 cos 0)i—(2r2 sin 9)j+rk = |, XTg|
—rsinf rcosf 0
27 2 27 2
=vVartcos? 0+ 4rf sin 0+ = VAP +1 = A= I J rﬁ?ﬁdrdG: [% 4r2+1)3/2] dé
01 0 1

2r

I(”\/— 5‘/-)da "(m/‘ 5/5)

Let x = p sin ¢ cos 8, y = p sin ¢ sin 0, andz:pcos¢:>p=\/x!+y!+27= \/ionthesphere. Next,
x2+y2+z2=2andz=\/x2+y2=>zz+z2=2=>z2=1=>z=lsincez20=>¢=ir-. For the lower
portion of the sphere cut by the cone, we get ¢ = 7. Then

r($,0) = (/2 sin ¢ cos 0)i+(+/2 sin ¢ sin 0)j+(v/2 cos )k, F<g<m 0<f<2m

=>r¢=(\/§cos¢cos 8)i+(1/2 cos ¢ sin 6)j— (/2 sin ¢)k and r9=(—\/§sin¢sin 8)i+(+/2 sin ¢ cos 8)j

i j k
= Iy XTI = ﬁcoa:ﬁcosG V2 cos ¢ sin 0 —+/2sin ¢
—/2sin ¢ sin 8 /2 sin ¢ cos 6 0

= (2 gin? ¢ cos 0)i+(2 sin? ¢ sin 0)j + (2 sin ¢ cos ¢)k

= |TgXTg|= V4 sin?¢ cos?0 + 4 sin® ¢ sin?6 + 4 sin?  cos’ ¢ = \/4 sin” ¢ = 2 |sin ¢|= 2 sin ¢

»

T 7

$A=I
0

[

1

2 sin ¢ d¢df = I (2+v/2) do =(4+2¢/2)n

w/4

Let x = p sin ¢ cos 8, y = p sin ¢ sin 4, andz:pcos¢=>p=\/x2+y2+22=2onthesphere. Next,

—1=>—1—2cos¢=>cos¢———=>¢—27r,z—-\/_=>\/_—2cos¢=>cos¢—£:$¢_— Then
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27.

28.

29.

£(¢,6) = (2 sin ¢ cos 8)i+ (2 sin ¢ sin 6)j + (2 cos ¢)k, F< $< 2T 0 <O < 2r

=> 1y = (2 cos ¢ cos B)i+ (2 cos ¢ sin 6)j — (2 sin $)k and
1o = (-2 sin ¢ sin )i+ (2 sin ¢ cos 0)}

i j k
S ryXIp=| 2cosdcosf 2cos ¢sind —2sin ¢
~2sin¢sinfd 2sin ¢ cosf 0

=(4 sin® ¢ cos 6)i+(4 sin? ¢ sin 8)j + (4 sin ¢ cos $)k

= |rgXTg|= /16 sin” ¢ cos” @ + 16 sin® ¢ sin” 6 + 16 sin” ¢ cos” ¢ = /16 sin’ ¢ = 4 |sin ¢| =4 sin ¢

25 27/3 27
=>A=J J 4sin ¢ dpdf = I(2+2\/')do (4+4/3)r
0 ~x/6 0
i j k
Let the parametrization be r(x,z) = xi + x% + zk => r, = i+ 2xj and p=k=rxrp=| 1 2x
6 0 1
3 2 3 32
=2xi+j=>|rxxrz|=\/4x§+l=>IJ G(x,y,z)da.—.j Jx ax +1dxdz=” (ax2+1) ]
s 00 0

3
1717 -1
= I VT -1)a =121
0

Let the parametriza.tionber(x,y):xi+yj+\/4—y2k, —2<y<2=r,=iand ry:j— Yy ok

4-y
k
) ; y x y? 2
= K Xr, = 1 0 0 = J+ = |5 Xry|= z+1=
;;4—y! 4—y 4 -y
0 1 Y \/ y
4-y
4 2
=> ISI G(x,y,2) da'=-1[ _J; \/4—y2(74—2_—y-!) dydx =24

Let the parametrization be r(@,0) = (sin ¢ cos 8)i -+ (sin ¢ sin 6)j + (cos ¢)k (spherical coordinates with p =1
on the sphere), 0 < ¢ <7, 0 <0 <27 = 1, = (cos ¢ cos #)i+ (cos ¢ sin §)j — (sin ¢)k and

i i k
rg = (—sin ¢ sin #)i+ (sin ¢ cos 6)j = 1, xrg=| cos pcos § cos ¢ sin 0 —sin ¢

—sin ¢ sin @ sin ¢ cos 8 0



30.

31.

32.
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= (sin? ¢ cos 0)i+(sin? ¢ sin 0)j+ (sin ¢ cos ¢)k = JTg XTg|= Vsin® ¢ cos? 0 + sin? ¢ sin% 0 + sin ¢ cos® ¢

2r m

=sin ¢; x =sin ¢ cos § = G(x,y,2) = cos? @ sin? ¢ = J J G(x,y,z) do = J J (cos’O sin? ¢)(sin @) d¢dd
S 00

2r = u = cos ¢ 27 1
= I J (cos2 9)(1 —cos%)(sin ¢) dodb; . — J I (cosza)(u2 - 1) dudé

30 du = —sin ¢ d¢ ? 4

2T 3 -1 2 . 2
= I (cos“‘(?)[%——u]l dé =% cos? 6 df = %[%+£41Q]0 = %’r

1] 0

Let the parametrization be r(¢,0) = (a sin ¢ cos 8)i+ (a sin ¢ sin 8)j + (a cos ¢)k (spherical coordinates with
p =a, a > 0, on the sphere), 05¢5172r—(since z>0),0<0< 27
= 1y = (a cos ¢ cos 6)i+ (a cos ¢ sin 8)j — (a sin ¢)k and

i i k
ro=(—nsin¢sin0)i+(asin¢cosﬂ)j=>r¢xr9= acos ¢ cosf acosé¢sinf —a sin ¢
—asin ¢ sin  a sin ¢ cos 0

= (a2 gin? ¢ cos 0)i+(a2 gin? ¢ sin 0)j + (e,2 sin ¢ cos @)k

= |1y XTg|= \/a%¥sin% ¢ cos’ 0 +al sin’ ¢ sin? 0 + a° sin’ ¢ cos’ ¢ = a’ sin ¢; z =a cos ¢
x 72

= G(x,y,2) = a2 cos’ ¢ = J. J G(x,y,z) do = I I (a2 cos? 6)(a? sin ¢) dg¢df = %wa‘
5) 0o 0

»

Let the parametrization be r(x,y) =xi+yj+(4—x-y)k=>r,=i-kandr,=j-k
k

11
-1 =i+j+k=}|rxxry|=\/§:‘|.] F(x,y,z)da:J. I (4—x—y) V3 dydx
-1 S 00

i

= I XTI, = 1
0

[ — I

0

= ]. \/5[4y—xy—y;]l dx = T[ ﬁ(%—x)dx: ﬁ[%x—-%]l::!\/i

Let the parametrization be r(r,8) = (r cos 8)i+ (r sin f)j+rk, 0 <r<1(since0<z<1)and 0 <O < 27

i j k
= r, = (cos )i+ (sin 8)j + k and ry = (~r sin 6)i+(r cos )j = r,xrg=| cos 6 sin 9 1
—rsinf rcosf 0

= (—r cos 8)i— (r sin 6)j +rk => |r X 19| = —r cos 6)2 + —rsin0)2+r2=r\/‘z;z=randx=rcos€
e X |
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2r 1 2r 1
= F(x,y,z) =1—1r cos § => JI F(x,y,z) do = I J (r—r1 cos 8)(r/2) drdf = V2 I J (1 —cos 8) r? drdé
s 00 00
_ 21/2
==~
33. Let the parametrization be (r,8) = (r cos 8)i + (r sin 6)j +(1 —rz)k, 0<r<1(since0<z<1)and0<6<2r
i j k
= 1, = (cos )i+ (sin 6)j — 2rk and ry = (—r sin )i + (r cos §)j = IL.Xrg=| cosf sin @ —2r
—rsind rcosé 0

=(21-2 cos 0)i+(21‘2 sin 0)j+rk = | XI|= \/(2r2 cos 0)2+(2r2 sin 0)2 +r2= rv1 +4r7; z=1-12 and

x=rcos0=>l-l(x,y,z)=(r2 (:0520) 14+4r“ = IJ H(x,y,z) do
S
2x 1 2

= J 1 (r2 cos’ﬁ)(\/l_i-_'h‘z)(r\/l +4r’) drdé =

&)

1

3 2 2 = 1llr
J r (1+4r )cos 0drd0_—1-2—
0

O,

34. Let the parametrization be x(¢,6) = (2 sin ¢ cos )i+ (2 sin ¢ sin §)j + (2 cos ¢)k (spherical coordinates with
P = 2 on the sphere), 05¢51i-; ®+yl+2l=4andz= \/x!+y!=>z2+zz=4 =2=2 =>z=\/§(since

120)=>2cos¢=\/§=>cos¢=l/2—§:¢=7i~,05052#; 14 = (2 cos ¢ cos )i+ (2 cos ¢ sin 8)j — (2 sin ¢)k

i j k
andr,:(—28in¢sin0)i+(2sin¢cos0)j=>r¢xro= 2cospcosf 2cos¢sin @ —2sin ¢
~2sin ¢ sin § 2 sin ¢ cos @ 0

= (4 sin? ¢ cos )i+ (4 sin? ¢ sin 0)j + (4 sin ¢ cos P)k

= |ty x1g|= V16 sin* @ cos 0 + 16 sin¥ ¢ sin? 0 + 16 sin° ¢ cos’ ¢ = 4 sin ¢; y =2 sin ¢ sin 6 and
2r 7/4
z =2 cos ¢ => H(x,y,z) =4 cos ¢ sin ¢ sin § = II H(x,y,z) da=I J' (4 cos ¢ sin ¢ sin 6)(4 sin ¢) d¢dd
) 0 0

2r */4
=I J 16 sin? ¢ cos ¢ sin 0 d¢df = 0
0o 0

35. Let the parametrization be r(x,y) = xi+yj+(4-y?)k,0<x <1, -2<y<2%z=0=>0=4—y?

>y= :I:2;rx=iandry=j—2yk=rxxry= 1 0 0 [=2yj+k=F-ndo



36.

37.

