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22.

23.

24.

(a) r=(cos 4t)i+ (sin 4t)j + 4tk = v = (—4 sin 4t)i+ (4 cos 4t)j + 4k = |v|= \/(--4 sin 4t)% + (4 cos 4t)? 4 42

w/2
=1/32 =4/2 = Length = I a2 di=[av2e) = 20\ /3
4]

(b)r=(cos%)i+(sin%))+2k=>v (——%sm )1+(§cos t)1+%k

=>|v|=\/(—%sin %) +(1 cos 5)2+(%)2= %+z=§=>Length=;r ﬂdt:[it]:"":Zwﬁ

T 2

() r=1(cos t)i— (sin t)j — tk = v = (—sin t)i—(cos t)j —k = |v(= \/(—sin t)2 + (—cos t)2 + (—1)2 = VI+l
0

=V Length= | vEdi=[Va,, =20V

—-2r

—-1/2 -1/2
v=%=i+(cost)j=>|v|=s/1+cos’t=>T=|%|=(1+coszt) /i+cost(1+c082t) /.i

= -3/2 =
%%:sin t cos t(l + cos? t) 3/2i+[|sin t cos?t(1 —coszt) / —sin t(l +cos?t) 1n]j

n(0)=| (7)| L(3)|=Jploi-il=OVTFT =12 50 = s =1

Since $X(0 —J, the curve is concave down at (Z,1) and the center of the circle of curvature is at
dt 2

2
(%,0) = (x —%) +(y-02=1= (x—%) +y% =1 is an equation of the circle of curvature.

_dr_(2); 1) _(2): . (1=¢2) 2 (1=2Y 1442
"—a%‘(f)"(l'{f) —(I)H'( 2 )]:>|v[_ (f) +( t2 ) T2
2 2
=>T=_v_=( 2t )i+(1—c )J=>dT 29t ( 4 \;
AN ANANEY \a+e)) (42

x(0) = |(1)|| (1)|‘2'01—J|‘( )\/W-rw(o) %=2

Since ﬁ(l) = —j, the curve is concave down at (0,~2) and the center of the circle of curvature is at

(0,-4) = x? + (y +4)? = 4 is an equation of the circle of curvature.

10.7 THE TNB FRAME: TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION

1.

r= (3 sin t)i+ (3 cos t)j + 4tk = v = (3 cos t)i+ (—3 sin t)j + 4k = |v|= \/(3 cos t)? + (=3 sin t)2 + 42

=y25=5= Tz%-—(3 cos t)l—(gsln t) 5k=>‘gf (—%sin t)i—(% cos t)j
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| l—\/ gsmt (gcoet =%

i j k
=>vxa=| 3cost —3sint 4 = (12 cos t)i — (12 sin t)j — 9k = |vxa|
-3sint —3 cost 0

= (—sin t)i— (cos t)j; a = (-3 sin t)i+ (-3 cos t)j

._“’1»5

= /(12 cos )2 + (~12 sin )2 +(—9)? = V2B =15 = n_'%‘—' %g & B=TxN
i k]

= -gcos t —%’sin t =(% cos t)i-—(% sin t)j—%k; %%: (—3 cos t)i+ (3 sin t)j

S o K

—gint —cost

3cost —3sint 4
-3sint =3sint 0
- i 0
—re Scost Jsint _ —36sin?t—36 cos’t _ _ 4
= = =o0 80 1o 0008 b o
lvxaf 15 28

. r=(cos t +t sin t)i+ (sin t —t cos t)j + 3k = v = (t cos t)i+ (t sin t)j = IvI= 4/ (t cos t)% + (t sin t)?2 = Ve

=ltl=t,ift>0=>T= —Y— (cost)n—(smt)],t>0=>-d— (—sin t)i+ (cos t)j

Vi
dT / (%’t!)
:‘—ﬁ-|= (—sint)2+(cost,)2=1=>N= 4T = (—sin t)i+ (cos t)j; a = (cos t —t sin t)i+ (sin t +t cos t)j
&
i i k
> vxa= tcost tsint 0
cost—tsint sint+tcost 0

= [(t cos t)(sin t +t cos t} — (t sin t)(cos t ~t sin t)}k = t’k = |vxa|=Y (1;"’)2 =1t?

i i k
:n:lT:‘|=22=%;B=TxN= cost sint 0 =(cos’t+sin2t)k=k;
—-gint cost 0
tcost tsint 0
cos t—tsint sint+tcost 0
~2sint—tcost 2cost—tsint 0

%—?:(—2 sint—tcost)i+(2cost—tsint)j=> 7=

|v><a|2
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0
|vxaf?

3. r=(e® cos t)i+{e sin t)j+ 2k = v = (e* cos t — et sin t)i+ (et sin t + et cos t)j =

|vl= \/(et cos t — et sin t)z+(e° sin t + e cos t)2 = V2% = ¢t/2;

T=.V_=(cost—sin t)i+(sint+cos t)j :%=(—sin t — cos t)i+(cos t‘}_sint

i ) 5 V2
dT
:Iﬂ — [f=sint—cost 2+ cos t —sin t 2=1:>N=(dt‘)- —cost—sint
el V2 V2 ERRE

i j

a=(—2¢" sin t)i+(2et cos t)j=> vxa=| etcost—ebsint e sin t + et cos t

—2et sin t 2et cos t
2 xa|_ _ 2e% 1
= jvxal= \/(22) = 2¢2t = o =¥ X3l _ =-1_.
IvpP (gﬂf ety/2
i j k
B=TxN=| cost—sint sint+cost 0
V2 V2
—cost—sint —sint+cost 0

2 V2
=[%(cos t —sin t)(—sin t +cos t) —%(— cos t —sin t)(sin t + cos t)]k
=[%(coszt—2 cos t sin t+sin2t)+%(cos2t+2 sin t cos t+sin2t)]k= k;

g—?:(—h’ sin t — 2e* cos t)i+(2et cos t — 2t sin t)

et cost—etsint e' sin t +ef cos t 0
—2¢! sin t 2¢t cos t 0
—2¢' sin t — 2’ cos t 2e cos t — 2’ sin ¢ 0
=>T7T= =0
|vx al2

4. r=(6 sin 2t)i+ (6 cos 2t)j + 5tk = v = (12 cos 2t)i — (12 sin 2t)j + 5k

= |vi= \/(12 cos 2t)% + (—12 sin 2t)? + 5% = /169 = 13 = T = L

= (% cos 2t)i—(% sin 2t)j+%k => ‘—(i% = (_% sin 21:)i—(%4 cos Qt)j

—sin t 4+ cos t)._
35

= 2e2‘k
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()

IdT = \/(—%-% sin 2t)2+(—% cos 2t) =%§=> NzFT—l= (—sin 2t)i — (cos 2t)j;
dt’

i j k
a=(—24 sin 2t)i— (24 cos 2t)j = vxa=| 12cos2t —12sin 2t 5
—24 sin 2t —24 cos 2t 0

= (120 cos 2t)i— (120 sin 2t)j— 288k = |vxal= \ﬂmo cos 2t)% 4 (—120 sin 2t)2 + (—288)% = 312

i j k
_lvxal_312_ 24 n_ - _12 5
= K= W 181 9,]3—T)<N—- 13c052t 13sm2t i3
—sin 2t —cos 2t 0
= (% cos 2t)i—(15—3 sin 2¢) By j?_ (—48 cos 2t)i + (48 sin 2t)j
12 cos 2t —12sin 2t 5
—24 sin 2t —24 cos 2t 0
-4 t 48 sin 2t 0
oy e d8en __(®e94) __s5.1.2__10
lvxaP (312)2 1313 ~ " 169

=(%) ( j,t>0=> v=tli+ti = vi= \/t4+t§=t\/ti+1,sincet>0=>T=%

1t . |dT|_ 1V -tV
7‘7— 7{?’:“ c2+1)3/2 (t2+1)3/2l=>|aT‘ J((t2+1)3/2) +<(t2+1)3/2>

g () .
1+¢ 1 t 1 - t : s 2 2
> N=115= i— jja=2ti+j=>vxa=| t t 0 |=-tk
Vs p ¢41 |d_'1.‘| Ve+l Jorl
dt 2t 1 0
2
=|vxaj= (—tz) =t?=> k= lvxal_ t 5= 1 373
2
WP (wWED) s(e2+1)
2t 0
i j k 2t 1 0
da 2 0 0
0 = —k; ==>T7= =0
dt =T lvxal2

— — t 1
B=TxN=| 7377 V&1
1 —t
;7t5+1 vtE-H
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6. r =(cm3t)i+(sin3t)j, 0<t< % >v= (—3 cos?t sin t)i+(3 sin?t cos t)j

2 . 2 - - . .
> |v|= \/(—3 cos?t sin t) +(3 sin?t cos t) =v/9 cos?t sin?t + 9 sin®t cos’t = 3 cos t sin t, since 0 < t <%

dT
=>T=[%|=(—cos )i+ (sin t)j :%%: (sin t)i + (cos t)j :,%|= Vsin®t + cos?t = 1 = N=?d%).
dt
= (sin t)i+ (cos t)j = a =(6 cos t sin®t — 3 cos®t)i + (6 sin t cos?t — 3 sin3t)j
i j k
> vXa= —~3 cos®t sin t 3 sint cos t 0
6 cos t sin®t —3 cos®t 6 sin t cos?t — 3 sin3t 0

= (—18 sin?t cos®t +9 cos?t sin®t — 18 sin?t cost +9sin?t cos4t)k = (—9 sin®t cos?t —9 cos?t sin"t)k
= (—-9 sin?t cos2t)(coszt+sin2t)k =(—9 sin?t coszt)k = |vxal=9sin?t cos?t = & =|v_xFa_|
|v
i j k

_ 9 cos?t sin?t _ 1 . B= == ; = k. 948 _ £y: :
= B ecostain t)3—3costsmt’B—TXN_ cost sint 0 _—k,a—f(t)l+g(t)_]where

sint cost 0

f(t) = %(6 cos t sin?t — 3 cos3t) and g(t) = ;%(6 sin t cos?t — 3 sin3¢)