38.
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I XTI
=F-lr:x—%||rxxryldydx=(2xy——3z) dydx =[2xy — 3(4 - y?)] dydx = JJ F-nde

|

0 -

2 1 1
(2xy +3y* - 12) dydx = I [xy? +y% - 12y]"‘_2 dx = J —382 dx = —32
2 0 0

Let the parametrization be r(x,y =xi+x%+2k, -1<x<1,0<z<2=>r, =i+2xjandr, =k
X £ ]

i § Kk
srxn=| 1 2% 0 =2xi—-j=>F-ndv:F-l—;’%lrxxrzldzdx=—xzdzdx
X Z
0 0 1
1 2
:IJF-nda:J I—zdzdx=—4§
S -1 0

Let the parametrization be r(¢,6) = (a sin ¢ cos )i+ (a sin ¢ sin 6)j + (a cos ¢)k (spherical coordinates with
p=a, a>0, on the sphere), 0 < ¢ < % (for the first octant)
= 14 = (a cos ¢ cos 0)i + (a cos ¢ sin 6)j — (a sin ¢)k and ry = (—a sin ¢ sin 0)i+ (a sin ¢ cos 6)j

i i k
= rzXrg=| acos ¢cosd a cos ¢ 8in § —asin ¢
—a 8in ¢ sin 6 a sin ¢ cos @ 0

X
= (a2 sin® ¢ cos 0)i+(s? sin’ ¢ sin 0)j +(a? sin ¢ cos §)k =F -n do = r.‘::__x;z_“r,,xw dod¢

w/2 w/2
= a3 cos? ¢ sin ¢ ddd¢ since F = zk = (a cos $)k = IJ. F-ndo= I j ta.3cos2q$sin<jzd¢u:l0=""—F"'3
S 0 V]

Let the parametrization be r(¢,0) = (a sin ¢ cos 6)i+ (a sin ¢ sin 6)j + (a cos ¢)k (spherical coordinates with
p=a,a>0,on the sphere), 0 < ¢ <7, 0< <27
= r, = (a cos ¢ cos 8)i+ (a cos ¢ sin f)j — (a sin ¢)k and ry = (~a sin ¢ sin )i+ (a sin ¢ cos 6)j

i j k
= Iy XIg= acos ¢cosf acos¢sinf —a sin ¢
—asin ¢sin 0 asin ¢ cos @ 0

x
= (a2 sin? ¢ cos 0)i+(a.2 sin? ¢ sin 0)j +(a? sin ¢ cos ¢)k=F-ndo= F-‘::——x::l|r¢xrald0d¢

=(a.3 sin®¢ cos? ¢ + a3 sin®¢ sin?6 + a3 sin ¢ coszdz) d6d¢ = a® sin ¢ ddd¢ since F = xi+yj +zk
2r m

= (a sin ¢ cos )i+ (a sin ¢ sin §)j + (a cos $)k = IJ F-nda:j J a3 sin ¢ d¢ df = 4ma®
S 0 0
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39. Let the parametrization be r(x,y) = xi+yj+(2a—x—y)k,0<x<a,0<y<a= r,=i—kand ry=j—-k

i j k
Srxr,=[ 1 0 -1 |=i+j+k=>F-ndo=F- Fx—r”r XT, |dydx
0 1 -1

= [2xy + 2y(2a — x —y) + 2x(2a — x —y)] dy dx since F = 2xyi + 2yzj + 2xzk

=2xyi+2y(2a —x—y)j +2x(2a—x—y)k = J‘j' F-ndo
)

Oty Oty

a a a
J [2xy + 2y(2a —x — y) + 2x(2a —x —y)) dydx:I J (4ay — 2y? + 4ax — 2x% — 2xy) dy dx
0 00

(f s 202 = (1ot 5

40. Let the parametrization be r(6,z) = (cos 6)i + (sin §)j+2k, 0 <2< 8,0 <0 < 2r (wherer = /x*+y2 =1 on

i j k
the cylinder) => ry = (—sin )i+ (cos §)jand r, =k => rgxr, =| —sin § cos § 0 |=(cos )i+ (sin 6)j
0 0 1
rgXI, 2 . 2 . < foc pne
=>F-nd¢7=l"-Ir X3 l|r9><tz|dzd9=(<:os 8 +5in?0) dzdd = dz d#, since F = (cos 6)i + (sin 8)j + zk
2r
IJ F.-ndo = J J- 1dzdf = 27a

0
41. Let the parametrization be r(r,6) = (r cos 8)i + (r sin 6)j+rk, 0 <r <1 (since 0 <z2< 1) and 0 <6 < 2«
i j k
= (cos )i+ (sin 0)j + k and 1y = (~r sin )i+ (r cos 0)j = ryxr, =| —rsin @ rcosd 0

cos 6 sin 4 1

=(rcos 0)i+(rsinf)j—rk= F-ndo = F-I%:'”r,xr” d6dr = (3 sin 6 cos? 8 +r?) df dr since
T

o
L~

L3 ~

F=(rzain9c030)i—rk=> F-ndo (rasinﬁco526+r2)drd9= 1sin900920+1 dé
1 3
] . 0

= [—-1!'2 c0839+-g]:” =
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42. Let the parametrization be r(r,8) = (r cos )i+ (r sin 8)j+2rk, 0 <r <2 (since 0 <z2<2) and 0 <0 < 27
i j k
= (cos )i+ (sin 6)j + 2k and rg = (—r sin 6)i+ (r cos 6)j => rgxr, =| —rsin § rcosf 0
cos 6 sin @ 2

= (2r cos 6)i+ (2r sin §)j —rk => F-ndo:F-%—z:%“rgxrAder

= (2r3 sin? 8 cos @ + 413 cos 6 sin 0 + r) dé dr since

27

l“:(r2 si1129)i+(2r2 cos G)j—k =>ij F-ndo J. I (2r3 sin2 0 cos 6 + 4r° cos 0 sin 0+r)drd0
0

27
[ (12 . N gg=llaBgalanzorlel® =
_b[ (ism @ cos @ + cos 6 sin 0+2)d0_[6 sin 0+25m 9+20}0 =

43. Let the parametrization be r(r,8) = (r cos 8)i+ (r sin 8)j+1k, 1 <r <2 (since 1 <z2<2)and 0 <0 <27
i j k
= 1, = (cos 0)i+ (sin 6)j + k and ry = (—r sin 6)i+ (r cos 6)j = rgxx, =| —rsind rcosé 0
cos 8 sin @ 1

=(rcos f)i+(rsinf)j—rk=> F-ndo =F

| xr ||r9xr |d0dr_(——r cos?§ —1? sin O—ra)dﬁdr

»

T
=(—rz—r3)d0drsinceF=(—rcos0)i—(rsin0)j+r2k=>.[J F-ndo J I —r2—13)drdf = — %
01

44. Let the parametrization be r(r,8) = (r cos 8)i+ (r sin 8)j + 1%k, 0<r<1 (since0<z<1)and 0 <6< 2r
i j k
= (cos )i+ (sin 6)j + 2rk and 1y = (—r sin §)i+(r cos 6)j => 1gxx, =| —rsin 6 rcosd 0
cos 6 sin 6 2r

=(2r2cos 9)i+(2r2 sin 0)j—rk=>F-nda'_ Iy XT, d0dr-(8r cos? 0 + 813 sin? 6 - 2r)d0dt
lr XTI, || 9% T

w

T
=(8r3—-2r)d0dr since F = (4r cos 0)i+ (4r sin 6)j + 2k :IJ F-nde J J 8r% —2r) drdf = 27
00

45. Let the parametrization be r(r,8) = (r cos 6)i+ (r sin )j+rk, 1 <r <2 (since 1 <z2<2)and 0 <6 <27

1136
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i j k
= (cos 6)i+ (sin 0)j + k and £y = (—r sin B)i+ (r cos 6)j = ryxr,=| —rsin§ r cos§ 0

cos 0 sin 6 1

= (r cos 0)i+ (r sin )j —rk = |Eg x5, | = Vr* cos? 0 +1? sin%6 + 1° =1/2. The mass is
2r

M= J I ddo = J J’ 6r/2 drdd = (3v/2)76; the first moment is M,, = J. J bx do = I [ 61(r+/2) drdd
((14\/_)1r6> ’

=14 0,14
(3 \/_ Ve =0 => the center of mass is located at (0 h9 ) by symmetry. The

_(1ay2)rs
- 3

N

X3

moment of inertia is I, = J J JS(x2 +y2) do = I J 6r2( \/_ ) drdd = (15‘/_)”6 — = the radius of gyration is
[}

S 1

46. Let the parametrization be r(r,0) = (r cos 8)i+ (r sin 6)j+rk, 0 <r <1 (since 0 <z < l)and 0 <6 <2

i j k
= 1, = (cos 0)i+ (sin 0)j + k and 1y = (~r sin B)i+ (r cos 8)j = ryxr,=| —rsin 6 rcosf 0
cos 4 sin 6 1

= (r cos )i+ (r sin §)j — 1k = |y x 1, |= Vr? cos? 0 + 17 sin? 6 +1° = 14/2. The moment of inertia is

2r 1

L= JSJ §(x2+y?)do = il; i[ 6rz(r\/§)drd6=162ﬁ

47. The parametrization r(r,6) = (r cos §)i+ (r sin 0)j +rk

atPO—(\/—\/_2)$9_4’r—2 2

aViey?
= (cos 8)i+ (sin 0)J+k_§1+\/-,|+kand ] \
1 = (—r sin 6)i+ (r cos 0)j = —/2i+ /2
o= ( )i+ ( )i = -V2i+ V2% . reymticns
i j k
Srxrp=| V2/2 /2/2 1 * ’
-2 2 0

= —/2i~ \/2j + 2%k = the tangent plane is

(~v/2i- v/3i + 2K)-[(x = V)i +(y - V2)i+(a=2)k|= v+ v3y 22 =0, or x+y—+/3a = 0. The

parametrization r(r,f) = x =rcos f, y=rsin  and z =r = x? + y2 =12 = 32 = the surface is z = \/x2 Ty
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48. The parametrization r(¢,0)

49,

= (4 sin ¢ cos #)i+ (4 sin ¢ sin 0)j + (4 cos )k z
atPo=(v2,v32/3) = p=dands=2y3 VEx+V2ys2VGz-16 eyl e =16
=4 cos ¢ = =Zé—;alsox=\/§andy=\/5 X%

=0 =£—. Then 1, K

= (4 cos ¢ cos 0)i+ (r cos ¢ sin 8)j — (4 sin ¢)k
= /6i+ /6j — 2k and

ro = (4 sin ¢ sin 0)i+ (4 sin ¢ cos 0)j x y
=—2i+%at P,
i j k
= Iy XTIy = \/f—i \/6 -2 |= 2\/§i+ 2\/§j +4\/§k => the tangent plane is
-2 V2 o

(221 + 225 + 4v/3k)-[(x = v2)i +(y - v2)i + (2 - 2V/3)k] = 0 = v/2x + /2y +21/32 = 16,
orx+y+ \/62 = 8\/5. The parametrization => x =4 sin ¢ cos §, y =4 sin ¢ sin 8, 2 =4 cos ¢
=> the surface is x2 + y2 + 2% = 16, z > 0.

The parametrization r(f,z) = (3 sin 20)i + (6 sin?)j + 2k

at Po=(¥,%,0)=> 8=Fand2=0. Then

rg = (6 cos 26)i+ (12 sin 6 cos 0)j
=-3i+3y/3jandr,=kat P,

i ik : BN
Srxr,=| -3 33 0
1

; v = 3/3i+3j = the tangent (% e 0)

plane is (34/3i + 3j)-[(x—3—2\/—§)i+(y —%)j+ (z—O)k] =0

2
= \/§x +y =9. The parametrization => x =3 sin 20 and y = 6 sin?6 = x® + y2 =9 sin220 +(6 sin2€)

=9(4 sin20 c0520)+36 sin40=6(6 sin29)=6y:x2+y2—6y+9=9 =>x2+(y-—3)2=9

1137
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50. The parametrization r(x,y) = xi + yj — x?k at Py=(1,2,-1) z
=1, =i—2xk=1i-2k and r, =jat Py = I XI,
i J k
=| 1 0 -2 |=2i+k = the tangent plane is
0 1 0

51.

52.

53.

Qi+k)-[(x-1)i+(y-2)i+(E+1)kl=0=2x+z=1.
The parametrization = x =x, y =y and z = —x? = the

surface is z = —x2

(2) An arbitrary point on the circle C is (x,2) = (R +r cos u, r sin u) = (x,y,2) is on the torus with
x=(R+rcosu)cosv,y=(R+rcosu)sinv,andz=rsinu, 0 <u<2r, 0<v<2r

(b) r, = (~r sin u cos v)i— (r sin u sin v)j + (r cos u)k and r, = (—(R +r cos u)sin v)i+ ((R +r cos u) cos v)j

i j k
= r,Xr,=| -—rsinucosv —r sin u sin v rcosu
—(R+r cos u)sin v (R+r cos u)cos v 0

= —(R +r cos u)(r cos v cos u)i — (R +r cos u)(r sin v cos u)j + (—r sin u)(R +r cos u)k

2| xr,f=R+r cos u)2(r? cos? v cos?u +1? sin?v cos?u +12 sin2u)=>|ruxrv|=r(R+rcosu)
27 27 27

=>A=I J (rR +12 cos u)dudv:J 27rR dv = 47%R
00 0

(a) The point (x,y,z) is on the surface for fixed x = f(u) when y = g(u) sin(%-— v) and z = g(u) cos(%~ v)

= x = f(u), y = g(u) cos v, and z = g(u) sin v = r(u,v) = f(u)i+ (g(u) cos v)j + (g(u) sin v)k, 0 < v < 27,
a<u<b

(b) Let u=y and x = u? = f(u) = u? and g(u) =u = r(u,v) = u?i+ (u cos v)j + (u sin v)k, 0 < v < 2r, 0 <u

(a) Let w2+:—§=1wherew:coscband%:sinqb::—:+i—z=c082¢=>é:cosécosoand%zcosqﬁsinﬂ
= x=acos 8 cos ¢, y=D>bsin 6 cos ¢, and z =c sin ¢
= r(0,¢) = (a cos 0 cos @)i+ (b sin & cos ¢)j + (c sin $)k

(b) rg = (—a sin 6 cos ¢)i+ (b cos f cos ¢)j and ry = (—a cos 0 sin ¢)i— (b sin 4 sin ¢)j + (c cos ¢)k
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i i k
= rgXIy = —asinfcos¢d bcosbcosd 0
—acos §sin § —bsin @ sin ¢ c cos ¢

= (bc cos § cos? ¢)i +(m: sin 6 cosqu)j + (ab sin ¢ cos ¢)k
= |ro b3 "¢|2 =b?c? cos? 9 cos? ¢ + a2c? sin? 6 cos? ¢ + a?b? sin? ¢ cos? ¢

2r & 2r
> A= J J |raxr¢|d¢d0 = J j (a®b? sin ¢ cos? ¢ + b2c? cos? ¢ cos® 0 + a2c? cost ¢ sin? 9)1/2 dédé
00 00

13.7 STOKES’ THEOREM

1. curl F= V xF= =0i+0j+(2-0)k=2kandn=k = curl F-n =2 = do = dxdy

’4“&?'@ -
% S
Ll =

= § F.dr= I .[ 2 dA = 2(Area of the ellipse) = 4=
C R

2. cul F= VxF= =0i+0j+(3—-2)k=kand n=k = curl F-n=1 = do =dxdy

& a?lq; -
,‘3’,.?'@ e
Sl =

= § F-dr= J.[ dxdy = Area of circle = 97
C

R
i j ok
3. cul F= VxF= % 3% Ba; =-—xi—2xj+(z—1)kandn='+]+k=.‘>curlF-n
y xz x?

1 V3 1
(-3x+z2-1)=>do=Y"dA = ¢ F.dr= (-3x+z—-1)4/3dA
Z farsfra-|] &

1-x 1-x

[—3x+(1—x—y)—1]dydx=.l[ I (—4x—y)dydx=]‘ —[4x(1—x)+%(1—x)2]dx
00 0

1l
[ E——

0

(re-pe) =g

[ —

i j k

a il 9 . . i+j+k
4. curl F= VxF=| o =(2y —2z)i+ (22— 2x)j + (2x —2y)k and n =

ax ZTY 1z ,73
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=>curlF-n=71§(2y-22+2z—2x+2x—2y)=0 =

Q—6—
|
=9
]

1]
Sy
—

=5
Y

1l

=3

11 1
= curl F-n=2x -2y = do =dxdy = § F-dr= J J (2x—2y) dxdy = J [xz--2)|:y]1_1 dy
c <1 =1 -1

—4ydy =0

1]
J RS—

i

= _| 8

6. curl F= V xF= %
x2y3

. 2xi+ 2yj+ 22k _ xi+yj+zk
=0i+0j—3x%y’k and n = =
y 2v/x% +y% +2¢ 4

»
- Jlo =
s Plo -

=curl F-n= —%xzyzz; de = %- dA (Section 14.5, Example 5, with a = 4) = § F-dr
C

n

L4 27

= J J (~3xy%)($) aa = -3 l i (2 cos?0)(x? sin26) r drdf = -3 l [%]:(m 8 sin 0)2 d8

»N

4
I ' P

=-32J isin220 da=—4j inzudu=—4[§-§i-l;42!]o =87
0 ]

7. x=3costandy=2sint = F=(2sin t)i+(9 cos?t)j +(9 cos?t + 16 sin%t) sin eV (Bsin ¢ cos t)(O)k at the
base of the shell; r = (3 cos t)i + (2 sin t)j = dr = (-3 sin t)i+ (2 cos t)j = F-9L = _6 sin?t + 18 cos®t

dt —
27 2
=>I.[ VxF‘nda'=J' (—6sin2t+18cosst)dt=[—-3t+%sin2t+6(sint)(coszt+2)] = —6mr
$ 0 0
i i k
8. cul F= VxF= 4 A L ==92; f(x,y,5) = x> +y + 22 = Vf=8xi+j+ 22k
: ox dy oz VAT
—z+r}_—§ tan"ly x+4_1'_z
=Ll andp=j=|Vip|=1=do=-L"t dA=| VildA; V xFon= L (-2j- V)= =2
> n=rgyandp i=| p|=1=des |Vf'P|dA | VildA; V xF.n Ivfl( 2j- V1) Kzl

= VxF-ndo=-2dA = IJ V xF-ndo = JJ —2 dA = —2(Area of R) = —2(7 -1-2) = —4m, where R
S R

is the elliptic region in the xz-plane enclosed by 4x2 + 22 = 4.



10.

11.

12,

13.
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. Flux of VXxF= JJ VxF-nda=§ F-dr, so let C be parametrized by r = (a cos t)i + (a sin t)j,

S (¢}
0<t<21r=>d'_. —a sin t)i+ au:ostJ=>I-‘-$=aysint+axcos1;=at2sin"’t+a2cos"’t=a2
dt
= Flux of V XF=§ F-dr= | a’dt=2ra?
C

oY

VS _ 2xi+2yj+2zk _

j k
o 8 90 |- k. n= — A
V x(yi) = ay B | kn..l fl_W =xi+yj+zk
0 0

< Plo -

= V x(yi)-n=-3zdo =%dA (Section 14.5, Example 5, with a = 1) = J. I V x(yi)-ndo
S

= I J (—z) (% dA) =- J J dA = —, where R is the circle x> +y2 = 1 in the xy-plane.
R R

Let S, and S, be oriented surfaces that span C and that induce the same positive direction on C. Then

JI VXF-n1d61=§ F-dr:JJ V xF-n, do,
1 ¢ )

JJ' V xF:ndo= IJ. VxF-ndu‘+IJ V xF-n do, and since S, and S, are joined by the simple
S

1
closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface

the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the

integrands are the same, the sum will be 0 = J J V xF-ndo =0.

i j k
VxF= ;—x 5% % =514 2j+ 3k; r, = (cos )i+ (sin 6)j — 2rk and ry = (—r sin 8)i+ (r cos 6)j
2z 3x 5y
i j k
=>r,Xrg=| cosé sin @ -2r =(2r2cos9)i+(2rzsin 9)j+rk;n—lrx——r—|andda_|r ><r6|drd0
~rsind rcosf 0

= V xF-ndo=(V xF)-(r,xxp) drdf = (10r? cos 0 + 4r? sin 0 + 3r) drdf = ” V xF-nde
S

»

53 53
= (10r cos 6 + 412 sin 0+3r drdf = 101'3cos 0+ 2 sin 9+ d0
3
0 0

8
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2
- J’ (%Qm 6+32 sin 0+6)d0=6(2ﬂ’)= 127
0

i j k
9 XA
8y Oz
Yy—-2 z—-X X+z

14. VxF= 3632 =i—j—2k;l'rx1."9=(2r2cose)i+(2r2 sin 0)j+rka,nd

V xF-ndo =(V xF)-(r,xrg) drdf (see Exercise 13 above) = JJ V xF-ndo

S
27 3 2r 3
=I I (212 cos 6 — 2r? sin0—2r)drd9=J [%:3 cose—§r3 sin0-—r2] dé
0o 0 0 0
2%
= I (3 cos 63t sin 0~ 9) 40 = —9(2m) = —18r
0 .
i J k i i k
15. VxF=| £ 3"7 £ |=-2i+0i-xkigxry=| cosf sin0 1
X}y %% 3% —~rsinfd rcosé 0

= (—r cos 8)i— (r sin f)j+rkand V xF-n do = (V xF)-(r, x1g) drdf (see Exercise 13 above)
27 1
= I I V xF-.ndo = I J (2ry® cos 6 —1x?) drdf = I J (2r* sin 6 cos 6 —13 cos?6) drdé
S R 0 0
"