—3cos?tsin t 3 sin?t cos t : 0
6 cos t sin®t —3 cos®t 6 sin t cos?t — 3 sin3t 0
f(t) g(t) 0
=>T=- =0
|v><a.|2

7. r= ti+(a cosh -g—)j, a>0=>v= i+(sinh %)j =>|vi= \/1 +sinh2(g)= \/coshY(%) = cosh%

T= |%| = (sech %)i+(tanh %)j = %—{: (—% sech % tanh %)1+(é sech? %)J

=
()
= = e ) e ) (§) = v s
i j k
a:(écosh%)j:vxa: 1 sinh(f—1 0 =(%cosh%)k:}»lvxal:%cosh(%):n:l—‘ll:?il
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i b} k

da

k; &= a,% sinh(&)j

8. r=(cosh t)i— (sinh t)j + tk => v = (sinh t)i— (cosh t)j + k = iv|= \/sinh?t + (= cosh t)2 + 1 = /2 cosh t

_v_ (1 S 1 dT _/[_1 2.\; 1
=>T_'—:'”_(-\7§ tanh t)1—7§_]+($sech t)k:?a—t——(%sech t)l—(72= sech t tanh t)k

= |d3't!|= \/% sech®t +—% sech?t tanh?t =71§sech t=>N=

a = (cosh t)i— (sinh t)j = vxa=

=|vxal= \/sinhit+cosh!t+ = ﬂcosht > K=

i §
B=TxN=

secht 0

%—t: (sinh t)i— (cosh t)j = 7 =

i

sinh t

cosh t

(&)

dt/_ . .
ldTl = (sech t)i— (tanh t)k;
dt
j k
—cosh t 1 = (sinh t)i+ (cosh t)j -k
—sinh t 0
lvxal V/2 cosh ¢ =%sech2t;

|_"|3_= (\/i) cosh3t

k
1 -1 1 1 s 1
tanh t sech t |= tanh t |i+ + sech t \k;
Jrebe G gpene = ()i G (G
—tanh t
sinht =—cosht 1
cosht —sinht 0
sinht —cosht 1} 1 1 2
=— =- h*t
Ivxaf 2 cosh?t 2%¢¢

9. r=(a cos t)i+ (a sin t)j + btk = v = (—a sin t)i+ (a cos t)j + bk = |v|= \/(—a. sin t)2 + (a cos t)? +b?

= \/a’+b’ = ap =-‘%|v|= 0; a = (—a cos t)i+ (~a sin t)j => |a|= \/(-—a cos 1;)2 + (—asin t)2 = \/a_zzga‘

> ay=y/laf-ed=Viaf-0’ =|al=|a|=> a= ()T +lalN=|a|N
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10 r=(1+3t)i+(t—2)j~3thk=> v=3i+j—3k =|v|= 32+12+(—3)2=\/19:%=%[v|=0;a=0

Say=q/laf-ad=0=a=(0)T+(0)N=0
. —1/2
M or=(t+1)i+2t+t%k = v=i+2j+ 2tk = |v|= 12+22+(2t)2=\/5+4t2=>a,r=%(5+4t2) /(Bt)
—1/2 /
= 4t(5 +4t2) = ap(l) —%—% a_2k=>a(1)—2k=>|a(1)|_2:aN_‘/laf2 22— %
= VB2 o ay = 4r+ 2o

12, r=(t cos t)i+ (t sin t)j+ t?k = v = (cos t —t sin t)i+ (sin t +t cos t)j + 2tk

= |v|= \/(cos t—t sin t)Z + (sin t 4+t cos t)2 + (2t)2 = /52 + 1 = ap = %(5t2 + 1)_1/2(101;)

=75t%==1== ar(0) = 0; a=(—2 sin t —t cos t)i+ (2 cos t —t sin t)j + 2k = a(0) = 2j + 2k =>|$.(0)|
+

=V2T+22=2\2 3 ay=/laf-ak = \/(2\/5)’—02 =24/2 = a(0) = (0)T + 2v/2N = 212N
18. r=t2i+(t+%t3)j+(t—%t3)k=> v=2ti+(14+82)i+(1- 2k = 1vi= /(@02 + (1442 + (1 - ¢2)

=20t + 22+ 1) = 2(1 +12) = ap = 2/2 = a(0) = 05 a=2i+ 2t — 2tk = a(0) = 2i = |a(0)| =2
= ay=/laP—a% =220 =2 = a(0) = (0)T + 2N = 2N

14. r={e* cos t)i+ (et sin t)j + V/2etk = v =(e* cos t —et sin t)i+ (et sin t +et cos t)j + /2e'k

>|vi= \/(e" cos t—et sin t) + (et sin t 4+ ¢t cos t)° +(1/2et)’ = V2 = 2¢t = ap =2 = ap(0) =2;
a=(e cos t—e sin t —e* sin t —e* cos t)i+(e! sin t + et cos t + e cos t — et sin t)j+ 1/2e'k

= (~2e* sin t)i+(2et cos )]+ v/2e’k = a(0) = 2 + /2k = |a(0) | = /22 +(v2) = VB

= ay = yflaP - = (V) - 22 = /3 = a(0) = 2T + y/2N

15. r=(cos t)i+ (sin t)j —k = v = (—sin t)i+ (cos t)j = |vi=y/(—sin t)2 + (cos t)* = 1 = T=pq
= (—sin t)i+ (cos t)j = T(%): —£1+£J, ‘gf_ (— cos t)i— (sin t)j $| ‘ 1/ (—cos t)? + (—sin t)?

i i k
=(—cost)i-—(5int)j=>N(%) 4 —[—'J B=TxN=| —sint cost 0 =k

—cost —sint 0

i
ot
!
2z
I
[-%
I&L-l
N—

&

= B(%) =k, the normal to the osculating plane; r(%{—) = #i + 4j ~k=>P= (i i - ) lies on the



16.

17. Y

18.

19.

20.
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V2 V2

osculating plane => 0(x ————2—)+ O(y —T) +(z—(-1)) =0 = z = —1 is the osculating plane; T is normal

to the normal plane = (—#)(x -ﬁ)-p-(_‘./_i)(y - @)_*, 0z—(-1)) =0 = \/é x+ \éiy =0

2 2 2
= —x +y = 0 is the normal plane; N is normal to the rectifying plane

=>(_4)<x.—#)+(—#)(y—§>+D(z—-(—-l)) =0= —4x—4y= 1= x4y =1+/2is the

rectifying plane
r=(cos t)i+ (sin t)j + tk = v=(—sin t)i+ (cos t)j+k => |vi= Vein?t+costt+1=+/2=T =l
= —Lsmt) ( ) Lo dl ( L cost)i+(— 1 sint)j=>
(i) (Fae e gt = 8= s v
e rery e (&)
= Ecoszt_’,isin%:L:N—l |—( cos t)i— (sin t)j; thus T(0) = \/5] +Tkand N(0) =
i

k
=B0)=| 0 -\}_5

1
-1 0 0

I’d

ool
*']

l

S

[=%
=3

= —ﬁ] 7-k the normal to the osculating plane; r(0) =i = P(1,0,0) lies on
the osculating plane = 0(x — 1) — ﬁ(y -0)+ % (z—0) =0 = y —z = 0 is the osculating plane; T is normal

to the normal plane = 0(x—1) + ﬁ(y -0) +ﬁ(z —0) =0 =>y+z =0 is the normal plane; N is normal to

the rectifying plane = —1(x —1) + 0(y —0) +0(z — 0) = 0 = x = 1 is the rectifying plane
es. If the car is moving along a curved path, then « # 0 and ay =« VP # 0 => a = agT +ayN # 0.
| V| constant => ap = (% |vI=0 = a=ayN is orthogonal to T => the acceleration is normal to the path

alv=>alT=ar=0 =>adilv|=0:|v|isconstant

(V) = x(8)i + (V)% = v(t) = Li+ 2x(0) & = [ v(r) | =| L l\/ T+42 =10

dx|_ 2y 12 _ dx _ 2y"1/2
:I-&|-10(1+4x) = &= 10(1 +42%)

d2x 3/2
at) = $(i+ i) = ‘;? +[2(dt) +2xdt2] 05 = Fa0x(1+4)

2
- a(t) = 7 —40x it - iofxﬁ 80x
(1 +4x%) (1+4x2

2. 4
At x = /2, a(t) = w_\/__,+(282;2__{())1_:p 02‘7/— 6002:',:7160 = F=ma= 40m[=F\/§1+(15=F3)J]

)s/z]j; At x = 0, a(t) = 200j = F = ma = 200myj;
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21. a=a7T+ayN, where ap =éi-t-|v|= %(constant) =0and ay =« |vP = F = ma=mx |vEN = |F|= m« |v{
=(m vP)x, a constant multiple of the curvature « of the trajectory

22. an=0= & ivPf =0 = « =0 (since the particle is moving, we cannot have zero speed) => the curvature is zero
so the particle is moving along a straight line

i j k
23. (a) r=xi+fx)j=> v=i+f(x)j=>a=f"(x)i=>vxa=| 1 f(x) 0 |=f'(x)k
0 f'(x) 0

= tvxal= (W) =|69|and 1v1= {12 +{EEf = 14 [F0F = o = VX

')
=
[t +(t*(x))’]3 . I |
d . d —sgec? 2
(b) y =1n(cos x) = a—i:(m%y)(—sm X) = —tan x = d—;;: —sec?x = m=[1+(_::; :)2]3 2=|:::—3§|

=m1 = co8 X, since —§<x<%

(¢) x =xg gives a point of inflection = '/(x,) = 0 (since f is twice differentiable) => x = 0

k
0 |= (& -y%)k

-

24. (a) r=f(t)i+gt)i=xi+tyj=> v=xi+yj=>a=%i+}j=>vxa=| x

o e

= |vxa|=|%§ — y¥|and |vi= VX* +§ =g =VYXal_ |2 - y¥]

F R . 372
V(& +57)
b) x(t) = ti+In(sint)j, 0<t<r=>x=tandy=In(sint) > x=1, % =0; § =L = cot t, § = —cac?t
sin t
2
[—csc?t—0| cse2t _ .
= K= = =sint
(1+cot?) P12 esct