27

=I (%sinacos 0—-%60820)‘19=[%8in20—%2(g+8%2_0)]0 =_%
0

i j k i i k

16. vxF=| & 2 S |zit+j+k;rxr,=| cos® sinf -1
’ ox By 8z ' 706

X—-y y-z 2z-X —rsinf rcosé 0

= (r cos 8)i+ (r sin 0)j+rkand V xF-ndo = (V xF)-(r, x14) drdé (see Exercise 13 above)

2r 5 27 5
= J.I v xF-nda:J J (rcos @ +rsin f+r) drdd = J [(cose+sin 0+1)5;] d9=(—22‘5)(21r)=251r
s 00 0 0

i j k
17. V xF= 2% % ?% = 0i + 0j — 5k;
3y 5-2x z2-2
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i j k

\/§cos¢cosﬂ \/:;cosqﬁsino —+/3 sin ¢
—/3sin ¢sin 6 /3 sin ¢ cos 8 0
=(3 8in? ¢ cos 0)i+(3 sin? ¢ sin 9)j +(3 sin ¢ cos g)k; V xF-ndo=(V xF) - (ry % rg) dpdf (see Exercise

r T/2 2 /2 2
_ 15 2 - 15 49 —

_I %5 cos 4] de_I ~L5.4p = —15n
] [1]

135bove)=>J.j VxF-nda:J .[ —15 cos ¢ sin ¢ dgpdd
S 0o o

l‘¢)<l‘e::

~

[}

i j k
8. vxF=| £ L L e miojoayk
y? 7 x
i i k
Ty XTg= 2cos pcosf 2cos ¢sin b -2 sin ¢
2 sin ¢ cos ¢ 0

—2 sin ¢ sin 6
=(4 sin® ¢ cos #)i+(4 sin® ¢ sin 0)j + (4 sin ¢ cos ¢)k; V xF-ndo=(V xF)-(r,xr,) dpdf (see Exercise

13 above) = JJ V xF-ndo = IJ’ (~82 sin? ¢ cos 8 — 4 sin? ¢ sin 6 — 8y sin ¢ cos ) d¢dd

2r /2
=J I (—16 sin® ¢ cos ¢ cos 6 — 4 sin® ¢ sin 6 — 16 sin? ¢ sin 4 cos §) dpds
0 o0
16 . 3 ¢ sin24) . 6 sin2g),. =/
— 3 8in° ¢ cos 6 — 4| 5 ——— |(sin 0) — 16 5 — —5— }(sin 0 cos 6) de
0

]
oy

r
=0
0

(—-%cosﬂ—w sin 6 — 47 sin 0 cos 9)d6=[—1—3§sin0+1rcos 0—21rsin70]

O‘—:’

19. (a) F=2xi+2yj+2zk=>cur11-‘=o=>§ F-dr:” V xF-ndo = ” do=0
c s S
(b) Let f(x,y,z) = xy?2® = V xF = Vfo=0=>curlF=0:§ F.dr= II V xF-ndeo
(o] S

=“ 0do=0

s
(c) F= V x(xi+yj+zk) =0= VxF=0=>§ F.dr= '[‘[ V xF-ndo = JJ 0de =0
c S s

d) F= Vi= VXF:Vfo=0=>§ F-dr:jj VxF-ndo:II 0de=0
C S S
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20 F= Vi=-1(x2+y2+ 2)(ax)i ~3P 4y 2 (ay)j - 4y + 2) 2k
= x4 2] oy () ey
(a) r=(acos t)i+(asint)j, 0 <t<2r = dr dt = (—a sin t)i+ (a cos t)j
ﬁ(—a sin t) —y(x® +y? +22)" 3/ (a cos t)

=(—9‘%}—L)(—a sin t) —(5—?3’1-&)(& cost) =0 = § F.dr=0
C

(b) i F-dr:IJ VxF-nda:JsI Vfo-nda:jsJ 0-nda=[sj 0de=0

= F-g{ = —x(x2+y2+z2)_

i j k
24+ % | 2 8 8 |ogigj_oxnoBEAFE
21. Let F=2yi+3zj—xk = V xF= % o 8 |- 3i+j—2k;n= 3
2y 3z -X

=> VxF-n=-2= § 2ydx+3zdy—xdz=§ F-dr= JJ V xF-.ndoe = JJ -2 do
c c ) S

=-2 J J do, where I I do is the area of the region enclosed by C on the plane S: 2x + 2y +2z = 2
S

22. VxF=

% o -
<« o =
w Plo
1]
(=]

23. Suppose F = Mi+ Nj + Pk exists such that V xF = (33 )H. (%VI_ %E)H(a ‘6%)

=xi+yj+zk. Thenba—(%}z—%—l;l) E(X):gxgy Q-BN-_I L1kew1se,é9 (%;[__BP) 5—(y)

g:gi %— =1 and 60; (%M—%-) %(z) = %—%‘—% = 1. Summing the calculated equations

g’ _ 8% 9N _ 9°N M _#M\_ _ : . .
(m 3y 6x) (m o801 " Bdy )= 3 or 0 = 3 (assuming the second mixed partials are

equal). This result is a contradiction, so there is no field F such that curl F = xi + yj + zk.

24. Yes: If V xF =0, then the circulation of F around the boundary C of any oriented surface S in the domain of
F is zero. The reason is this: By Stokes’ theorem, circulation = § F-dr= I J. V xF-ndo = J J 0-ndo
(o} S S

=0.
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25. r=+/x*+y =>r“=(x2+y2)2 =F= V(r“)=4x(x2+y2)i+4y(x2+y2)j=Mi+Nj
=>§ v(r‘*)-uds;{s F-nds=§ Mdy—Ndx= H (%¥ aN)dxdy
C C C R

= ” [4(x2+y2)+8x’+4(x2+y2)+8y2]dA=” 16(x2+y?)dA =16 ” x2dA+16 H y2 dA
R R R R

= 161, + 161,

2_,2 2_ 2 2
9P _o N_qOM_o9P_ooN_ y-x' oM_ y'ox  gp_

0y ~ ' Oz ' 0z ’ 9x ox ~ (x2+y) "oy (x2 +y2)

v -2 y?—x

—~— == 1k=0.
(J(2+y2)2 (= +y%p

26.

However, x> +y% =1 = r = (a cos t)i+ (a sin t)j => = (—asin t)i+ (a cos t)j

1 dt = 27 which is

o—e—Y

=>F___(—as2int)i+(ac%st> j+2k = F- ﬁ; a2 sm t+a cos t__1:§ F-dr=
a a a? a’

not zero.

13.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY

L F=—U1t8 . giyF=-TY" xy/2 0 2. F=xi+yj=>divF=1+1=2
Xty (2 +y2)
i+yj 2 a2 2, 2\1/2
3. F=—G_M(it)li_:/%=>divrv= (x*+y +Z) 3x2(x% + y? +22)
(2 +y2 +2%) (2 +y2+22)

(x +y +2 )/ —3y2(x +y2+zz)1/2 —GM ()(2+}’2+zz)3/2~-322(x2+}’2+z2)l/2
(2 +y? +22) (P +y*+22)

3(x2+y2+zz) 3(x +y +zz)(x +y +z2)
-GM 72
(x®+y2 +2?)
4. z =a?—1? in cylindrical coordinates = z = a? —(x* + y?) = v=(a2 - x?* -y )k:rdlv v=0
11 1
5. (%(y—x)=—1,%(z—y)=—l,%(y—x)=0=> V-F=—2=Flux=J I J -2 dxdydz=—2(23)

-1 -1 -1
= -16

6. 20 =25 Z(y) =2y, L) =2 V-F=2x+2y+2
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11 1 11 11
(a) Flux:J. J J (2x + 2y + 22) dxdydz:J I [x2+2x(y+z)]; dydz:J I (1+2y+2z) dydz
00D 00 00

1 1
=J’ [y(1+2z)+y2];dz=J (2+22) dz=[22+z2];=3
0
0 1]
1

1
= J [2y2+4yz]1_1 dz =
-1

(b) Flux = (4y + 42) dy dz

JI——
I S—

11 1
(2x + 2y + 2z) dxdydz = J I [x2+2x(y+z)]l_] dydz = J
140 21

|_,.4

8z dz = [4z2]11 =

JR—

(c) In cylindrical coordinates, Flux = J J .[ (2x + 2y + 2z) dxdy dz
D

2 27
I (2r cos 8 + 2r sin 0+2z)rdrd0dz—J J [%—r3cos 6+ 213 sin 0+zr] dfdz
0 0

1 1
2 1
(?ﬁ cos 0+-§ sin 0+4z) dédz = J [%6- sin ﬁ—lsﬁcos 0+429]0" dz = J 87z dz =[47rz2]0 =47
0 0

]
O O
oy oy

7. 8%()') =0, iy(xy) =X, gz-(—z) =-1= V-F=x-1;z=x2+y? = z =12 in cylindrical coordinates

2 2 r?

:Flux:JJI(x—l)dzdydx:I J J (rcosf—1)dzrdrdd =
D 0

N

T 2

J J (r3 cos 9—1'2): drdé
0

0
2r I

2r
I[—cosﬂ—-—] J 2 cos 6 — 4 dé = [ sm9—40] = -87
0
0 h] .

3

8. £ =2 Lou)=0,£3)=3= V-F=2x+3= Flux = j ” (2x+3) dV
D
2 27 2
J (2p sin ¢ cos 0 + 3)(p? sin ¢) dpd¢df = J J [— sin ¢ cos 6 + p ] sin ¢ d¢df
0
0 00
2r 27

(8 sin ¢ cos 6 + 8) sin ¢ d¢df = I [8( sin 2¢) cos 0 — 8 cos ¢] J (47 cos 6 +16) df
[} 0

L]

4 »
Eg oy oy
Oty Oy

9. %(xz) = 2x, 3‘2}7(—2xy) = -2x, %(3)(2) =3x = Flux = J .[ J. 3x dxdydz
D

=/2 n/2

-]

2 w/2 ®/2 /2
f (3p sin ¢ cos 8)(p? sin ¢) dpdgdo = J J 12 sin® ¢ cos 6 dgdf = J 37 cos 6 df = 3«
1] 0

] 0 0



10.

11.

12.

13.