(c) x(t) = tan~! (sinh t)i + In (cosh t)j = x = tan™! (sinh t) and y = In (cosh t) = % = %:ilx‘xl:rt = cTelﬁ_t

_ sinh t _ |sech®t + sech t tanh?t|

=sech t, X = —sech t tanh t; )"—m:ta.nh t, ¥ =sech?t = k= (sech2t+ta hgt) =|sech t|
n

=sech t

25. (a) r(t) = f(t)i+ g(t)j => v = f'(t)i+ g'(t)j is tangent to the curve at the point (f(t),g(t));
n-v=[-g' )i+ (][ (1)i + g'(t)i] = —g'()F'(t) + £ (t)g'(t) = 0; —n-v = —(n-v) = 0; thus,

n and —n are both normal to the curve at the point
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(b) x(t) = ti+e?j = v =i+ 2¢%j = n = —~2?%i +j points toward the concave side of the curve; N = & and

962t
Inj=v4e®* +1 = N= 1

i
\/1+4e'“ \/1+4e“J

e) rt)=vV4—-tli+tj=>v= =t _i+ j=>n=-i- b j points toward the concave side of the curve;
@ Vi@ Vise *
Vi-t 1+t_])

t2 _1 (
N_,n[andm 1+ \/_:N_ )
%tsj = v =i+t% = n = t%i —j points toward the concave side of the curve when t < 0 and
—n = —t2%i +j points toward the concave side when t >0 => N = L (tzi—j) for t < 0 and

Vitd
N=—2L _(-t%i+j)fort>0
;1+';r
/14 i3 1 f 28
b) F t =vV1+4t T= t
(b) From part (a), |v| +t5 = 71=+=ti(1+ 5) =

26. (a) r(t) =ti+

m—(l+t2 7==_1=(2t,|)
2t3

— L L2 4\. —2t3 . g 21t
- ¢2 _(1+t)]___ 28 (< 1 ) dT|_ 2It a1l
(1+t4)3;2[1+ I\ P (1+t) s\ T | l )3/2 i L 1+t

T
ol 4 3
(d (1+t) 2t ( i+ 21) I( 1 j),t#O. The normal
]_ t‘) ¢ It 1+ e ST +1t '
N does not exist at t = 0, where the curve has a point of inflection; d—d"t!| = 0 so the curvature £ = |‘%‘|

|(<ii'{ g:~ﬂatt_0=>N=-1-%—Tlsundeﬁned Smcex..t.a,ndy—at3=>y—3-x the curve is the

cubic power curve which is concave down for x =t < 0 and concave up forx =t > 0.
-3/2
27. y = ax? = y' = 2ax =y’ = 2a; from Exercise 23(a), x(x) = _l2_a|__37§ =|2a|(1 +4a%x?) /
(1 + 4a.2x2)
—5/2
= k'(x) = —%I?al(l +4a2x?) / (8a2x); thus, &/(x) =0 = x = 0. Now, &/(x) > 0 for x < 0 and £'(x) < 0 for

x > 0 so that x(x) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the

only critical point for k(x), the curvature has no minimum value.

28. r=(a cos t)i+ (b sin t)j => v = (—a sin t)i+ (b cos t)j = a = (—a cos t)i — (b sin t)j = vxa

i j k
=|—asint bcost 0 = abk = |vxa|=|ab|= ab, since a > b > 0; K(t)=ITXI;I
v
—acost —bsint 0
2 o2 2 2,32 2 8120, 3 2
= ab(a? sin?t + b? cos t) ;lc(t)———(ab)(a sin?t + b2 cos?t) (2& sin t cos t — 2b? sin t cos t)

= —%(ab)(t—).2 - bz)(sin 2t.)(a2 sin?t + b2 cos t) ; thus, £'(t) = 0 = sin 2t =0 = t = 0, = identifying

points on the major axis, or t = 7 2, —2— T jdentifying points on the minor axis. Furthermore, x/(t) < 0 for
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29. k=

30.

31.

32.

33.

34.

35.

0<t< 7 and for T <t < —, k'(t)y>0for T g<t<m and 55 3” <t < 2m. Therefore, the points associated
with t =0 and t = 7 on the major axis give absolute maximum curvature and the points associated with t =

and t = %"- on the minor axis give absolute minimum curvature.

a d;c__—a +b? de _ 2 _ — — K .
a2+—bzz>a (2 )Z’da 0=a?4+b?=0=>a=tb=>a= b since a, b > 0. Now,a;>01f

= b
a<band 4% a £ < 0ifa>b = « is at a maximum for a = b and «(b) = T— % is the maximum value.

a
From Example 3,|v|=tandaN=tsothataN:n|v12¢n=w—N|2=t%=%,t9ﬁ0=>p=%=t

= (Xg+At)i+ (yo+Bt)i+(zp+Ct)k = v=Ai+Bj+Ck =>a=0= vxa=0=> k= 0. Since the curve
is a plane curve, 7 = 0.

From Example 4, the curvature of the helix r(t) = (a cos t)i+ (a sin t)j + btk, a, b> 0 is x = —fﬁf; also
a’

Ivli= \/a2+bi. For the helix r(t) = (3 cos t)i+ (3 sin t)j +tk, 0 <t <4m,a=3 andb=1=>x=

and|vi=+4/10 = K = JIO\/_dt [7_] - 127

10

3
32412

b
(a) From Exercise 30, n=%andlvl=t = K= I (%—)(t) dt=b-a
a

b)y=x?=x=tandy=t% -0 <t <o => r(t) = ti+t% = v=1i+2t] = |v|= V1 +4t%; also a = 2§

ik
= = —lvxal_ 2
> vxa= (1) 221; 2 =2k=ivxal=2=>xr= P —(\/ﬁ?. Then
0 0 b
K:_‘[o m(m)dt J;o +24t2dt=.li.glw J; r?“-,dwbliq.no J; 1+_24t5dt
=,lim_ [tan™? 2t]2+bllr{.1° [tan_12t]g=nl!mw (~tan~'2a)+ lim (tan~'2b)=F+Z=n

b ’ a? - b? ’ a?—b? 2_1,2
From Example 4, 7 = =>7'b)=-2"2_-:7b)=0= =0=3a*-b*=0=>b= ta
T4 e+ ) @}

=b
1
2a
r(t) = f(t)i +g(t)j + h(t)k = v="1(t)i+g'(t)j +h'(t)ks; v-k=0 = h'(t) =0 = h(t) = C

= x(t) = f(t)i + g(t)j + Ck and r(a) = f(a)i+g(a)j + Ck =0 = f(a) = 0, g(a) =0 and C =0 => h(t) = 0.

vl

-3
10

=asincea, b>0. Alsob<a=7'>0andb>a= 7' <0s0 7y, occurs whenb=a = 7, = -2+—
a’+a
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36. From Example 4, v = —(a sin t)i+ (a cos t)j + bk = |v|= Val+b? = T=% (dT)
1 1 . P dt
= a sin t)i+ (a cos t)j + bk —(a cos t)i— (asin t)j|=> N =155
Vm[( )i+ (a cos t)j +bk]; ST = V?TTF[( )i~ (a sin t)j] |da%‘|
i j k
= —(cos t)i— (sin t)j; B=TxN=|-28nt _acost
fcos 1= (e 8 VAR Vatew 7‘7"‘7
—cos t —sin t

bsint ; _bcost b

dB 1 . 1. dB
+ k= &= b cos t)i+ (b sin t)j] = S2.N= —
=Vt Valeb 7===72+b o 7;?:;5[( )i+ (b sin )] = 4B -

~r=— I_lv_ (T N) (_ ‘/521+ bZ)( e b+ b2) = -t:-bz , which is consistent with the result in

Example 4

37. y =x% = f'(x) = 2x and f(x) = 2
2l _
(1+ @ (144

K=
= 2372

4
8. y=%=f(x)= x3 and ''(x) = 3x?
[3x?] __ 3

(146ef)" )™

= K=

39. y =sin x = f'(x) = cos x and f"/(x) = —sin x

|—sinx| _ [sin x|

=2 K=
(1 +coszx)3/2 (1 + t:oszx)a/2
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40. y = &* = f'(x) = ¥ and {"(x) = *

X
=K = le] e*

(1rp)” e

21 -0.5 0.5 1 1.5 2

41-48. Example CAS commands:

Maple:

with(plots):

xi=t -> t°3 — 2#t"2 — t;

yi= t -> 3xt/sqrt(1 +t2);

dx:=t -> D(x)(t);

dy:= t -> D(y)(t);

ds:= t -> sqr((dx"2)(t) + (dy"2)(t));

d2x:= t -> D(dx)(t);

d2y:= t -> D(dy)(t);

kap:= t -> abs(dx(t)*d2y(t) — dy(t)*d2x(t))/((ds)(t))"3;

a:= t -> x0 — (1/kap(t))*(dy(t)/ds(t));

b:= t -> x0 + (1/kap(t))*(dx(t)/ds(t));

sl:= plot([x(t),y(t), t = —2..5], —15..5, —10..4, scaling=CONSTRAINED):
display(sl);

£0:=1: x0:= x(t0): y0:= y(t0):

circle:= ((x—a(t0))"2 + (y~b(t0))2 = (1/kap(t0))2);
s2:=implicitplot(circle, x=-15..6,y=-10..5,scaling=CONSTRAINED):
83:=plot([a(t0),b(t0),x0,y0]):

display({s1,s2,83});

Mathematica:

Clear([x,y,t]

rfe_] = {x[t]y[t]}

X[t_] =t3 — 2 t2 — ¢

yit_] = 3 t / Sqrt[1+t2)]

{asb} = {—2!5};

t0 = 1;

pl = ParametricPlot[ {x[t],y[t]}, {t,a,b},
AspectRatio -> Automatic ]

v0 = r'[t0]

80 = Sqrt[ v0 . v0 ]

k0 = Abs[ x' [t0] y”[t0]) — ¥y’ [t0] x [t0] ]/s0'3
N[%]

n0 = { —y'[t0], x"[t0] } / sO

0 r[t0]

c0 = r0 + 1/k0 n0
Note: Plot the circle parametrically rather than implicitly:
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circ = ParametricPlot] Evaluate[c0 + 1/k0 {Cos[t],Sin[t]}],
{t,0,2Pi}, AspectRatio -> Automatic ]

line = Graphics[{Line[{c0,r0}]}]

Show[ pl, circ, line ]

10.8 PLANETARY MOTION AND SATELLITES

4x?
(6.6720 x 10~ Nm?kg~2)(5.975 x 1024
~3.125 x 107 sec? = T =~ /3125 x 10% sec? = 55.90 x 102 sec & 93.2 min

2
=éLM33=>T2=

6,808,000 m)3
kg)(’ 8,000 m)

2
2. e = 0.0167 and perihelion distance = 149,577,000 km and e = %’%49— 1

(149,577,000,000 m)v2
= 0.0167 = -
(6.6720 x 107! Nm?kg~2)(1.99 x 10%° kg)

= Vo~ 1/9.02 x 108 m?/sec? ~ 3.00 x 10 m/sec

2 2
3. 92.25 min = 5535 dI -4 ;3 _GMp2
min 8ec an as m 4,2

1= v2 2 9.02 x 10° m?/sec?

—-11 2) 2 1024 3
o o3 = (8:6720x10 Nm:“z 5975 x 10°° K8) (5555 cec)? = 5,004 x 1070 m? = a v V309EX TP 3
T
=6.763 x 10° m = 6763 km; the mean distance from center of the Earth = 12,757 km + 1823 km + 589 km

= 6765 km
4. T = 1639 min = 98,340 sec and mass of Mars = 6.418 x 1023 kg = a% = % T2
g
_ (6.6720x 107! Nm%kg=2)(6.418 x 10?3 kg ) (98,340 sec)?

3
yoe ~1.049x 1022 m® = a ~ V1.049 x 102 m3
Y

=2.189 x 107 m = 21,890 km

5. 2a = diameter of Mars + perigee height + apogee height = D + 1499 km + 35,800 km

= 2(21,890) km = D + 37,300 km = D = 6480 km

2
6. a=22,030 km = 2.203 x 10’ m and T? = é"m a3

2
=T = =y 3” = 7
(6.6720 x 1071 Nm?kg~2)(6.418 x 10%3 kg)

= T = 1/9.857 x 10% sec? = 9.928 x 10* sec = 1655 min

(2.203 x 107 sec)® ~ 9.857 x 10° sec?

7. (a) Period of the satellite = rotational period of the Earth = period of the satellite = 1436.1 min

2 -11 2y, ~2 24 2
= 86,166 soc; 8% = G:,[;r e i (6.6720 x 107! Nm?kg )£5f75x 10?* kg ) (86,166 sec)
s n
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10. r

11.

12.

13.

14.

3
~ 7.4973x 10?2 m3 = a ~ V/74.973 x 10%! m3 = 4.2167 x 107 m = 42,167 km
(b) The radius of the Earth is approximately 6379 km => the height of the orbit is 42,167 — 6379 = 35,788 km
(c) Symcom 3, GOES 4, and Intelsat 5

2
T = 1477.4 min = 88,644 sec = a° Gi‘”
m

~11 2 52 23
8 x 10%° kg) (88,644 3
- (6:6720x1077 Nm’ke )26 A18 X 10% kg) (88,644 sec)” _ g o 1021 m3 = 2. 3/5 523 X 10T 0
7"

~2.043 x 107 m = 20,430 km

2
Period of the Moon = 2.36055 x 10° sec = a3 = %

-11 N 2kg—2 24 6 coc)2 3
_ (6.6720 x 10~ Nm’kg )(5,175; 1024 kg ) (2.36055 x 10° sec) 5,627 % 10 m® = a & /5627 X 105 3
m

~3.832x10° m = 383,200 km from the center of the Earth, or about 376,821 km from the surface

=>v

-11 2 g—2 24
%_ GM_, = /__QTM_z\/(G.GHOxlO Nm’kg )(5.975x10% ke) 1 goce 107172 m/sec

~ 2.97 x 1071° gec?/m3;

T2 72
Solar System: L.
8T DTS 3 T (6.6720 x 101 NmZkg~2)(1.99 x 10% kg)

T2 472 -14 2/ 3
Farth: L .= ~9.903 x 10 ;
A 23 T (6.6720x 10T Nmkg~2)(5.975 x 10 kg) sec”/m?%

! 2
Moon: T—3 4n’ ~ 8.046 x 10712 sec?/m3;

(6.6720 x 10711 Nm?kg~2)(7.354 x 10?2 kg)

IoVo

2
GM(e +1) GMEe+1),
a1 i S
Circle: e=0=>v0=”C}—OM
Bllipse: 0<e<1= (/M <y, <, [2GM

Parabola: e=1=> vy = 2(;"_UM

Hyperbola: e > 1 = vy > ‘/%

r= G_I;/I = vi= GM =>v= QTM- which is constant since G, M, and r (the radius of orbit) are constant
v

1|x(t + At) + At) 1[x(+ At) - r(t) +x(t)

AA=1|xt+ A xx(t)| = §A =11 DTk (t)l r(t)‘

2

1 |x(t + At) —x(t)

=3 | k() + () xx(t) | = ML:Q

AT xx(t)

dA _ 1 [x(t + At) —x(t)
0= = gm, JEHH0



16.

17.

18.
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%|g— r(t)|_§|r(t)x |=%|l‘Xl"|

2
2 2.4 2.4
T =(2g‘§0),/1 —elo T2=(41"8 )(1 —e2)=(4—§-’{ 1 )[1 (r_ovm__ ) ](from Equation 34)

5vo ToVo
—[4x?at)_ o 3% + 2(r "g) _ [(4x%a%\[2GMrovd — 3§ (4” i )(ZGM _rovg)
T\ r2vi T oiM? G A\ vg G*M? 1,G2M?
- 2GM —1gvg {7 2 \_ (4.2 1) 2 . 2 _ 4r%ad T 4r?
=(4r )( “o,GM )(—-M—) =(4n%a (2&)(@-) (from Equation 35) = T* = =5 oM

Let ryp(t) denote the vector from planet A to planet B at time t. Then ryp(t) = rg(t) —r,(t)
= [3 cos (wt) — 2 cos (27t)]i + [3 sin (xt) — 2 sin (27t)]j

=(3 cos (nt) ~ 2(cos? (wt) — sin® (xt))]i + [3 sin (xt) ~ 4 sin (xt) cos (wt)]j

=[3 cos (wt) — 4 cos? (xt) + 2]i +[(3 — 4 cos (7t)) sin (wt)]j = parametric equations for the path are
x(t) = 2+ [3 — 4 cos(t)] cos(wt) and y(t) = [3 — 4 cos (wt)] sin (t)

Setting 6§ = mt and r = 3 — 4 cos 6, we see that
x—2=rcos § and y =r sin § = the graph

of the path of planet B is the limagon

r =3 —4 cos § shown at the right. The

planet A is located at x = —2.

Path of B

(i) Perihelion is the time t such that |r(t)| is a minimum.

(ii) Aphelion is the time t such that |r(t)|is a maximum.

(iii) Equinox is the time t such that r(t)-w=0.

(iv) Summer solstice is the time t such that the angle between r(t) and w is a maximum.

(v) Winter solstice is the time t such that the angle between r(t) and w is a minimum.

CHAPTER 10 PRACTICE EXERCISES

1.

length = |2i —3j + 6k| = /2 +9+36 =7, 2~ 3j + 6k = 7(Zi ~ $j + §i) = the direction is Zi—3j+ Lk
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2. length—|1+2_]—k|—\/1+4+ —vfﬁ- i+2j-k= \/_( l+7]—7= )ithedirectionis
1 L x

VRV

4i—j+4k =9 4i—j+4k 8§ . 2 8

JE e

3. 2. =2.

M e VB
. (B

4 S=- Py 42_ 7_§ __iﬁ_
) +@3) 572
i j k
5. ;vi=/I+1=v2 lui=/2F1+4=3, veu=3,u-v=3, vxu=| 1 1 0 |=-2i+2-k,
2 1 -2

uxv=—(vxu)=2—2j+k |vxul=14+4+ =3,0=cos”1(rﬁ:r“‘l—l)=cos‘l(71§)=ir-,

lulcos § = %, proj, u=(%—.'—¥)v=%(i+j)

6. 1vi= VIZ+ 2+ 22 = /6, lui= /(-1)% + (-1)? = v/2, v-u = (1)(=1) + (1)(0) + (2)(-1) = =3,

i j k
u-v=-3, vxu=| 1 1 2 |=-i-j+k,uxv=—(vxu)=i+j-k,
-1 0 -1

lvxul= \/(—1)2 +(-1)2+1% = /3,8 = cos! Q:"ﬁl I) =cos™! (ﬁ): cos™! (%)
=cos_1(—§) 5‘”,|ulcos9_ \/g \/g,pro,]vu=( )v—'3(1+]+2k)=——(1+]+k)

7. u=(%Y)v+ [u- (%2 v]=§-(2i+j-k)+[(i+j—5k)— @i+i-K)]=$@i+i-1) - §(6i+i+11k),

where v-u=8 and v-v=6

8 u=(¥:d)v+ [u-(¥:Y)v]=-1a-m) +[6+i+0-(F) -] = -}a- 20 +(§i+Ei+x),

where v.u=—-land v-v=>5



9.

10.

11.

12.