14.
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%((ix2’1»2xy)—12x+2y,a (2y +x? z) 2, ;9—(4:: ) 0=> V- -F=12x42y+2
3 ®/2 2

:FI“X=JJJ(12X+2Y+2)dV=I .[ I(12rcosﬂ+2rsin0+2)rdrd0dz
D 0o 0

0
2

3 #/ 3
=J J (32c050+1T6sin0+4)d9dz=J (32+21r+16)dz=112+61r
0 0

'6%(2’“) = 2z, %(—xy) = —x, g;(—zz) =-22= V. .:-F=—x=Flux= I J J —-x dV
D

2 VvV 1,6—4):2 4-y 2 V 16—4x2 2
- dzdydx:J J (xy - 4x) dydx:J. [%x(16—4x2)-4x\/16—4x5]dx
0 o

0 0 0

2
=[4x2 —3xt+306 —4x2)3/2]0 =-4

0 (x3) = 342 O (v3)=3v2 O 2 F = 352 4 3v2 L 32 - 2,2
3;(:()—3){,3;()/)—33',6() 322 = V .F =3x? + 3y% + 32% = Flux J“ (x® +y% +32?) av

»
=}

. 5 2T s
I & sin ¢ dpdo =3 I lg—do=
i 0

3

g

) op
Let p= VX +yl +2. 'I‘hen =3 yﬁ Ya=% %(px) (ax)x+p-—+m;9—(py) ( )y+p

a
Jp p? sin ¢) dpdgdd =3

Ot——3
o —y

2 2 2 2
=¥ﬁ-+p,-‘%(pz)=(g—s)z -zi,—+p=> v. F"#+3p=4p, since p = /x*+y“+2
2r w \/E 2r © 2y
:Flux:JJJ 4pdv = '[ I J (4p){p? sin¢)dpd¢d9=J I 3sin¢d¢do=f 6df =127
0 0 1 00 o

2] 8 7} 2
Let p= \/)(""+y2+z2 The 3£=- 6—p=_ a—”:%:%(%):%—(;’%)é:%—’;‘g Similarly,

x2+y?+4?
ﬂ_

'bkd

a(v\_1_ ¥ L 8(z\_1_2 _2
3;(7)—75"5‘"‘*3;(%)-/: radl 7
2 2r w
)(p sin ¢ dpd¢d0=J J 15 sind_qu&da:‘[ 30 df = 60x
00 0

o

13

e 0O -
P
a1
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15. i(5x3 +12xy?) = 15x2 + 12y2, i(y3+ey sin z) =3y + e sin z, 9 (523 + ¢ cos z) = 1522 — ¥ sin 2
Ox dy 8z
2r 7 \/;
=V -F = 15x% + 15y% + 1522 = 15p? = Flux = J J I 1502 dV = J J J (1502)(? sin ¢) dpdgdd
D 00 1

3 27

=J I (124/2 - 3) sin ¢ d¢dé =J (244/2-6) d6 =(48y/2 - 12)7

~

‘ 1
16. %[ln(xz+y2)]=xﬁ?;‘y ,a%(—-zrztan'l %):(—%) ——2-1 -EZ)%) =——F ?yg,%(zm)= x“+y

=V .F= 2"2 2+\/x2+y2=Flux_JJJ '7_
x x? +y
,\/5

2
2reosb 22, \dgrdrdf = 6cos9 343:2)drde
1'2 1'2
-1 [V |

J [6(vZ-1)cos 0-31In 2+2vE-1]d0 =2r(-F1n 2+2¢2-1)

-+ \/x2 +y7) dzdy dx
y

x+

N
3
—
»
~

17. (&) G=Mi+Nj+Pk= V xG=curl G = (_gg %ﬁ) (%-gg)u(g’:—%ﬂ)kz V.VxG

9P 6N d (M _ P AN oM
= div(curl G) = m(a‘a)‘“a(ﬁ‘&)*m(m-w)

2 2 2 2 2
;x 4;)y g—bN— g—% bé—g- i N 6_‘% = 0 if all first and second partial derivatives are continuous

(b) By the Divergence Theorem, the outward flux of V x G across a closed surface is zero because

outward flux of V xG = JJ (VxG)-ndeo
S

= J J I V.V xGdv {Divergence Theorem with F = V x G]
=JJI (0)dV =0 [by part (a)]
D

18. (a) Let Fy = M;i+N,j+ Pk and Fy = Myi + Nyj + P,k = aF,; +bF,
= (aM; +bM,)i + (aN; + bN,)j + (8P, + bP,)k = V - (aF, + bF,)

(aM1 aMz) 2 0N 0N, (apl baP,)
P )t By they )t +

oM, 6N, 8P oM, ON, 8P
—'a(-—a—l 6y1+6_z1) b<6x2 ay2+7;—2)=a(v-rl)+b(v-t‘2)
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(b) Define F; and F, as in part a = V x (aF, +bF,)
0Py 9Py ( N, 6N2) [( M, aM,) ( 8P, apz)]
[(aw T) 7 v )t \ew b )t TR
ON, 0N, M, oM\l _ [(8P; ON;\. (8M1 8P, ) AN, oM,
(a—“’ 6x) ( o P )T\ T S e T S ey

b[(aP, aNz) +(3_Mz ?_P_z) (3N %)k]=av xF, +bV xF,

+

By &) 9z 0O ox Oy

ik
() FyxFy=| M; Ny, P, |=(N;Py—PNy)i—(M,Py~P;Mp)i+(MN,—N;Mpk = V -(F, xFy)
M, N, P,
= V -[(N;Py — P{Np)i— (M;P; — P,M,)j + (M, N; — N;Mp)k]
= %(N1P2 —PyNy) “%(Mxpz —PMy) +%(M1N2 -NMy) = (Pz

oP. oM, opP ON, oM oM ON,
N R Y . )

(8P, N, (aM1 apl) ON; M, ON, 0P, (ap2 6M2>
_MZ(W_T{)+N R U ARE S Al i ARG e

ON, 8P, 8P, _ ON,
Bx +N1 _NZT Piax 3x

19, (a) div(e) = ¥ -gF = L (6 + 2 (60 + £ 6P) = (620 + M%) + (s 2+ w28 )+ (42 + P )

og og M , 8N oP . .
(Ma +Nay+P ) g(—a—x—+ +T) gV -F+ Vg-F

v x(@6) =[§ @) - £ em |1+ [ 6 - 6P + [ 60 - @) i
=(rroBp-ngi-of)ie (ufl o Bl rR-o o (e -

- (v )i (- o i (- B (- o (v

ON__ oM\, —
(gax—gay)k-.gv xF+ VgxF

(b

~

N_po%_ oM
6y g <9y)k

20. Let F, = Myi+N,j+ P,k and F; = Myi + Nyj + Pok.
(a) FyxFy = (NyPy = PiNp)i+ (PyM; — MPy)i + (M;N; =Ny Mp)k = V x(Fy xFy)

~

= [ 00 = Nug) - £ (@M~ MiP i+ 08,y = PNy ~ £ 04,8y — Ny
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+[36;(P1M2 -M,P,) - %(NIPZ - P1N2)]k
and consider the i-component only: a%,(MlNz -N;M,) —i(P M, - M,P,)

oM ON N oM op aM oM, . OP
=Nyt + M 52— Myt~ N1t~ Myt = Py 5 2+ Py 4+ My 52

oM, oM, oM, (9M2 0N2 0P, ON, 0P,
(Nz By +P2——5;—)~ (Nl 3)’ +P1 -5—— T M, - —5;,-4-7— M,

oM oM oM M. M oM oM, ON, 9P
(M2'3"1'+N2 1+P2 azl) (Ml 6x2+N1 32+P1 2) (Tz ay2+Tl)M1

oM, 8N, 8P
_( bxl 6yl+Tl)M2 Now, i-comp of (F,- V)F, = (M2%+N2%+P2%)Ml

M M oM
(M2 ks N,—aTl+ P,—a—l) likewise, i-comp of (F, - V)F, = (Ml Moy N, 52 aan;, Pl%‘h)

P,
i-comp of (V -Fy)F, = ((‘3(;\:1(2 +%1\i3 66z )M1 and i-comp of (V -F,)F, = (%I\h %N-l Q})
Similar results hold for the j and k components of V x (F; xF;). In summary, since the corresponding
components are equal, we have the result
V x(FyxFy) = (Fy» V)F) — (Fy - V)F,+(V -F)F; - (V -F))F,
(b) Here again we consider only the i-component of each expression. Thus, the i-comp of V x (F, -F,)

oM, oM, ON, ON P P,
*E‘(M M, +N;N; + PP 2)—(M1"‘9—+MQT+N1—+N23X—1+P13—2 P2_5x—)

. M oM, _ oM,
=i-comp of (F, - V)F, = (Ml e tNi52 ay +P; az)

oM, M M
i-comp of (F,- V)F; = (M2 S tN, 3y1 Ple)

i-comp of F; x(V xF,) =N (—aa&—a—g—z)—ﬁ(a—;:l—%), and

. ON, M oM, 9P
i-comp of Fyx(V xF;) = Nz(%;l"‘gg,l)— P2(sz_1—ﬁl)‘

Since corresponding components are equal, we see that

V x(Fy-Fy) = (Fy - V)F,+ (Fy- V)F, + F; x(V xF;) + F, x(V xF,), as claimed.

21. The integral’s value never exceeds the surface area of S. Since |F|< 1, we have|F-n|=|F||n|< (1)(1) =1 and

I J- I V- .-Fdo = J I F-ndo [Divergence Theorem]
D S
< J I |F-nldo [A property of integrals]
s
5” (1) do [[F-ni<1]

S
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= Area of S.

22. Yes, the outward flux through the top is 5. The reason is this: Since V -F= V -(xi—2yj+(z+ 3)k
=1-2+1=0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem. The flux
across the top is therefore the negative of the flux across the sides and base. Routine calculations show that

the sum of these latter fluxes is —5. Therefore the flux across the top is 5.

5 (@) Z0=120=14E=1= V-F=3= Fux= ”j 3dV=3 JH av
D D
= 3(Volume of the solid)
(b) If F is orthogonal to n at every point of S, then F-n = 0 everywhere = Flux = J J F.-ndo=0.
S

But the flux is 3(Volume of the solid) # 0, so F is not orthogonal to n at every point.

a b1
24, V-F=—2x-—4y—62+12:¢Flux=J I J (—2x — 4y — 6z + 12) dzdydx
000

a b a
=J J (-2x—4y+9) dydx = I (—2xb — 2b? + 9b) dx = —a?b — 2ab? + 9ab = ab(—a — 2b + 9) = f(a, b);
00 0

Of — _9ab—2b?+9b and I = —a? —4ab +9a so that S =0 and L =0 = b(~22-2b+9) =0 and

da” 3b

a(~a—4b+9)=0=>b=0o0r —2a—2b+9=0,anda=00r ~a~4b+9=0. Nowb=0o0ra=10
= Flux=0; —2a—2b+9=0and ~a—4b+9=0=>3a~9=0=>a=3=>b=3 sothatf( ) L is the

maximum flux.