13.
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i j k i
uxv=| 1 0 0 [=k

1 1 0 Ix@+)=k

i i k

z

uxv=| 1 -1 0 [=2k

1 1 0 =0 x (i+])=2k

-} y
X "'l
Let v.=v;i+vyj+ v3k and w = wyi+ woj + wak. Then |v—2w|? = |(vyi+ v, + vak) — 2(wyi+ wyj + wak) |
2

- . 2
=|(vy = 2w+ (v = 2w5)i + (vg = 2wg)k|” = (/g = 29) + (v = 2wp)? + (v — 2w)?)
= (v% +v§+v§,)—4(v1w1 +VyWy + Vawg) +4(wi+w§+w§ =vi?—4v-w4+4iw|?
=1vi2—4|ul|w|cos §+4 |w|? =4—4(2)(3)(cos §)+36 =40—24(%)=40—12= 28 = |v—2w|= /28

=27

i h] k
u and v are parallel when uxv=0=| 2 4 -5 [=0=(4a—40)i+(20-2a)j+(0)k=0
-4 -8 a

=>4a—-40=0and 20-2a=0=>a=10

i j k
(a) area=luxvi=abs| 1 1 -1 |=|2i-3j—-k|=4+9+1=+14
2 1 1
1 1 -1

(b) volume=u-(vxw)=| 2 1 1 |=18+2)+1(-1-6)—-1(-4+1)=1
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i j k
14. (a) area=|uxv|=abs| 1 1 0 |=lkl=1
0 1 0
1 1 0
(b) volume =u-(vxw)= 0 1 0 |=1(1-0)+10-0)+0=1
1 1 1

15. The desired vector is nx v or vxn since nx v is perpendicular to both n and v and, therefore, also parallel to
the plane.

16. If a =0 and b # 0, then the line by = ¢ and i are parallel. If a # 0 and b = 0, then the line ax = ¢ and j are
parallel. If a and b are both # 0, then ax + by = c contains the points (§,0) and (0,%) => the vector
ab(%i—%j) = ¢(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line

ax + by = c in every case.
17. Parametric equations for the line are x =1-3t, y =2,z =3+ Tt.

18. The line is parallel to P_é = 0i +j — k and contains the point P(1,2,0) = parametric equations are
x=1,y=24t,z=-tfor0<t<1.

19. P(3,-2,1) and n=2i+j+k=> (2)(x-3)+ ()y—-(-2)+(I)z-1)=0=>2x+y+z=5
20. P(~1,6,0) and n = i~ 2j + 3k = (1)(x — (=1)) + (~2)(y — 6) + (3)(z— 0) = 0 = x — 2y + 35 = 13

— — — —
21. P(1,-1,2), Q(2,1,3) and R(—1,2,~1) = PQ =i+2j+k, PR = —2i+ 3j— 3k and PQx PR

i j ok
=[ 1 2 1 [=-9i+j+ T7kis normal to the plane = (-9)(x—1)+(1)(y +1)+ ()(z—2) =0
-2 3 -3

= -9x+y+Tz=4

. — =

22. P(1,0,0), Q(0,1,0) and R(0,0,1) = PQ = —i+j, PR = —i+ k and PQx P

i j ok
=l -1 1 0 [=i+j+kisnormal to the plane = (1)(x—1)+(1)(y —0)+(1)(z—0)=0
-1. 0 1

2> x+y+z=1
23. (0,—%,—%), since t = —%, y=-3 and z = —%when x =0; (-1,0,-3), since t =1, x = —1 and z = -3

when y = 0; (1,-1,0), sincet =0,x=1and y = -1 whenz =10



24.

25.

26.

27,

28.

29.

30.

Chapter 10 Practice Exercises 873
X = 2t, y = —t, 2 = —t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this
line intersects the plane 3x — 5y + 2z = 6 when t is the solution of 3(2t) — 5(—t) +2(—t) =6

_2 4 2 2\ . . .
=t= 3 = (3, L E) is the point of intersection

. e . ; -1 M0y \_ o —1f\_ 7
n, =iand my=i+j+ +/2k = the desired angle is cos (|n1 |) = cos (2) =3

n,
i j ok

The direction of the line is my xny =| 1 2 1 |=5i-j—3k. Since the point (-5,3,0) is on
1 -1 2

both planes, the desired line is x = =5+ 5t, y =3 —t, z = —3t.

i j k
The direction of the intersection is ny xny=| 1 2 -2 |= —6i—9j— 12k = —3(2i + 3j + 4k) and is the
5 -2 -1

same as the direction of the given line.

(a) The corresponding normals are n; = 3i+ 6k and n, = 2i+ 2j —k and since n, -n,
= (3)(2) + (0)(2) + (6)(—1) = 6 + 0 — 6 = 0, we have that the planes are orthogonal

i j k
(b) The line of intersection is parallel to n; xmy =| 3 0 6 |= —12i+ 155+ 6k. Now to find a point in
2 2 -1

3x+6z2=1 x+6z=1 19
= =>15x+12y=19=>x=0&ndy=ﬁ

the intersection, solve
2x+2y—-2z=3 12x 412y -6z = 18

= (0,%—%,%—) is a point on the line we seek. Therefore, the line is x = —12t, y = 19 +15t and z = %+ 6t.

12
i §j k
A vector in the direction of the plane’s normal ism=uxv={ 2 3 1 |=7i—3j—5kand P(1,2,3)on
1 -1 2

the plane = 7(x —1) —3(y ~2) —5(z—3) =0 = Tx -3y — 5z = —14.

i j k
n = 2i—j—k is normal to the plane => nxv=| 2 -1 -1 |=0i-3j+ 3k = —3j+ 3k is orthogonal
1 1 1

to v and parallel to the plane
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31,

32.

33.

34.

35.

36.

The vector v x w is normal to the plane of v and w = ux (v x w) is orthogonal to u and parallel to the plane:
i k i j ok

vxw=| 1 2 1 |=-bi+3j—kandux(vxw)=| 2 -1 1 |[=-2i-3j+k
1 -2 -5 3 -1

= |ux(vxw)|=/E+9+1=+/T4 and ﬁ(—ﬁ—:}j +k) is the desired unit vector.

i j k
A vector parallel to the line of intersectionisv=mn;xn,=|, 1 2 1 |=5i-j-3k
1 -1 2

Sivi=/25+1+9=135 = 2(%): ﬁ(ﬁ— j— 3k) is the desired vector.

The line containing (0,0,0) normal to the plane is represented by x = 2t, y = ~t, and z = —t. This line

intersects the plane 3x — 5y + 2z = 6 when 3(2t) —5(—t) +2(—t) =6 = t =% = the point is (%,—%,—%—).

The line is represented by x =3 +2t, y =2 —t, and z = 1 + 2t. It meets the plane 2x — y + 2z = —2 when
2(3+2t)— (2—t) +2(1+2t) = —2 = t = — & = the point is (%,Zg,—%).

9
i ] k
— —
The vector PQxPR=| 2 -1 3 |=—i—11j—3kis normal to the plane.
-3 0 1

(a) No, the plane is not orthogonal to 156 x PR.

(b) No, these equations represent a line, not a plane. -
(c) No, the plane (x +2) + 11(y — 1) — 3z = 0 has normal i+ 11j — 3k which is not parallel to PQ x PR.
(d) No, this vector equation is equivalent to the equations 3y + 3z = 3, 3x — 2z = —6, and 3x + 2y = —4

= x= —-%-—%t, y =t, 2 =1 —t, which represents a line, not a plane.
—

(¢) Yes, this is a plane containing the point R(~2,1,0) with normal P—Q x PR.

(a) The line through A and B is x = 1+t, y = —t, z = —1 + 5t; the line through C and D must be parallel and
isLj: x=1+4t,y=2—t,2=3+05t. The line through Band Cis x =1, y =2 +2s, z = 3 + 4s; the line
through A and D must be parallel and is Ly: x =2,y = —1+42s,z =4 +4s. The lines L, and L, intersect
at D(2,1,8) wheret =1and s = 1.

(b) cos 6 = (2i+4k)-(i-j+5k) _ 3

20 /27 ;; 15
BA-BC\gx _ 1855 _9 = =2
(c) | === |BC =%3BC = £(j + 2k) where BA =i—j+ 5k and BC = 2j + 4k
BC-BC 07775

(d) area =](2j+4k) x (i—j+ 5k) | =|14i + 45 — 2k| = 6/6



37.

38.

39.

40.

41.

42.
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(e) From part (d), n = 14i + 4j — 2k is normal to the plane => 14(x — 1) +4(y —0) —2(z +1) = 0
= Tx+2y—2z=28.

(f) From part (d), m = 14i +4j — 2k = the area of the projection on the yz-plane is |n-i|= 14; the area of the

projection on the xy-plane is |n-j| = 4; and the area of the projection on the xy-plane is \n kl=

The line L passes through the point P(0,0,—1) parallel to v = —i+j+k. With l;é =2i+2j+kand

i § Kk
Béxv=| 2 2 1 |=(2-1)i+(~1-2)j+(2+2)k=i—3j+4k, we find the distance
-1 1 1

G| B8xv]_ VIFOFTE_ V36 _ V78
TUNT T /il 3 3

The line L passes through the point P(2,2,0) parallel to v=i+j+k With PS = -2 +2j+kand

i i k
PSxv=| —2 2 1 |=(2-1)i+(1+2)j+(-2=2)k =i+ 3j— 4k, we find the distance
1 1 1

IPval VIF9+16 _ /26 _ \/_
e/ e pros Sy S

The point P(4,0,0) lies on the plane x —y = 4, and PS= (6—-4)i+0j+(-6+0k=2i—6kwithn=i-j

=>d=|u-1?§|_‘ 24040

] 1+1+ol \/'_

The point P(0,0,2) lies on the plane 2x + 3y +z = 2, and PS= (3—0)i+(0—10)j + (10 + 2)k = 3i + 8k with

n=2i+3j+k :d:ln'ﬁlz‘ 6+0+8 |=L.~\/ﬁ’

w1 /are+1| 14
i j k
A normal to the planeisn = ABxAC=| 2 0 -1 |=-i—2j—2k = the distanceisd = adn
2 -1 0

G+45) - (-i-2i—2k) =|—1—8+0|=3
T Virard s

P(0,0,0) lies on the plane 2x + 3y + 5z = 0, and I_’-E’i=2i+2j+3k with n = 2i+ 3j + 5k =

d—|n-PS|_| 4+6+15 |_ 25
fnl VA+9+23| /38
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i j k
— — —
43. AB=-2i+j+k, CD=i+4j-k,and AC=2i+j=>n={ -2 1 1 |=-5i—j—9k = the distance is
1 4 -1
d=|@i+d)-(-5i-j-9k)| 1y
V25 +1+81 V107
i j k
44 AB=-2i4+4j-k CD=i-j+2%k and AC=—3i+3j=>n=| -2 4 —1 |=7i+3j—2k = the distance
1 -1 2
e d |33 -(Ti+3-20)|_ g9
V49 +9+4 V62
45. x> 4y’ 422 =4 46. 4x? +4y? +22 =4 47 2= —(x>+y?)
z
z
y
« y
48. x% +y% = g2 49. x24+y2—22=4 50. y2—x2—z2=1

51. r= (2 cos t)i+ (2 sin t)j +t2k = v = (=2 sin t)i+ (2 cos t)j + 2tk = |v|= \/(—2 sin t)2 + (2 cos t)% + (2t)?