25. U F-nda=IIU v-Nv:J!J 3dv=>%” F-ndv:]lj dV = Volume of D

S

26. F=C = V-F=0=>F1ux:J.J F-ndv:JjI V-FdV:JJI 0dvV=0
S D D

27. (a) From the Divergence Theorem, J..[ Vfi-n da=I J V.Vi{dv= -[Ij VHdV = JJIOdV:O
D

S D D
(b) From the Divergence Theorem, II fVfi-ndo = J.IJ' V -fV{dV. Now,
S D
—($0EY; o 108 ); (0% (06, (0% L (OEY | [e0% o (ot
fo_(f&-)H-(fay)J +(t& k= v -tvi= [a 2+(ax)] [3 ,+($) ]+[ (&)

=fV24| ViP =0+| V{P since f is harmonic = J I fVf-ndo = j I J | VP dV, as claimed.
S D
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2.
28. From the Divergence Theorem, J J Vf-ndo = J J J V.V{dv = J J J’ (ﬂﬁ- 82£ + g f) dV. Now,
S D D

ox? 622
_ Y sy v SRS | 2,2, ,2 of _ X of _ y of _ z

f,2) =ln Vil +y* 428 = g In(x" +y 42 ):}?’;—xz+y2+z2’5§_x2+y2+z2’6z_x2+y2+z2

Lo X ay? e g% xloyied’ o xXPiyi-d o 6% o

~ o T4y W (222 0P (Rhyii2) ox Oy 6

w2 /2 5

2 2 2 2
ke [ veawe [ afte | | ] Sttt

(X2 +y2+22) Xy +2 g ! Xty 2 5o P

/2 =/2 */2 /2
=J J asin ¢ dgdo = J [—acosqs]"/’da:I ado=12

1] (4] 0

= - Og. .0g. .08
29 ” fvg uda_JJI v ngdv_”J v (fawfgy-ﬁft-ﬂk av

S D D
- %  ofdg 0%  ofog, 0%  ofog
=111 (faﬁ—x”gwa;”a?*am Vv

o 0% , O 08 o6 0 o O
= ”J [f Ex‘g?*a_y%*?g' +(g,f(a§+g§a§+g:Fg) av = ”J (V2% + V£ Vg)dV
D

D
3 JJ- (fVg-gVf)-ndo

=JJJ V. (fVg—-gVi)dv

=J‘[[ (V-fVg—-V .gVi)dV (Exercise 18a)
D

= JJJ (fV -Vg+ V. Vg-gV -Vf- Vg V)dV (Exercise 19a)
D

= jJI (szg—-gVZf) dV, since Vf.- Vg= Vg-Vf
D

31. (a) The integral J J J P(t,X,y,2) dV represents the mass of the fluid at any time t. The equation says that

the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D:
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward

(interpreting m as the outward pointing unit normal to the surface).

(b) ”I apdv—j‘t J” pdV=- U pv-ndo = — I[U V-pvdV:}Z—f:—V-pv
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=>V -pv+?a—$=0, as claimed

32. (a) VT points in the direction of maximum change of the temperature, so if the solid is heating up at the
point the temperature is greater in a region surrounding the point = VT points away from the point
— VT points toward the point = — V T points in the direction the heat flows.
(b) Assuming the Law of Conservation of Mass (Exercise 31) with —k VT = v and ¢pT = p, we have
dgt_ J I J cpT dV = — J I —k VT -n do = the continuity equation, V -(—k VT) +%(cpT) =0
D

:cp%:—V-(—kVT):szT:T V2T = K V2T, as claimed

CHAPTER 13 PRACTICE EXERCISES

1. Path1: r=ti+tj+tk=>x=t, y=t, 2=t 0<t < 1= f(g(t),h(t),k(t)) =3 - 3t2and%—x—1,‘;{

dz dx\? dy2 dz f 2
o (E) +(a‘€> +( ) dt—\/ﬁdt=>j f(x,,2) ds=j V3(3-3t2) dt = 2¢/3
[o] 0

ath 2: r, =ti+tj,0<t<1=>x=t,y=t,2z=0=f(g(t),h(t),k(t)) =2t -3t + 3 an =1,5=1,
Path2: £, =ti+tj,0<t <1 0 = f(g(t),b(6), k(1) = 2t~ 3t + 3 and X =1, ¥

3 1
(di—:=0=> (%)2+(%%) +(%%)2 dt=\/§dt=>j f(x,y,2) ds=J. ﬂ(2t—3t2+3)dt=3\/§;
Gy

dY_o dz_l

p=i+it+ttk > x=1,y=1,2=t = f(g(t),h(t),k(t)) =2 - 2tanda—— I

:\/(ﬂ—) +(da!) +(g_) dt = dt=>J. (x,y,2) ds=;[ (2-2t)dt =1

Cy
= |ty as= [ty as+ [ e =3vE+1
C

¢ C,

2. Path1: r=ti=x=t,y=0,2=0= f(g(t),h(t),k(t)) = t? and $ = 1 =0, §=

()o@ s e [ eamy

¢ o

p=ittimx=1y=t5=0 f(gt),h(t) k) =1+t and =0, F=1,%=

:\/ig,:) +(dy) +(%%)2 dt=dt$J f(x,y,z) dsz‘l[ (1+t) dt=%3
0

C,

p=itjttk=x=1y=112=t= {(gt)ht), k) =2 -t and L= 0%:0,%:1
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< |+ (%) +(@) 2= [ o= @y

C3

=>J f(x,y,z) ds=J f(x,y,2) ds+.[ f(x,y,2) ds+J f(x,y,z) ds =-1§

Path 1 ¢ C %
. - d
Path 2 ry=ti+tj=x=t,y=t,z2=0 :f(s(t)‘h(t),k(t)):tn"'“"“d%z1'Ti:=1’%%=o
1
a\/dx — +(§-) dt = \/'dt:J 1(x,y,2) ds=J V(e +e) =33
¢, 0

r3 =i+ j+ tk (see above) = I (x,y,2) ds=%

C3
:I f(x,y,2) ds:j £(x,y,2) ds+j f(x,y,2) ds=%\/§+%=_5\/g+9
Path 2 03 04

Path3: ry=tk=>x=0,y=0,z=t, 0<t<1:f(g(t)h(t),k(t))——tand%! *a‘ O,a—_l

1
:\/ (%Z) dt_dt:! f("vY!z)ds:J‘ —tdt:—%;
05 0
T, =tj+k=>x=0,y=t,z=l,0$t$l:f(gt,ht,k(t))=t_1mddx_0 dy__.l,dz=0
’ dt ~ ' dt dt
1
ax\  (dy R _ L
:\/(Ef) +( ) (af) dt_dt=>J (x,y,2) ds-J (t-1) dv=-3;
Cq 0
p=titj+tk=>x=t,y=12z=1, 0<t<1 = f(g(t), h(t),k(t))—tzand:'lix_1,2%=0,%=0
1
dx\? dy Q_ ~ e 1
C7 0

= J f(x,y,2) ds = I f(x,y,z) ds + J f(x,y,z) ds + J f(x,y,2z) ds = —%—%+%= —%
Path 3 s g <,

3. r=(acost)j+(asint)k=>x=0,y=acos t,z=asintz=>f(g((:),h(t.),lr:(i:))=\/ai sint = a |sin t| and
dx _ody_ .o di_ axV o (dy) o (daV 4 =
R“O'ZE' asmt,ai—acost:\/(af) (a—) +(af) dt=adt

2

3
aZsint dt+ | —a?sin t dt = 4a2

n

2

L3

= I f(x,y,z) ds = J a?|sin t|dt =
C 0

ot

4, r=(cost+tsint)i+(sint-—tcost)j=>x=cost+tsint,y=sint—tcost,z=0

=> f(g(t),h(t),k(t)) = \/(cos t+t sin t)2 4 (sin t — t cos t)2 = /1 + t and %% = —sin t+sin t +t cos t
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2
- dy _ _ - dx\  (dy dz?
_tcost,a_cost cost+tsmt_tsmt,dt_.0=> (m-)+ T +(_t dt
/s
=\/t§cos7t+t§sin’tdt=|t|dt=tdtsince05t5\/§=>I f(x,y,2) ds = I tv/1+t dt=7s
C 0
9P _ 1 -3/2 _ Q_l\l M__1 -3/2_0P 8N _ _1 -3/2 _ M
5. dy 2(X+Y+Z) 7 2(X+Y+Z) =%’ 0x (X+Y+z) —Ty"

'8z
:de+Ndy+szisexact;—a—£= 1 = f(x,y,2) =2 x+y+z+g(yz)=:~ﬁ +ag
&= T v DRS Ay = o As

1

\/mﬁg—— 0=g(y,2)= h(z)=>f(x,y,z)—2,/x+y+z+h(z)=>B_ Vm-'—h’(z)

(4,-3,0)
1 ’ _ dx +dy+dz
—3 = h = y =
7==—=x+y+z=>h(x) 0 = h(z) =C = f(x,y,2) 2./x+y+z+C¢( IJI ) _T-—x+y+z

=1(4,-3,0) —f(-1,1,1) = 2/1-2/T=0

M N M
6. g‘y’ 21 =N M —%E,%—x—o—%-:de+Ndy+sz1sexact,g =12 f(x,7,2)

=x-i—g(y,2)=>;‘;ji 5y——\/-=>g(y,z) —2,/¥2 +h(z) = f(x,y,2) = x~ 2,/72 +h(z)

=%=_\/g+h'(z)=_\/§=>h'(z)=o=>h(z)=c=f(x,y,z)=x—2¢y_z+c
(10,3,3)

= I dx—\/g;dy—\/gdz=f(1o,3,3)—f(1,1,1)=(10—2-3)—(1~2-1)=4+1=5
(1,1,1)

7. %—hzdz—ycosz;éycoszzg—l;=>Fisnotconservative;r=2costi—-2sintj—-k,05t§21r
2r
= dr=—2 sin ti—2 cos tj = J F-dr= j [=(~2 sin t)(sin (—1))(~2 sin t) + (2 cos t)(sin (—1))(~2 cos t)] dt
C 0
27
=4sin(1) [ (sin®t + cos? t) dt = 87 sin (1)
0
O _g_ON OM_,_0P ON_j2_OM_ p; ; dr=
8 8y_0_8 92 = 5 Bx 3x —TyﬂFlsconservatwe:J F-dr=0
(o]
9. Let M= BxsmyandN=—8ycosx=>aaM—8xcosya.ndgN—Sysinx:J 8x sin y dx — 8y cos x dy
c
w/2 =/2 w/2
= jj (8y sin x — 8x cos y) dydx = I I (8y sin x —8x cos y) dydx = I (n? sin x — 8x) dx
R 0o o 0

=—mi4ni=0
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10. Let M = y2 and N = x? =>3——2yand6 =2 = J. yldx+x¥dy = IJ’ (2x — 2y) dxdy
(¢} R
2r 2 2T

=J (2r cos 6 —2r sin 0) r drdf = I 16 (cos 8 —sin ) d6 =0
0 0

3T
11. Let z=1-x—y = f (x,y) = -1 and fxy)=-1= \/f,2(+f§,+1 = v/3 = Surface Area = J'J V3 dxdy

R

o——

= /3(Area of the circular region in the xy-plane) = 71/3
12. Vi=-3i+2yj+2k, p=i=| Vil=/9+4y*+ 4% and | Vf.p|=3

21r 27
\/_2_7
:SurfaceArea:J'.[ 9t+dy"+4s J J Vo+4? rdrdf = % 7\/~—- =g‘(7\/2_—9)
0

3
R 0 0

13. Vi=2xi+2yj+ 22k, p=k = | Vf|= \/4x2+4y2+427=2\/x2+y!+z7=2and]Vf-p|=|2zl=2z since
or 1

zZO:SurfaceArea:JJ%—dA:Jj%dA:J.I L dxdy = J J' =1 drdd
R W Vim=y 0

R
e T(1 L)w=re(1-4)

14. (a) Vi=2xi+2yj+22k, p=k=|Vil=vV&*+4y’ + 7 = 2¢/x> +y? 422 =4 and | V{-p|= 2z since

/2 2c086

z>o=>5urfaceArea=“idA=”2dA=2 J I 2 rdrdf=4r—8
= 2z Z ,7 2
R R o 0 4-r

(b) £ =2 cos 6 = dr = —2 sin 6 d; ds? = r? d6? + dr? (Arc length in polar coordinates)
= ds” = (2 cos 6) d? + dr? = 4 cos? 0 df? + 4 sin® 0 d6® = 4 d62 = ds = 2 df; the height of the

cylinder is z = V4 —1r? = v/4 — 4 cos?d 2|sm0|—2sm91f0<9<§

/2 /2
= Surface Area = J hds=2 J (2sin 6)(2d9) =
-w/2 0

15 fxy2) =§+L+3=1= vi=(Di+(L)i+ ()= vil= LoL+Landp=k=|vip=}

1,1 .1
7t 5+3 :
since ¢ > 0 = Surface Area = JI L—b-—ch=c L+%+lj..[ dA =1abe L+l+1
. (%_) a2 b® (2 . 2 a? b2 2’

since the area of the triangular region R is %ab



Chapter 13 Practice Exercises 1157

16. (a) Vi=2yj—k,p=k=|Vi|= Vay¥¥1land| Vi-p|=1=>do = v4y? +1 dxdy

> U g(x,y,2) do = U g VA L dxdy = U y(yZ-l)dxdy=1 j (y° ) dxdy

1 4 2 1
=J 3(y3—->')dy=3[y7—!2—] =0
-1 -

(b) JI g(x,y,2z) do = JRJ ﬁmd){d)’:l 1 (yz—l)dxdyz ]' 3(y2—1)dy

S -1

1
3
=3[L-—y] =—4
3 -1

17. Vi=2yj+2k,p=k = | Vf|= Vay? + 422 =2y  +2° =10 and | VE-p|=2z sincez >0

=>do = é—g dxdy = -2- dxdy = J J. g(x,y,z) do = J' I (x%y)(y? +zz)(%) dx dy
S R

4 1 4
= ” (x4y)(25)(7§5.__y,)dxdy=j I 7;%3127,:4 dxdy:J. _2%5%7@:50

R 0 0 0

18. Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth’s axis (north
is the positive z direction), and the xz-plane contains the earth’s prime meridian. Let S denote the surface

1/2
which is Wyoming so then S is part of the surface z = (R2 —-x?-y?) / . Let R, be the projection of S onto
Xy

2 2
the xy-plane. The surface area of Wyoming is .[ J lde = .[ J 1 +(iz_) +(@> dA
S R,

Ox dy
xy
- 3 % Rsin 49° iy
y = R = 2)”
I \/ﬁr_iz-yﬁm_xz-yﬁ“d‘*"ﬂ R | R e
Ry R,y (R?—x-y 9, Reinds’

where 8, and 6. are the radian equivalent to 104°3 and 111°3', respectively
1 P

by in4g0 2
R sin 49
1/2 1/2 1/2
=I —R(R’-r’)/ HMS,:J R(R?-R? in245")/ -R(R?-R? sin?49°)' " do
6 L

= (0, — 0,)R*(cos 45" — cos 49") = lls%Rz(cos 45"~ cos 49°) = %(3959)2@05 45° — cos 49°)
= 97,751 sq. mi.

19. A possible parametrization is r(¢,8) = (6 sin ¢ cos )i+ (6 sin ¢ sin 6)j + (6 cos ¢)k (spherical coordinates);
nowp=6andz=—3=>—3=6cos¢=>cos¢=-—%=>¢=2T7randz=3\/§=>3\/_:6cos¢

=>cos¢=-@:¢=%:%$¢52§;a180050527r
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20.

21.

23.

24,

25.

26.

27.

A possible parametrization is r(r,6) = (r cos 6)i + (r sin 6)j — (%)k (cylindrical coordinates);
2
now r = /x“+y =>z=-r§-and—25250=>—25 %S 20:05r$2sincer20;
also 0<0<2r
A possible parametrization is x(r,8) = (r cos )i+ (r sin 6)j + (1 +r)k (cylindrical coordinates);
nowr:y/x2+y2=>z=1+rand15z53$151+r§3:>0§t§2;a150059527r
. A possible parametrization is r(x,y) = xi+yj +(3 —-x —%)k for0<x<2and0<y<2
Let x = u cos v and z = u sin v, where u = v/x> + 22 and v is the angle in the xz-plane with the x-axis
= 1(1,v) = (u cos v)i+ 2u?% + (u sin v)k is a possible parametrization; 0 <y <2 = 2u’<2 = u?<1
= 0 <u <1 since u > 0; also, for just the upper half of the paraboloid, 0 < v <7
A possible parametrization is (/10 sin ¢ cos 0)i+(\/ 10 sin ¢ sin 8)j +(4/10 cos é)k,0< % and
s
0§05§
i j k
n=itin=i-j+kanxn=l 1 1 0 |si-j-2%k=|r,xr,|=6
1 -1 1
11
= Surface Area = I |Ty X1, |dudv = J J V6 dudv = /6
Ry, 00
11 11
J I (xy—z J J [(u+v)(u—v)—v2] \/—dudv = \/6 J I (uz—-2v2)dudv
S 00 00
1
- gy 1o ay= a[hv_28]' =_VB__ 2
Y [ w?] av =G (3 2v?)dv=VA}v-3v] =0 2
i j k
1. = (cos 8)i+ (sin 0)j, 1y = (—rsin f)i+ (rcos 0)j +k => r,xrs=| cosd sin 4 0
—rsinf rcos @ 1

= (sin 8)i — (cos 6)j + 1k = |1, x 19| = V/sin?0 + cos?f + 12 = /1 +1? = Surface Area = IJ |r. X 19| drdd
Rpg

Tr
0

=[v2+In(1+/2)]

~

i 27

[ ——
—
+
-
(=%
=
[=9
Q:
O
[
—
+
-
+
DOl
—
=
—_
-
+
—
+
~
)
o
5
Il
ot—
[
=
-+
D=
5
—_
[
1
)
=
a.
Y



28.

29. F==

30.

31.

32.

33.

34.

35.

36.
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1
JJ. \/x’+y2+1da=I J Vit cos?0+12sin?0+1 V141 drdf =
o0

o—=Y

1
I (1+12)drds
0

op ON M _4_8P N_,_6M ;

By 0=35"%, 0=05 3z =07 By => Conservative

il —3zy N 8 ~3xz P ON —3xy oM ;
= —s = h = —T T poy o = e = => Conservative

3y (x? +y2 +122) 52 02 Oz (x? +y2 +22) 5/27 0x’ 0x (2 +y2 +22 52~ 6y

P__x _ONM__ -y _0PWN___-s__0M .
8y~ (x+yz)®~ 0z’ Bz (x+yz)_§_ o' 0~ (x+y2)? =3y => Conservative

P
%:2 = f(x,y,2) = 2x +8(¥,2) :%:%ﬂyﬂ = g(y,2) = y? +2y + h(z)

= f(x,y,2) = 2x +y? + 2y +h(z) :%:yﬁ-h’(z) =y+1=h'(z)=1=>h(z) =2+C
= f(x,y,2) =2%+y*+zy+z

g—f!:z cos xz => f(x,y,2) = sin xz +g(y,2) = %:g—g:é’ = g(y,2) =¥ +h(z)

= f(x,y,2) = sin xz + e¥ + h(z) :%:xcos xz+h'(z) =x cos xz = h'(z) =0 = h(z) = C
= f(x,y,z) =sin xz + ¢’

Over Path 1: r=ti+tj+tk,05t51=>x=t,y=t,z=tanddx=(i+j+k)dt=>F=2t2i+j+t2k
1

#F-dr=(3t2+1)dt=>Work=I (3t2+1)dt =2
V]

Over Path 2: r; =ti+tj,0<t<1=>x=¢t, y=t2=0 and dr; = (i+]) dt=>l"1=2t2i+j+t2k

1
=>F1-dr1=(2t2+1)dt=>Work1=I (2t2+1)dt=§;r,=i+j+tk,05:51=>x=1,y=1,z=tand
0
1
dry=kdt = F, = 2i+j+k =>F2-dr2=dt=>Work2=J dt =1 = Work = Work, + Work, =3 +1=§
0

Over Path 1: r=ti+tj+tk,0<t<1=>x=t,y=t,z=tanddr=(i+j+k) dt = F=22i+t%+k

1
= F-dr=(3t2+1) dt => Work = I (32 +1)dt =2;
0
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Over Path 2: Since f is conservative, § F-dr = 0 around any simple closed curve C. Thus consider
C

I F-dr= J' F.dr+ J F-dr, where C, is the path from (0,0,0) to (1,1,0) to (1,1,1) and C, is the path
curve ¢ C,

from (1,1,1) to (0,0,0). Now, from Path 1 above, J Fudr=-2=0= J F.dr= J F.dr+(-2)

02 curve Cl

=>J F.dr =2

1

37. (a) r=0e* cos t)i+ (e’ sin t)j = x = e! cos t, y =¢sin t from (1,0) to (e27,0) => 0 <t < 27

+ N . t . . .
= %:( t cos t —et sin t) i+(et sin t + et cos t)j and F = x1+y33[2 = (e cos t)1+(e‘ sin t:);}z
(x2 +y2) (e2t cos? t + et sinzt)

_fcost\.  [sint)\: dr_fcos®t _sintcost  sint , sint cost — et
“(?)”(W)’”F'E‘(T‘_{_JFT*'T_ =e

27T
=> Work = J etdt=1—e"27
0
___xit+yj o x 2, 2\ 1/2 of y g
(®) F—'L§—§=>—=——“:f(quyz)=—(x +y?) +e(nz) = o= ——te =
e R Wyt

~1/2
=(—2‘y2—)3/528(y,2)=c?f(xvy,z)=—(xz+}’2) /
x“+y

=1(e?",0)—£(1,0) = 1 —e~2"

is a potential function for F = J F-dr
(o]

{
38. (a) F= V(xzze") = F is conservative = § F-dr =0 for any closed path C
C

(1,0,27)
(b) J F-dr= I V(xzze_y)-dr=(x2zey)|(1'0 21‘,)--(x2ze")|(1 0,0)=27—0=2m
c (1,0,0)
i j k
9 F:] 9 . . 2i+6j—3k 2., 6. 3
39. VxF=| = = %= |= —2yk; unit normal to the plane is n = =£i+5j—5k
a ]
x oy 622 Va+36+9 7 177
y -y 3
= VxF-n=8y; p=kand f(x,y,2) = 2x + 6y —3z = | Vf-p|=3 = do = 2Ll aa =T aa
7 ) 17 ivf.pl 3
2r 1 2T
=>§ F-dr=” %da:“ (%)(%dA):” 2ydA=I J 2rsin01drd0=J Zsinodo=0
c R R R 00 )
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i
2
dy 2
2+y x+y 4dyi-z

n= 1j+ Lyx= VxF-n=0=>§ F-dr:JJ. VxF-nda:JI 0do=0
ARV ?