=/4

*/4 2 2
=2v/1+¢? = Length = j 21 +t2 dt=[t\/1+t!+ln|t-{-\/1+t7”° =§,/1+11’-6+1n(§+,/1+f-6)

[}
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52. 1= (3 cos t)i+ (3 sin t)j + 263/%k = v = (=3 sin t)i + (3 cos t)j + 3t/ %k

3

2 3

= 1vi= /(=3 sin )% + (3 cos t)? + (311/2)" = /FF 00 = 3¢/TF ¢ = Length = J’ 3v/T+¢ dt=[2(1+t)3/2]0
0

=14

53. r—4(1+t)3/21+4(1 %5+ 1 tk=>v_.—(1+t)1/21——(1—t)l/

>lvi= \/[ (1+t)1/2]2 [-%a t)1/2r+(%~) ~1=>T—2(1+t)1/21——(1 6% +

=10 =3i-Zi+i =0 +9 4+ a-0 s Lo =ivdi= |4 (0)|——

i j 0k
NO)=Li+L i BO) =TOxNO)=| 2 -2 1 =Lt L4 4y
= N(0) 7 (0) = F(0) x N(0) 5 -5 3 it tas
A 1
ivi'
=3+ i+t -7 j = a(0) = }i+4jand v(0) = gl— 2j+3k = v(0) xa(0)
1 ] k \/5
; (2) s
= % —% :,1; 51+9]+3k=>lvxal—£:n(0) IVVLI;I ?3_ =‘/T_;
1 1
3 3
2 2 1
3 73 3
11
3 3 0
11
-L Loy 1\(2
6 6 )&
a=-1a+0 400> a0) = ~ti+li= 0= a7 =((3\)/(§182)=%;
3

t=0= (§,§,0) is the point on the curve

54. ¢ = (e sin 2t)i+ (et cos 2t)j + 2etk => v = (e* sin 2t + 2¢' cos 2t)i+ (e’ cos 2t — 2’ sin 2t)j + 2e'k

= |v|= \/(e" sin 2t + 2¢* cos 2t)2+(et cos 2t — 2e sin 2t.)2+(2e°)2 =3¢t = T=Iv|

=(%sin2t+%cos2t)i+(§cosZt—-gsm2t) +§k=>'l‘(0) % %j+%k;

%:(%cos%—%sin 2t)i+(—§sin2t—%cos2t)_]= & 0= %—% i (0)'—2\/_
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55.

i k
(%i‘gj) 1 2 2 1 2 4 2 5
= N(0) =F3—FKt= i- j; B(0)=T(0)xN(0)=| £ 7 s |= i+—*=j— k;
© (2\/5) A (0) = T(0) x N(0) 3 3 3 PV AW A R
R Lo_2
NV
a = (4e* cos 2t — 3" sin 2t )i +(~3e* cos 2t — de* sin 2t)j + 2e'k = a(0) = 4i — 3j + 2k and v(0) = 2+ + 2k
i j ok
>vO)xa0) = 2 1 2 |=8i+4j—10k=|vxal=+/64+16+100 = 61/ and |v(0)|=3
4 -3 2
65 _ 25,

= k(0) = —33- =—9
a = (4e* cos 2t — 8e sin 2t — 3¢’ sin 2t — 6t cos 2t )i -+ (~3et cos 2t + Get sin 2t — et sin 2t — 8e' cos 2t)j + 2etk

=(—2¢* cos 2t — 11" sin 2t)i+ (11 e* cos 2t + 2¢* sin 2t)j + 2¢'k = 4(0) = —2i —11j + 2k

2 1 2
4 -3 2
-2 -11 80 4
=>.,.(O)z_lv_>T__=l_so.z—g;t=0=>(0,l,2)1sonthecurve
R < 1 o2t Vrrx 1. e . 1., 4 .
r=tit5e”j>v=itej vi=vVite” 5> T ———i+ = T(ln 2) = —S=i+—F=j;
2¢ J Jiim T e 2 Tl ) =omis i

dT _ _ —2¢% . 2¢2t

—32 .
dt _(1 +e“)3/z‘+(1 L

8 - 4 . 1 .
i+—>=j=3 N(In2) = ———i+ ;
Ty Ty o N ) v o

5= 9L 2) =

i j k
1 4 2t : s a3
B(In2)=T(n2)xN(ln2)=| —= 0 =k;a=2e"j=>a(ln2)=8jand v(In 2) =i+
(n) (n) (n) \/ﬁ 7? ) a3 J a'( ) ) an v(n) 4
4 1 0
17 V17
i j k
= v(ln2)xa(ln2)=| 1 4 =8k=>|v><a|=8&nd|v(]n2)|=\/17=>n(1n2)=17\8/ﬁ;a=4e2"j
0 8 0
4 0
8 0
16 0

= a(ln 2) =16j = 7(In 2) = =0;t=1In 2= (In 2,2,0) is on the curve

|v>(a|2
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56. r = (3 cosh 2t)i+ (3 sinh 2t)j + 6tk = v = (6 sinh 2t)i+ (6 cosh 2t)j + 6k

= |v|= /36 sinh?2t + 36 cosh® 2t + 36 = 6\/5 cosh 2t = T = %:(71; tanh 2t)i+%i+(ﬁ sech Zt)k
= T(ln 2) = 17\/_1+\/_ +17\/_ ’dt (Tsech22t)1—(72§sech 2t tanh 2t) (ln 2)

2___ L) ()= 28 20, male (128 N /__240 YV _8v2

(7) )’ (\/'X7 17/° = 289,/2 289y/2 = |§0a2)] wovz) T\ Tmevz) T

i j k
8. 15 15 1 8 15 .. 1.
= N(In 2) =i ——k B(ln 2) = T(In 2) x N(In 2 = - + - H
(In 2) =77 (n2) =T xN2) = 77 5 Tigs T Y Y]
8 15
7w 0 1

a = (12 cosh 2t)i+ (12 sinh 2t)j = a(ln 2) = 12(%)1+ 12(35-) =§Ti+4§j and

i ik
v(In 2)::6(%)i+6(18—)3+6k—£1+51j+6k=>v(ln Dxaln2)=| & 5l ¢
51 45
3 72 0
= —135i+ 153~ 72k = |vx a| = 153/2 and |v(ln 2)| = 8L V2 = x(ln 2) = (;ii/‘/_i) =3%;
45 51
T 7 8
51 45
T 3 0
45 51 0
&= (24 sinh 20)i + (24 cosh 20 = a(In 2) = 453 +51j = 7(In 2) =————F— = &%

t=In2= (58 485’6 In 2) is on the curve

57. r=(2+ 3t +3t2)i+ (4t + 4t2)j — (6 cos t)k = v = (3 + 6t)i + (4 + 8t)j + (6 sin t)k

=>|vi= \/(3 +66)2 + (4 +8t)2 + (6 sin t)? = 1/25 + 100t + 100t + 36 sin®t

—-1/2
= dT't"—‘ — 1(25 + 100t + 100t + 36 sin2t) "/ *(100 4+ 200t + 72 sin t cos t) = ay(0) = d'V'(o) = 10;

a = 6i+8j+ (t cos t)k = |al = 1/62 + 8% + (6 cos t)? = /100 + 36 cos’t => |a(0)| = /136

=HN=\[&|2 =136 - 102 = /36 = 6 = a(0) = 10T + 6N
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58. r=(2+t)i+(t+2t2)j +(1+2)k = v=i+(1+4t)j+2tk:$|v|= 12+ (1 +4t)2 + (2t)2

=vzrsir 20w » 4V Lo+8t+202) " *(8 4+ 40t) > ap = ¥y =2v/F a =4+
=lal= VEL 2 = /20 = ay = /lalf - ak = /20~ (22)’ = V12 =2/ = a(0) = 2/3T + 2/3N

59. r = (sin t)i+ (/2 cos t)j+ (sin t)k = v = (cos t)i —(1/2 sin t)j + (cos t)k

=>|v|=\/(cost)2 (- \/Esmt) + (cos t)2 = \/‘:T_f—l (fcmt)l—(smt)]+(\}§cost)k;

4= (g in Yo cos =g t)k:|dt!_‘/(__sm )+ oo P a(-Jpame) =1

i j k
(&)
:N:%T:,w:(—ﬁsint)i—(cost)j—( lzsint)k;B=TxN= %cost —sin t 71§c°5t
—71§sint —cos t —ﬁsint
i j k
=—\}—§i—ﬁk;a=(—sint)i—(\/§cost) —(sint)k => vxa=| cost —/2sint cost

—sin t —\/5 cost —sint

2i-v2k=|vxal=y4=2=« =lvxal__2 _ .1 ;é:(—cost)i-{—(\/isint)j—(cost)k
P T (vaY V2
cost —4y/2sint cost
—sin t —\/5 cost —sint
—cost 4/2sint —cost

—re _ (cos t)(\/f)-(x/isix;t)(ow(cos ) (-v2)

jvxal

=0
60. r =i+ (5 cos t)j + (3 sin t)k =>v = (=5 sin t)j+ (3 cos t)k = a = (~5 cos t)j — (3 sin t)k

=>v-a=25sintcost—-9sintcost=168intcost;v-a=0=16sintcost=0=>sint=0o0rcost=0

=>t=0,%or1r

61.r=2i+(4sin%)j+(3— )k=>0—r (1—])—2(1)+(4sm )(—l):O 2- 4sm§=>sln%=-21-=>

>t= % (for the first time)

62. x(t) = ti+t3+ %k = v =i+ 2+ 3t%k = |vi= VI + 47+ 0t% = |v(1)| = /14
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1. 2 . 3 -
=2 T(1) = =i+ + k, which is normal to the normal plan
W=ty plane

= —\71I2(x -1) +72T2(y -1+ ﬁ-z(z —1) =0 or x+ 2y + 3z = 6 is an equation of the normal plane. Next we

calculate N(1) which is normal to the rectifying plane. Now, a = 2j + 6tk = a(1) = 2j + 6k = v(1) xa(l)

i j k
- — 6i— 6i - _ V76 _ V19 4s_
= (1) : 2 —61—6]+2k=>!v(1)xa(1)|-\/7_6=lc(1)—(\/ﬁ)a—T =|v (t)|=>dt2

_1 2, gpa) M2 3| _ 22 _d% ds\? .
=3(1+42 +9t%) " (8¢ + 36¢ )t=1—71?,soa—(—i—t-§T+n(dt) N = 2j 4 6k

=72%(l\"’7’iﬂ‘) 7’(‘/_)““”2‘\//%(‘17“1 “Si+d) = - Lx-n-8p-n+ie-

=0 or 11x + 8y — 9z = 10 is an equation of the rectifying plane. Finally, B(1) = T(1) x N(1)

i j k
(Va1 \1 — 1 (ai_a 3y 1=
_(2 = (751')(7) 111 2 z _71.5(31 3 +k) = 3(x~-1)=3(y—1) + (= 1)_o°:§x—3y+z

-8
=1 is an equation of the osculating plane.

63. r=ebi+ (sin t)j +In (1 — t)k = v =e'i+ (cos t)j — ( )k=>v(0)—1+]— ;7(0) =i = (1,0,0) is on the line

= x=1+4t,y=t, and z = —t are parametric equations of the line

64. r=(\/§ cos t)i (ﬁ sin t)j + tk = v=(—\/§ sin t)i+(\/§ cost)j+k=> v(%)
( 2 sin %) ( V2 cos 3') +k = —i+j+kis a vector tangent to the helix when t = 7' => the tangent line

is parallel to v( ) also r( ) (\/E cos Z)i+(‘/—2- sin Z)j +Zk = the point (1, 1,74-) is on the line

Sx=1-t,y=1+t,andz= ir--{»t are parametric equations of the line

65. ASOT ~ ATOD = % (s)g y o= ___3_638%3104 . y
_ 63807 . S (Ghvlab
=>Yo—--68—17-¢y0z5971km, . G(ky ) _
6380 3 < \(6380)2 - y
VA= I omx 1+(§"’§) dy .Vo
5971 4380
6817 s
6380 D
=2 I V63807 =7 d
”5971 y(;6380 _Y) Y
6817
=2r | 6380 dy = 2r[6380y]5gm

5971
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= 16,395,469 km? ~ 1.639 x 107 km?;

percentage visible & % ~ 3.21%

. N2
AT _XRHIY a2 242, g2 (XEHTY)
66. § == X‘+y‘= = K-8 =%+ -
dt :75(7_'_)‘,5 y ¥ x2+y2

_(@+9)E2+y?)- (xzx +2%%y§ +3%5) _ s2y? +yx 2232 (XY yx)
x+y x+y x+y
3/2
7 |x§ -y ¥| 32 4y? G )
-8 = = N A
R Y - Aoy - pur-. e P ) Mkl

CHAPTER 10 ADDITIONAL EXERCISES-THEORY, EXAMPLES, APPLICATIONS

1. Information from ship A indicates the submarine is now on the line Li: x=4+42t,y=38t,z= —%t;

information from ship B indicates the submarine is now on the line Ly: x=18s,y=5—6s,z=—s. The

current position of the sub is (6,3, -—%) and occurs when the lines intersect at t =1 and s = % The straight

line path of the submarine contains both points P(2,—-1,—%) and Q(6,3,-—%); the line representing this path

isL: x=2+4t,y=-1+4t,z2=— L. The submarine traveled the distance between P and Q in 4 minutes =
3

IQI

a speed of —— = ¥ 432 = \/5 thousand ft/min. In 20 minutes the submarine will move 20\/5 thousand ft from

Q along the line L = 20/2 = \/(2 +4t—6)% + (—1+4t —3)2 407 = 800 = 16(t — 1)% + 16(t — 1) = 32(t — 1)2

=>t-1)%= %Q =25 = t = 6 = the submarine will be located at (26,23,—%) in 20 minutes.

2. H, stops its flight when 6 + 110t = 446 = t = 4 hours. After 6 hours, H, is at P(246,57,9) while H,, is at
(446,13,0). The distance between P and Q is \/(245 ~446)% + (57— 13)% + (9 — 0)2 ~ 204.98 miles. At 150
mph, it would take about 1.37 hours for H; to reach H,.

) — . r 3
3. Torque =|PQxF|= 15 ft1b =| PG| Flsin T =3 &-IF| = |FI=20 b

4. Let a=i+j+k be the vector from O to A and b =i+ 3j + 2k be the vector from O to B. The vector v
orthogonal to a and b => v is parallel to b x a (since the rotation is clockwise). Now bxa =i+ j— 2k;

proj, b= (:;,k)a. = 2i+2j + 2k = (2,2,2) is the center of the circular path (1,3,2) takes = radius

=412+ (-1)2+0% = /2 = arc length per second covered by the point is %\/5 units/sec = | v| (velocity is

constant). A unit vector in the direction of v is | |"' \/_l+ \/— Tk = v=|v| (l b x al)
3 1. 1 \/_ \/—
7— +7=- 7 + 3k
\/_( i j— ) i 3] \/_
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5. (a) If P(x,y,z) is a point in the plane determined by the three points Py(%4,¥1,21)s Py(x9,¥5,2,) and
P3(x3,¥3,23), then the vectors P_I;n P—l—”2 and P—l;”3 all lie in the plane. Thus P_P’l -(P?z X P?s) =0
X —X y;-Y 2;—¢2
=! X,—x y;—y 23—z |=0 by the determinant formula for the triple scalar product in Section 10.2.
X3—X Y3—Y 2Z3—%
(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value
as the given determinant) by cofactor expansion about column 4. This expansion is exactly the

determinant in part (a) so we have all points P(x,y,z) in the plane determined by P,(x,¥;,2,),
PQ(XZVYWZZL and P3(x3’}'3!23)'

6. Let L;: x=a;8+by,y=as+byz= ags+bgand Ly x=c;t+dy, y =cypt+dy z=c3t +d5. IfL; || Ly,
a ¢ b-d ke, ¢ by-d
then for some k, a; = ke;, i =1, 2, 3 and the determinant [ a, cy by—dyfi=]| ke, ¢y by—dyi=0,
ag cg bz—dj ke3 ¢33 by—dj
since the first column is a multiple of the second column. The lines L, and L, intersect if and only if the
as—cit+(by—dy) =0
system { a,8 —cyt + (by —d;) =0 has a nontrivial solution «> the determinant of the coefficients is zero.

ags —cgt +(bg—d3) =0

7. Let (x,y,z) be any point on Ax +By+Cz—D =0. Let Q_P)1 =(x—x)i+ (y —y,)i+(z —z;)k, and

Ai+Bj+Ck . . - . . Ai+Bj+Ck
n= . The distance is [proj, QP |=[((x —x))i+ (y —y )i+ (z—2,)k ( )
T Jprcia Gy | = (x4 (v =i + (=20 Ty

_|Ax1+By1+Cz1—(Ax+By+Cz)|_|Ax1+By1+Czl—D|
- \/&z+b2+c2 \/A2+B2+Cz :

8. Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the
1_13-91 _ /3 (see also Exercise 9a). Clearly, the points (1,2,3) and (-1,-2,-3)

sphere, i.e.,, r = ATyl

are on the line containing the sphere’s center. Hence, the line containing the center is x = 1 4 2t,

y =2+ 4t, 2 = 3+ 6t. The distance from the plane x +y +z —3 = 0 to the center is \/5
1+4+2t)+(2+4t)+(3+6t)—3

= la+2t (‘/1 T 1)+ i +6) ‘: /3 from part (a) = t = 0 = the center is at (1,2,3). Therefore

an equation of the sphere is (x — 1)2 + (y — 2)2 + (z—8)2 =3.

9. (a) If (Xy,¥,,2,) is on the plane Ax + By + Cz = Dy, then the distance d between the planes is

|Ax +By; +C2zy~Dy|  |Dy=Dy| .
d= JAT B O =[Ai+B; + Ck| since Ax, + By, + Cz, = D;, by Exercise 7.
(b) d= 112-6] __6

Vito+1 J14
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10, 2O +ED@ +2-1) +4] (2089 +(-1)@) +2-D +D|

\/ﬁ \/ﬁ => D = —8 or 4 = the desired plane is
2x—y+2x=38

11. Let n= ABx ﬁé and P(x,y,x) be any point in the plane determined by A, B and C. Then the point D lies in
this plane if and only if AD-n= 0& ﬁ)(A_laxB_(.}) =0.