R R

(S

i
40. VxF= % = 8yi; the circle lies in the plane f(x,y,z) =y + 2z = 0 with unit normal

™ Q)

41. (a) :=\/2'ti+\/itj+(4—t2)k,ogc51=>x=\/§c,y=\/§t,z=4-t2=>%§=\f =2, $=

2 1
dx V2, (dy dz\? 5 = _ _ I L 3/21!
:\/(d_’;) +(E) +(&) dt—\/4+4t5dt=>M_i[ 8(x,y,2) ds = | 3tva+a de=[La+ay) ]0

=4\/§-2
1
(b) M = J 8(x,y,2) ds = J VITaZ dt=[tv/T+ 2+t +vI+ )]y = vZ+1In(1+/2)
C 0

dY_2 dz _ 1/

42 r=ti+2j+% 23/%% g<t<2=>x=t,y=2t z_§t3/2 d =1,F=2¢-=

=>\/(%)2+(%%)2+(%)2 dt=\/1:-|-_5dt$M=J 5(x,y,z) ds=]' 3B+t /t+5dt
C

(=}

2 2
=I 3(t +5) dt = 36; Myz=J x6 ds=J. 3t(t +5) dt = 38; M, , =
o C 0

Qs

2
y6ds = J 6t(t + 5) dt = 76;
0

m, _(#v2)

2
M, M
Mxy=J z6ds=.[ ts/z(t+5)dt‘l44\/_=>3('=—w -g—s- 19 y:ﬁ:ﬁz%,iz M= 3%

'l—a
C 0

_4
=42

2 2./2 2
43. r=ti+(3gt3/2)j+(‘§-)k,05t52=>x=t,y=T‘/_t3/2,z=%=>%’—t‘=1,%=\/Etl/"’,g-%:t

2
dxY  (9y) 4 (deY g4 = =Jt+1)7? dt = = in gi
:\/(dt) +(dt) +(IR) dt=vI1+2t+t2dt=1/(t+1)2dt =|t+1|dt = (t+1) dt on the domain given.

2 2
dt=2 M =J xo‘ds=J t(ﬁ)(t+1)dt:] tdt=2;
C 0 0

—
o+
i
~—r
—~
o+
-+
—
~
(=9
o+
Ot—N

(=}
o}
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44,

45.

46.

4 2
=@=§;Ix=j (v +27)5 ds = | (gmt)dt:%,xy:j We)sas= [ (248 a av =84,
C 1] C 0
2 232 64
2, 8,3) 44 = 56. L _ (E) 2/29 L _ (ﬁ)_‘l\/f
J-(y +x2)§ ds J(t + t) =38R, =/5= T_m,R},_ w= V=2

= 0 because the arch is in the xy-plane, and X = 0 because the mass is distributed symmetrically with respect

2 2 2
to the y-axis; r(t) = (a cos t)i+(asint)j, 0 <t <7 =>ds= \/(%) +(3—¥) +(%%) dt

n
=\/(—as'm t)2 + (a cos t)2 dt = a dt, sinceaZO;M:J 6ds=J (2a-y) ds=J (2—asin t)adt
C c 0
ks

T
= 2ar — 2a%; M,, = J yédt = J y(2a—y) ds = -[ (a sin t)(2a—a sin t) dt = J (2a2 sin t — a2 sinzt) dt
[¢] C 0 0

4a arT
_ 2 2(t _sin 26\ 1" _ 4.2 alw -_( 2) 8a—am s-s\_(n 8a—arm
_[—23, cos t —a (f—“T) ]O—4a —T$Y—m‘m:(x’y’z)_(o’4w 4a’ 0)

£(t) = (et cos t)i+ (et sint)j+e'k, 0 <t <In2=>x=etcost,y=e'sint, z = et :>dt—'(e cos t—et sin t),

2 2 2
%:(et sin t + et cost),g—:zet:\/(%%) +(g—{) +(g—:~) dt

=\/(e‘ cos t — et sin t)2+(et sin t + e cos t)2+(e‘)2 dt = v/3e? dt = \/I?e dt; M=J §ds = J \/getdt
0

In2 In2 33 M (323)
=3 Mxyzj 26 ds = J (v3et)(et) dt = J \/Eemdfm—T:Z: N’I‘y= 7 =%;
n 2

[¢] 0 0
In2 1 7\/5
IZ=J (x2+y2)6 ds = J ( cos?t + &2t sin t)(\/?_,e‘)dt I \/(-i'eat dt——B—:R,z= I—VI?_
C 0
V3

r(t) = (2sin t)i+ (2 cos t)j+3tk, 0 <t <2mr => x=2sint, y =2 cos t, z——3t=>‘é—t—2cost,:i:1 = —2sin t,

T

%=3=>\/(%) +(d—y) (3—) dt=+/A+0dt = /I3 dt; M = J&d =2J pV/13 dt = 2mp\/13;



47.

48.
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27 2
=J z6ds=[ (3t)(p\/ﬁ) dt=6p1r2\/l_§; MY’=J x6 ds = J (2 sin t)(p\/_)
C 0 C 0
27 M 6 2\/1_3_
=J 5= l (2cost)(p\/ﬁ)dt=0:i:?:ﬂandi:—ﬁ:h:&r:(0,0,37r) is the

center of mass
Because of symmetry X =5 = 0. Let f(x,y,2) = x2+y24+22-25 = VI=2xi+2yj+22k

=| Vf|= \/4x2+4y!+422= 10and p=k =| Vf-p|=2z,sincez>0=>M= JI §(x,y,z) do
R
= IJ- z (%—2) dA = JJ 5 dA = 5(Area of the circular region) = 80m; M, , = I'[ z6 do = JJ 5z dA
R R R R

980
‘T”:E=(830:)=

490 _ 980
3 46

et

= JJ 5\/25—xz—yI dxdy =
R

o5

4
J (5v/25 —12) r drdf =
0

o—y

27 4

(iYi):(0,0.%g);Iz= ” (x®+y?)6do = ” 5(x? +y?) dxdy = J. J 513 drdf =
0

R R 0
= = VIE =2

On the facez =1: g(x,y,2)=z=1andp=k= Vg=k=|Vg|=1and|Vg-p|=1=>do=dA
/4 sec
:I:JI (x*+y*)dA =2 J I radrd9=%;0nthefuez=0: g(x,y,z)=z=0= Vg=kandp=k
R o 0

320 d6 = 640

o5

= |Vg|=1=|Vg-p|=1=do=dA=>1= J.I (x? +y2)dA—% On the face y = 0: g(x,y,z) =y =0
R 11
=>Vg=ja.ndp=j=|Vg|=1=>|Vg~p|=1=>da=dA=>I=IJ (x2+0)da = J I
R 00

Onthe facey = 1: g(x,y,2)=y=1= Vg=jandp=j = |Vg|=1=|Vg-p|=1=>do=dA

fablv—-

11
=>1= J.I (x2+12)dA=I J. (x2+1)dxdz=%;Onthefmex:l: gxy,2z)=x=1= Vg=iandp=i
R 00

R
x=0: g(x,5,2) =x=0= Vg=iandp=i= | Vg|=1=|Vg-p
11
= 2., .2 — 2 =1 =2,2,1,4.4.1_14
=>1_H (0 +y)dA—I J Vdyds=g >, =2+3+5+3+3+3=73
R 00

11

= |Vgl=1=|Vg-p|=1=>do=dA =>1= ” (1’+y2)dA—J. J (1+y2)dydz=§;onthefue
0 C
=1
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49. M_2xy+xandN_xy y=$"'}al\/[--2y-f-l,%%-—-2)(,‘31;(I %:x—l:Flux: IJ- (0M+%ﬂ> dxdy
R

11
= U (2y+1+x-1) dydx:l J; (2y +x) dydx:%;Circ: U (g_li-%—“y’[)dxdy

JJ (Y—2x)dydx=j T (Y“2X)dydx=_%
R 00

50. M=y—6x2andN=x+y2=>%%=—12x, %M-l, gl)‘:-l %N_2y=>Flux=J.J (%l:f ‘gN) dxdy
R
1 1 1
= H (—12x + 2y) dxdy:J J (—12x +2y) dxdy:J (4y2+2y—6)dy=—l§1;
R oY 0

Cire = ” (g—lj—%l;i)dxdy= H (1-1) dxdy =0
R R

and 9N = smy §lnxsinydy—29ydx

51 M = cosy and N = lnxsil'ly=>—5— Yo
c

:“ (%l} aM) dxdy—” (SnY_siny) 4eay =0
R

R

52. (a) LetM_xandN—y-_->aM=1 %\4 =0, ‘gN—1=>Flux=J.I (%If ‘ZI;,I) dxdy

R

= J J (1+41)dxdy=2 J J. dxdy = 2(Area of the region)
R

(b) Let C be a closed curve to which Green’s Theorem applies and let n be the unit normal vector to C. Let

~

F = xi +yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point

of C is 0 since F-n = 0 at every point of C = %—M—+8—N =0 at every point of C

= Flux = J J (661:3 gl;f) dxdy = J J 0 dxdy = 0. But part (a) above states that the flux is
R R

2(Area of the region) = the area of the region would be 0 = contradiction. Therefore, F cannot be

orthogonal to n at every point of C.
53. —(2xy) =2y, ay(2yz) = 2z, 52 (2xz) =2x=>V :F=2y+2z+42x = Flux = J I [ (2x + 2y +22) dV

D
1
0

11 11 1
I J (2x +2y +22) dxdydz:J I (1+2y+22) dydz:[ (2+22)dz=3
00 00 0