12. (a) uxv=4ixj=4k => (uxvV)Xxw=0; (u-w)v—(v-wu=0v—0u=0; vxw=4i = ux(vxw)=0
(u-wyv—(u-v)w=0v—-0w=10

i j k i §j k
() uxv=| 1 ~1 1 [=i+4§+3k=> (uxv)xw=| 1 4 3 |=-10i—2j+6k;
2 1 -2 -1 2 -1
(u-w)v—(v-wu=—4(2i+j—2k) - 2(i—j + k) = ~10i — 2j + 6k;
i j k i j k
vxw=| 2 1 =2 [=3i+4j+5k=>ux(vxw)=[ 1 -1 1 |=-9i—2j+7k
-1 2 -1 3 4 5

(u-w)v — (u-v)w = —4(2i +j — 2k) — (=1)(~i + 2§ — k) = —9i — 2 + Tk

i §J k i j k
(¢) uxv=| 2 1 0 |=i-2j—4k=>(uxv)xw=| 1 -2 —4 |=—4i—6j+2k;
2 -1 1 1 0 2

(a-w)v—(v-w)u=2(2—j+k) —4(2i +j) = —4i— 6j + 2k;

i j k i j k
vxw=[ 2 -1 1 [=-=2i-3j+k=>ux(vxw)=| 2 1 0 |=i-2j—4k;
1 0 2 -2 -3 1

(u-w)v—(u-v)w=2(2i-j+k)—-3(i+2k) =i—2j -4k

i ok i j ok
(duxv=| 1 1 -2 |=-i+3j+k= (uxv)xw=| -1 3 1 |=-10i—10k;
-1 0 -1 2 4 =2

(u-w)v—(v-w)u=10(—i—k) — 0(i+j — 2k) = —10i ~ 10k;

i j k i i k
vxw=| -1 0 -1 [=4i-4j-4k=>ux(vxw)=| 1 1 -2 |=-12i—4j-8k;
2 4 -2 4 -4 -4

(u-w)v— (u-v)w = 10(—i — k) — 1(2i + 4j - 2k) = —12i — 4j — 8k
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13. (a) ux(vxw)+vx(wxu)+wx(uxv)=(u-w)v—(u-v)w+ (v-u)w—(v-whu+(w-v)u— (w-u)v=0
(b) [a-(vx i+ [(u-(vxHi+[(u-(vxk)k=[(axv)-ili+[(axv)-ji+[(uxv)-Kk=uxv
(¢) (axv)-(wxr)=u-[vx(wxn]=u:[(v-O)w=~(v-w)r] = (u-w)(v-1) - (u-1)(v- W)

u-w VvV-w

u-r v-r

14. The formula is always true; u x[ux(uxv)]-w=1u x[(u-v)u—(u-u)v]-w

885

=[(u-v)uxu—(n-u)uxv]-w:—-(nlzuxv-w=—|u|2n~vxw
i §j X
15. n =i+ 2j+ 6k is normal to the plane x +2y +6z =6; vxn=| 1 1 1 |=4i-5j+kis parallel to the
1 2 6
i j k
plane and perpendicular to the plane of vand n = w=nx(vxn) =| 1 2 6 [=32i+23j—13kisa
4 -5 1

vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector projp v. Therefore,

oo (oo w\w _vewy [ 32+23-13 _ 42 1. _32.,23. 13
P'°JP"-P'°JwV-(" ﬁv’l)i’v?‘l—(l.,ﬂ)"‘(m)w“1722"‘41"‘41‘+411 i

16. If u = (cos A)i+ (sin A)j and v = (cos B)i+ (sin B)j, where B> A, then ux v =[lu||v|sin(B - Ak

i j k
=|cos A sinA 0 |=(cosAsin B—sin A cos B)k = sin (B — A) = cos A sin B—sin A cos B, since
cos BsinB 0

luj=1and|vi=1.

. e e T ki—j
17. (a) The vector from (0,d) to (kd,0) is r, = kdi—dj = |rk|3 = ——-—1—3—2 = —ka =——"—57. The
S0+ I’ @21
total force on the mass (0,d) due to the masses Q, fork=-n, ~n+1,...,n—1,n is

GMm ,_. , GMm(i—j\, GMm(2i—i GMm ni—j GMm(-i-j
F= -3+ + +o b s | 4 ST
Do+ () () el ) R )
+—TGMm(—2i_j)+...+——(m—m—( —ni )
5d> \ /5 1)@\ Vel +1
The i components cancel, giving

GMm 2 2 2 : s .
F=8Mmf_;_ - —esm——— 2. —\j = the magnitude of the force is
d ( 2/2 55 (n?+1)(n? + 1)”“)
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_GM 3 2
IFI——m(1+): —m)

2 :
d i=1 (i2+1)
oo
(b) Yes, it is finite: lim |F|=G'§I—2m 143, 373 is finite since § —2—3—/2converges.
=y S 241)
18. (a) If -5 = 0, then X x (¥x§) = (% -§)F — (£ -X)f = —(X-R)§. This means that
emo @, o, 1. 1 PR [%]2 o o -
Tey=%+7+5 —(—(X-X))f =% +{1- 2 — 7. Since X and ¥ are
c _X-X A+ Vet -cfx|
14, 1=
¢
2 [%? ’
orthogonal, then | £ @ §|" =|x|2+[ 1 - 3 X TR |7]% A calculation will show that
Vet -2 x|
g2 Y
[®124+(1- 5 f — c?=¢2 Since| 7| < c, then|7|? < c2 so
2+ vet-?| R
2
22 =2
1-— lfl — | |7?<(1~ 3 lfl — |c%. This means that
Y T VAR
2 2
=12 212
Ii$i|2=|i|2+ 1_2 [%] - l)-;|2<|£|2+ 1_2 If' 2 =¢2,
2+t -ctR| c +;;c I ETE
Wenowhave’)'('@}"'|2<cz,so|f&))7|<c.
(b) If X and 7 are parallel, then ¥ x (X x ) = 0. This gives X0y = x-;‘yy“
l+c—2
[%I+|7

(i) If X and ¥ have the same direction, then X &
1+

IT;{")<C(1“%)=>IY ——=¢

Since|§|< ¢, | %< ¢, wehave[ﬂ(l_.
(£l |7]

1zl 51< e+ ZT_ (112119

=, -

¥ =—TFI[7]

(ii) If X and § have opposite directions, then £+ = —|%||7|and X ® §
1=

Assume|%|>|§|, then|Z@¥]|= lx:;l”yyl_l Since| %] < ¢, we have|i|(1+'—ZJ)<c(l+%’—)
1—
)
lx”y|<c+|)7|=>|)?|—|S"|<c—|x|cly|=c(l—lx”zyl): lxljly_l. <c
c 1_|x||y|
2
¢

=x+—
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This means that| X ® 7| < c. A similar argument holds if| X|>| 7.

(1+e)r _(+e)rg(esinb) gr _ =0 (1 + e)rg(e sin 6)

19. r= H
"= T+ecosd d9 (1+e cos §)2 - (1+e cos §)2

=0= (1+e)rg(esin ) =0

=>sinfd=0=>0=0o0r . Notethatap>0whensm0>Oa,nddr<0whensin0<0. Since sin 6 < 0 on

—r<@<0andsinf>0o0n0<f<m,ris a minimum when § =0 and r(0) = (1 +e)ry

=Ttecos0 0

20. (a) f(x)=x—1 —% sinx=0=f(0)=-1and f(2) =2-1 —% sin 2 > L since |sin 2| < 1; since f is continuous

on [0,2], the Intermediate Value Theorem implies there is a root between 0 and 2
(b) Root = 1.4987011335179

., dy. . s e
21. (a) V=%2ct-l+al] and v=%ur+r dt“g—( l')[(cos 0)i+ (sin 9)]]+( )[(—sm )i+ (cos 8)j] = v- 1dx and
v l—g{cme—r%smo:dt drcoso—ra—51n0 v- "_?it and v- ]_dtsm0+t%cos9

=>az=g—sm9+ra—cose

(b) u, = (cos 0)i+ (sin ) = v-u, = cos 0+a— sin §
(gr cos —ra— sin 6)(cos 6) +(— sin 8 +rdt cos 9)(sm ) by part (a),
> veu = dt’ therefore, dt -(-1— cos 0+d—s1n 0;
ug = —(sin )i+ (cos 0)j = v-ug = —% sin 0+—a—cos 6
(gz cos 6 -—ra—- sin 0)(—sm 0)+( sin 0+r——-—cos 0)(cos 6) by part (a) = v-uy = r?iz;

dé . _dx ay
therefore, T 13 sin @ + at ¢°8 [

2. r=10) » ¢ OF dt

pd0V: (i g dr do [y, 2(ae 1 _[(pp ol 40
(cosb‘dt—rslnGHT)1+(sm0 +rcos0dt)_]=>|v|_[(a) +r1 (ﬁ)] =[(f') +f] (HE)’

|vxal=|x§—yx|, where x =r cos 6 and y =r sin 6. Then %:(—r sin 6) %%+(cos 0)%

dhr_ f,,(a)(de) +f’(9)dt2,v dry +rdu,

= (-2 sin 0) ?12 g%— (r cos 6) (:ii_) —(r sin 0) 94 (cos 6) 327 Ty- (r cos 0) + (sin 9)

d
%7 (ZCOSG)%%%—(rsmo)(do) +(rcos«9)do+(sm€)dr Then |vxal

(407 +o(L8)(&) ()&
[P+l

3 2 2
= (after much algebra) 2 (%) +r 35 gz r%%(g—:) = Kk=
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420\ (p)( 4t _ g 20)(LY +2(e)
=r2+r(af)(ﬂ)(a§) —rf “'f'(gt_z)(aﬁ) +2(f) _fz—ff"+2(f’)2

/2 - /2
[(f’)2 + fzr [(f’)2 + fzr
2, 2
23. (a) Letr=2-—(;and0=3t=>%=—land%%=3=>§t—r=d—tg=0. The halfway point is (1,3) = t = I;

2 2
V=§%“r+r%%uo = V(l) = —lk_+3u0; a:[ﬁ_t%_r(do)

d
2
¢ ]u, +[r%+2%%§]us = a(1) = ~9u, — 6ug

(b) It takes the beetle 2 min to crawl to the origin => the rod has revolved 6 radians
(] ] 6
2 2 2
sL= J VEOPR +[£6)F 0 = J V(2-8) +(~3) a0 = f 4-4. 8,14
0 0
6

0
- I (E=12048 gy L T N da=§[(—9-;-6_),/(9-5)2+1+%1n|9-6+,/(e-e)’+1|]6
0 (1]

0

=/37-}In(+/37 - 6) % 6.5 in.

2
24. L(t) = r(t) + mv(t) :%:(%xmv)+(r+m i%):%%:_(vxmv)q—(rxma) =rxma; F=ma= -—I—:?-r

=ma=9L=rxma=rx(-Sr)=-- (rxr) =0 => L = constant vector
de if ) P





